YIK 531.36

HenuHeliHas iuHaMKKa Mojenu ckedTbopaa c Tpems
CTeNneHsIMU CBOOO1bl

A.B.Kpemnes, A. C. Kysieuos

Kadenpa Teopernueckoit MeXaHUKH 1 MEXaTPOHHKH
Mexanunko-maremaruueckuii hakysasrer MIY um. M. B. JTomonocosa,
Poccus 119991, . Mocksa, JlenuHckue ropbi
E-mails: avkremen@mail.ru, kuleshov@mech.math.msu.su

[Toayuerno 30 mas 2008 e.

M3syuaercst MmaTemarnueckast MoJiedib, OMMChIBAIOLLLAS IBUKEHHE UesioBeKa Ha ckeiitbope. [lannas mosiesb ckefitbopia
siBasieTcst 6oJ1ee ob11ell MO CpaBHEHMIO C MOJIebIO, M3yueHHoH aBTopaMu paHee [1]. Kak u npu paccmMoTpennu npeapiyiiei
MOJIeJH, TIPEATOJIAraeTcsl, UTo yrpan/eHie CKEUTOOPIOM CO CTOPOHBI uesioBeKa oTcyTcTBYeT. [losyuenbl ypaBHeHHsT IBHAKE-
HUSI MOJIGJIH U TIPOBEJIEH aHA/IM3 ITUX ypaBHeHHI. 3yueHo BiUsiHME pa3/IMUHbIX TapaMeTPOB MOJIE/IH Ha €€ IMHAMHUKY.

KittoueBble cyi0Ba: CKeUTOOP/L, HEFOJIOHOMHbIE CBSI3H, HHTEIPUPYEMOCTb, YCTOHUMBOCTD JABUAKEHHSI

A.V.Kremnev and A. S. Kuleshov
Nonlinear Dynamics of a Skateboard Model with Three Degrees of Freedom

In this paper we continue our investigation of dynamics and stability of motion of a skateboard with a rider. In our
previous papers we assumed that the rider, modeled as a rigid body, remains fixed and perpendicular with respect to the
board. Hence if the board tilts through =, the rider tilts through the same angle relative to the vertical, i.e. only one
generalized coordinate «y describes the tilt of the board and rider.

Now we make the next step in modeling complexity and we allow the board and rider to have separate degrees of
freedom, v and ¢, respectively. Here the rider is assumed to be connected to the board with a pin along the central line
of the board through a torsional spring which exerts a torque on the rider and board proportional to the difference in their
tilts relative to the vertical. Equations of motion of the model are derived and the problem of integrability of the obtained
equations is investigated. The influence of various parameters of the model on its dynamics and stability is studied.
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1. BBenenue

B nannoii paboTe npojlo/KkeHbl HCCIIEN0BAHUS, HAUaThle aBTopaMu B npenpunTtax [1, 2]. OaHako
JUIS1 TOTO, YTOOBI €€ MOXKHO OblIO UMUTATh HE3ABUCHMO OT MPENnpuHTOB [1, 2], B Hee BK/IOUEHA YacCTb
pe3yJ/IbTaToB, NoJyuyeHHbIX B [1, 2]. DTu pesyabraThl U3J102KeHbl GoJiee KpaTko, ueM B [1, 2], u ciyxkat
JMIb JIIS TOHUMaHUsi 0COOEHHOCTEH KOHCTPYKLIMU CKEHTOOP/Ia, BANSIOLINX HA €10 KHHEMATHKY U I -
HaMMUKY.

OObIuHbIH CKEHTOOP/ COCTOUT U3 JOCKH, IBYX MOJBECOK, COEUHSIIOIMX KoJleca C JIOCKOH, U ue-
Thipex KoJec (puc. 1—2). CoBpemenHble T0CKH 00bIYHO UMEIOT padmepbl 78—83 ¢M B auny, 17—21 cm
B LUIMPHUHY W ToJsMHOM 1—2 cm [1].
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Puc. 1. Ckeiit6opi: B cOOKY Puc. 2. CkeitT6op/i: BUJL CBEPXY U ¢3a/11

HauboJiee cyliecTBeHHbIMU 3J1eMeHTaMU CKeHTOOp A SIBJISIIOTCS OABECKHU, TPH MTOMOLLM KOTOPBIX
OCH KOoJieC KpensTest K Jocke. Bpalllenne kak nepejiHei, Tak v 3aJiHell KOJIECHOH Napbl TPOUCXOJUT BO-
KPYyT COOTBETCTBYIOLIMX HAKJIOHHBIX OCEH — MUBOTOB (pHC. 1). DTO MPUBOJIUT K TOMY, UTO BCAKHI pas,
KOIZla JI0CKa He napajijesibHa MJIOCKOCTH JBHKEHHS, KOJIeCHbIe Napbl IOBOPAYHBAIOTCS HA COOTBET-
CTBYIOLLIME YTJIbl OTHOCUTE/LHO BEPTUKAIBHON OCH, MEPHEHIUKYJISPHON TJIOCKOCTH IBUKEHUS (pHC. 2).
YnpaBiieHue ckeHTOOPAOM MPOUCXOJUT C UCIOJIb30BAHHEM HMEHHO TOH 3aBUCHMOCTH MEXKY YIJOM
HaKJ/IOHA JOCKH U yIJlaMH II0BOPOTa KOJIECHBIX 1ap.

B name#t pa6ote Mbl OyaeM npenoJaratb, YTo CKEUTOOP/I ABUKETCS 110 TOPU30OHTAJBHOU MJI0C-
KOCTH U IIPHU 3TOM BCe YeTbIpe ero KoJieca OlHUparTes O MII0CKOCTD.

[IpennosioxKuM TaKxKe, UTo B CJyyae HAKJIOHA JIOCKM CKeHTOOp/a BO3HMKAET BOCCTAHABJMBAIO-
LLIMI MOMEHT, KOTOPbIH BO3BpallaeT JI0CKY B [lepBOHauaJ/bHOe MoJioxKeHHe. byiem cuntarh, uTo Besu-
UHHA 3TOTO MOMEHTA MPONOPLUOHAJbHA YIJIy HAKIOHA JOCKH; COOTBETCTBYIOUIMH KO(DPULMEHT MPO-
MOPLUOHAJBHOCTH 0003HaUUM k1. TaKoil MOMEHT MO2KeT BO3HUKATb, HAlIpUMep, €CJH 1I0CKa Coe/IMHeHa
C KOJlecaMu MPH MOMOLLM TOPCHOHHBIX NPYKHUH (pHC. 2). PaHee Takoe e npeanosoxKeHue o HaJudnu
BOCCTAHABJIMBAIOLLIEr0 MOMeHTa OblIO clesano B paboTax [3, 4]; oHo BrosiHe 000CHOBBIBAETCS KOH-
CTPYKTHBHBIMH OCOOEHHOCTSIMH COBPEMEHHbIX TOIBECOK.

2. IlocranoBka 3agaur. OCHOBHbI€ CUCTEMbI KOOPAUHAT

[Ipu paccMoTpeHnu npocTekiliei MoJiesii CKelT6opaa Mbl pernoarasu (cm. [1]), uto paiinep —
ueJIoBEK, KaTalollMiCs Ha CKEUTOOP/Ie, — CTOMT HEMOJBHKHO, TAK UTO MPH HAKJIOHE IOCKH Ha HEKOTO-
bl yroJi 7y paiijiep OTKJIOHSI€TCs OT BEPTHKAJH Ha TOT 2Ke yroJl. Terepb Mbl OyJieM Mperoarath, 4To
HaKJIOH JIOCKH W HaKJIOH paiijiepa onpeessiioTes AByMsi He3aBUCHMbIMH KOOPJMHATAMH — YTJIaMH
¥ . [1peanonoxum Takke, 4To paiaep CoeluHeH ¢ JOCKOH MPH MOMOLIM TOPCHOHHOH MPYXKUHbI, KO-
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Puc. 3. Cucrema KoopauHat

TOpasi co3/laeT BOCCTAHABJIMBAIOLIMI MOMEHT, 110 BesinunHe paBHblil T = ko (7 — ), Tie ky — XKecT-
KOCTb Mpy2KuHbl (puc. 2). [TockosnbKy HaMu UceseyeTcs cayuali, Korjaa yrnpasjaeHiue CKeUT6opaoM co
CTOPOHBI pakijiepa OTCYTCTBYET, TO MOXKHO MPUHSITH HMEHHO TAKOH MPUHLKI B3aUMOJIEHCTBHUS paiijiepa
C JI0CKOH [2, 5].

Beenem HenonsukHylo cuctemy koopauHat OXY Z ¢ HadasioM B HEKOTOPOH Touke O MJI0CKO-
CTH, M0 KOTOPOH IBHKETCS CKeHTOOP/, U ocbio O, nepneHauKyJsipHOl MaI0CKoCTH ABMKeHns. O60-
3HAYUM CEpPEeJIMHbI OCeH MepeHUX U 3aJJHUX KoJiec ckeidTbopaa uepe3d A u B cootBeTcTBeHHO. [1yCcTh
paccrosinne AB paBHo a (puc. 2, 3). [Tonoxenue orpeska AB 0THOCHTEIbHO HEMOABUKHOH CUCTEMbI
koopauHat O XY Z onpenensiercst KoopauHatamu X, Y ero cepeitbl G 1 yriiom 6, KOTOPbIH JaHHbIH
0Tpe3oK o6pasyeT ¢ HermoABHKHOH ocbio OX (puc. 3).

[Tpu Hak/OHe J0CKHM Ha yros 7y oCb NepeiHeil KOJeCHOH napbl OBOPAUHBAETCA HA yroJ df 110
YacoBOM CTpeJIKe, a OChb 3ajiHel KOJIECHON Napbl MOBOPAUMBAETCS HA YroJi ¢, MPOTUB YaCOBOH CTpeJ-
ki (puc. 2, 3). [1pennosnoKum, 4to cKedTOOP/ ABHAKETCS TaKUM 00pa3oM, UTO €ro KoJeca He MOTYT
NPOCKaJb3bIBATh B HANPABJIEHUH, MEPTIEHINKYJISIPHOM MJIOCKOCTH KoJleca. DTo TpeOoBaHHe MPUBOJUT
K TOMY, UTO Ha CHCTEMY HAKJIa/bIBAlOTCS] 1B HErOJIOHOMHbIE CBSI3U

~Xsin (0 — 8f) + Y cos (0 — 6f) + %écoséf =0,

. : . (2.1)
—Xsin(0+6,) + Y cos (0 +90,) — %«9 cos 6, = 0.
Mb1 Mo2KeM paspeluTh ypaBHeHust cBsizekl (2.1) oTHOCUTEIbHO X uY. Ioayuum
X = —WJ‘?_}_M [cos 6 ¢ cos (0 + 6,) + cos 0, cos (0 — 07)],
. (2.2)
V—___ a0 [cos 6 sin (6 + 6,) + cos 0, sin (6 — 65)] .

~ 2sin (0 +6,)

Ckopocty Touek A 1 B nipu 3ToM OyyT HarpaBJjeHbl TOPU3OHTAJIBHO W MEPIIEHAUKYJSIPHO OCSIM
KoJsiec. B aToM ciiyuae Ha otpeake AB cyllecTByeT Touka P, CKOPOCTh KOTOPOH HarpasJieHa BOJb
npsiMoil AB. Ecsin 0603HauuTh CKOPOCTb TOUKK P uepe3 u, a ee pacCTosiHie OT TOuKM A — depes z,
TO JIETKO MOJIYUUTh Caeaytoline popmyJb (em. [1]):

af cos ¢ cos Oy usin (6¢ + 6,) asin df cos 6, 93
B sin (07 +6,) __acoséfcos&«’ = sin (67 + 6,) (23)

u =

Mcnonbays Teoprio KOHEUHbIX TOBOPOTOB (CM., HarpuMep, [6]), MO2KHO MMoKa3aTh, UTO yroJ Ha-
KJIOHA JIOCKH 7y CBSI3aH C YIJIaMH TIOBOPOTa KOJIECHBIX OCell KHHEMAaTHYeCKUMH COOTHOILIEHUSIMHU

tgdy =tgApsiny, tgd, =tg A\, sinvy, (2.4)
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rae Ag, A, — yLJIbl HAKJIOHA NIepeHel 1 3a/1Hel 0JIBeCOK OTHOCHTE/ILHO ropH3oHTalu (puc. 1). Briep-
Bble (hopMyJibl (2.4) HECKOJIBKO UHBIM CIOCOOOM OblH MoJiyueHbl B KypcoBoil padote [7]. [ToxpobHoe
00bsICHEHHE TOTO, KaK MOJYUUTh 3TH PopMyibl, cofepKuTcs B [1]. OTMeTnM Takxke, UTo MoJrydeHHble
(OpMYJIbl TTOJHOCTBIO COTJIACYIOTCS C IKCIIEPUMEHTA/bHBIMK JIAHHBIMH, TTOJIyUeHHBIMH TTPH UCCJIEN0-
BAaHUH KOHCTPYKLMH MOJBECKH CKEUTOOP/IA U pa3aMellleHHbIMU Ha cakite [8].

C y4eTom 3THX COOTHOLIEHHH PacCTOsIHUE 2z OT TOUKH A 110 Touku P GyneT paBHO

asindy cos o, atgds atg Ay
sin (0f + 6,) C tgdp+tgd.  tgAp+tg A

T. €. [IPH BbINOJIHEHHH YCJI0BUH (2.4) Touka P Bcerja HaxoUTCs Ha MOCTOSIHHOM PACCTOSIHUM OT TOUKH
A, 3aBUCSILLEM JIMLLL OT YIVIOB A H A, HAKJIOHA NepeIHei 1 3a/iHeli 0BECOK K TOPH30OHTaNH. DTO 00~
CTOSAITEJILCTBO MO3BOJISIET HAM BBECTH MOJBUKHYIO CHCTEMY KOOPAHHAT Pz 1zexs C HAaUaJoM B TOUKe P,
e/IMHUUHbIE BEKTOPBI KOTOPOH 0603HAUNM €1, €3, €3. EIMHUUHbIA BEKTOP €1 TOU CUCTEMbl HaMpaBJieH
no npsimoil AB B CTOPOHY JBHXKEHHSI, BEKTOP €3 MePIEHUKYJISPEH TVIOCKOCTH JIBUZKEHHSI, 8 BEKTOP
€9 HarpapJieH MepreHnKyJISPHO €] Tak, YTOObl BEKTOPHI €1, €9, €3 06pa30BbIBaIN MPaBYI0 TPOHKY. B
JlaJibHe11eM Bce MCCye/I0BaHUs IMHAMUKH OYyT POBOJUTHCS OTHOCHTEJ/IBHO JIBYX BBEJICHHBIX CHCTEM
KOoOpAMHAT — HenoaBWKHONH O XY Z v noaBuKHONH Pxixoxs.

3. YpaBHeHHUS IBUKEHUS

[Tpennosoxum, uto gocKa CKeUTOOp/Ia pacroJioyKeHa Ha BbicoTe h OT npsiMmoil A B, JIMHA JIOCKH,
Kak 1 paccrosiiie AB, paBHa a U ee UeHTp Macc C' pacroJioyKeH Ha MPOJIOJbHON OCH JIOCKH Mocepe-
JIMHE MeK]ly TOUKaMU KperJieHH sl o/1BeCoK. B oTHolIeHHH paiiiepa 6yaeM npearnoJarats, YTo OH CTOUT
He B LIEHTPe JI0CKH, a Ha ee MPOJI0JIbHON OCH B Touke E Ha pacCTOSHHU d OT MepeiHero Kpast J10CKH.
[TycTh LeHTp Macc pafiiziepa HaXOAUTCsl B TOUKe R, BbICOTAa KOTOPOH HaJl MPOL0JbHON JIMHUEH JO0CKH
paBHa £. Beejem Takxke cienytoie o603HaueHus: my — Macca JIOCKH, m, — macca paujepa, Iy,
Iyy, Iy, — ryiaBHble LEHTPaJbHbIE MOMEHTbI MHEPLUUH JOCKH, [y, Ify, I, — TJIaBHbIE LEHTPaJIbHbIE
MOMEHTBI MHEPLIMH paiiiepa.

Hcnoabayst cooTHowennst (2.4), MOXKHO BbIpasHTb npouasoatsie X, Y u 6 uepes u u ~y. Takum
00pa3oM, ypaBHeHHs], KOTOPbIM Y0BJIETBOPSIOT TePEMEHHBIE U, Y U (o, MOTYT pacCMaTpUBATLCS He3a-
BUCHMO OT COOTHOLIeHHH (2.2)—(2.3). DT ypaBHeHHS UMEIOT BUJL [2]:

(A1 + (C} — 2Dy) sin? y + F} sin* 'y) u—+ (4G1 sin?~ — Ll) uy cos 7y sin p+
+ (2G1 sin?y + Hj sin ysin ¢ — 2L1) 1 sin 7y sin o+
+B; (& cosy — 42 sin’y) siny + K3 (@ cos ¢ — H2 sin <p) sin v+
+ (01 — 3D, + 3F; sin®y + H; sin® go) wy sin 7y cos y—+
+2 (G1 sin?~ — Ly + H sinysin gp) U sin y cos p = 0,
(3.1)
By + Jipcos (o — ) — Jig? sin (@ — ) + By (iusiny + uf cos ) cos y+
+ (D1 — Fysin®~ — Gy sinysin gp) u? sin y cos v+
+ (k1 + k2) v — k2 — (myp + m;) ghsiny = 0,
N1 + JiFcos (@ — ) — JiA?sin (@ — ) + K (dsiny + ud cos y) cos o+
+ (L1 — Hysinysing — Gy sin? y) u® siny cos ¢ + ks (¢ — ) — myglsinp = 0,
rae A1, By, ..., N1 — QyHKLHM TapaMeTPOB CHCTEMbI, 8 HMEHHO

Ay =my +my, Ji =mehl, By = Iy + (my + my)h?,
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By = | (tg Ay —tgA) + - ((a —d)tg Ap — dtg )|
C = % (tg Ay — tgA)* + % (tg Ar +tgA)* + % ((a—d)tgAs —dtg ),
P - (tg s ;tg)\rﬂ (it o) B+ Ty — 1) Ln = mré(tg)\g —|—tg)\r)’
H = (i) + b A)” (Ly — Lo + o), K1 = ™8 (= d)tg Ay — dig\)
2 ry — Irz ), a ¥ r)s
D, — (mp +my) (tcgl)\f—i—tg)\r)h7 Ny = Lot Gy — m,«hé(tg)\};—i—tg)\?«)%

a

YpaBuenus (2.2), (2.3), (3.1) 06pasyioT 3aMKHYTYIO CUCTEMY YpaBHEHUH IBHKEHHUS TaHHON MOJIe-
Jn ckefitbopia. OCHOBHBIM 0O'bEKTOM HaLIEro JajbHEHLIero HCCeI0BAHUs CTAaHET CHUCTeMa ypaBHe-
nuii (3.1). [Tokaxkem Tenepb, uto npu JM0O60M 3HAUEHHH TOCTOSIHHBIX A1, B, ..., Ny ypaBHenus (3.1)
MMEIOT MePBbIi HHTErpa — HHTerpaJj Hepruu. J1eficTBUTENbHO, €CIH YMHOXKUTD ME€PBOE U3 YpaBHe-
Hui (3.1) Ha u, BTOpoe — Ha 7, a TPeTbe — Ha Y U CJ0XKUTb, TO M0CJIe YIPOLIEHHS MOXKHO 3aMETHTb,
YTO MOJTyUE€HHOE BbIpaxKeHHe SIBJISIETCSI TTOJIHOM TPOU3BOAHON (DYHKIIMH

Uy = [Al + (Ch —2Dy) sin?y + F siny — 21 sin v sin o+

2 K N
+ 2G4 singfysingo + Hy sinZPysin2 @] % + 71,-Y2 + 71 PR
.. .. .. 3.2
+Biufsiny cosy + Kjugsinycos ¢ + Jy@ycos (7 — ¢) — kayp+ (3.2)

ki + k
+¥'yz + %@2 + (mp + my.) ghcosy + mygl cos ¢ = ¢y = const.

Dynxuus (3.2) npencrapiasier co60H MOMHYIO MEXaHUUECKYIO SHEPTHIO cucTeMbl. TakuM o6pasom,
JUISl KHTErPUPOBaHUs ypaBHeHUH (3.1) HaM Hy»KHO HAWTH ellle TP He3aBHCHMBIX MEPBBbIX HHTErpaJa.
Bonpochkl MHTErprpyeMoCTH MOJIyUeHHO! CHCTEeMbl YPABHEHHUI U, B UACTHOCTH, HCCJIEIOBAHKE TOTO, KO-
rJla cucTeMa ypaBHeHHi (3.1) MoxKeT HMeTb MHBAapHAHTHYIO Mepy, PACCMOTPEHBI HHKE.

4. YcTOMYMBOCTb MPSIMOJMHENHOTO PABHOMEPHOTO ABUXKEHUS
cKedTOOpaa

YpaBHenus (3.1) gonyckaior yacTHOe pelieHue
u=ug=-const, =0, =0, (4.1)

KOTOpOE COOTBETCTBYET PABHOMEPHOMY MPSIMOJIMHEHOMY JIBHKEeHHIO cKelit6opaa. PacemoTpum 3ana-
4y 00 YyCTOHUMBOCTH 3TOTO IBHKEHUSI CHCTEMBI.

[Tonaras u = ug + & U coxpansisi JUIsl Y U  MpeskHHe 0003HAUCHUS, BLIIHILIEM YPaBHEHUs BO3MY-
LIEHHOTO JBHXKEHHSI:
Er% + J1¢ + Biugy + (Dyug + ) v+ s =T,
NG+ I+ Kyuoy + (Liug + Tiz) v + e = @, {=E, (4.2)
I = k1 + k2 — (mp + my) gh, 1o = —ka, oy = ko — m,gl.
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3nech I', & 1 = — He 3aBuCsALIME OT BpeMeHH (PYHKLMH MePeMEHHbIX 7, 7, @, ¢ U &, pa3I0KeHns
KOTOPBIX M0 CTEMEeHAM THX MepeMeHHbIX HAUMHAIOTCS YeHaMH He HUKe BToporo nopsiaka. [1pu stom
MMEIOT MECTO COOTHOLIEHHUS (JIAHHBIN (PaKT yCTaHABJUBAETCS MPSIMON TPOBEPKOH ):

o,0,0,0,& =®(0,0,0,0,¢& ==(0,0,0,0, &) =0.
XapakrepucTHueckoe ypaBHeHHe, oTBevatollee cucreme (4.2), umeet BUJL

s (bos™ + b1s> + bys® + bas + by) = 0.
bo=E1N1 — Jf, by = (BN, — J1 K1) uo,

(4.3)
by = (D1Ny — JiLy) ug + 1y Ny + T By — 2111,
by = (B1llpo — KiIl1p) ug, by = (D1llap — LyTly2) u + Iyy Tl — 113,
[1pu BbinosiHeHuK yesoBuit kpurepust Payca—IypBuua
bo >0, by >0, by >0, b3 >0, by > 0, bybybg — bgb3 — biby > 0 (4.4)

ypaBHeHue (4.3) UMeeT oMH HyJIeBOH KOpPeHb U UeTbipe KOPHS C OTPULIATENbHON BelleCTBEHHON Ya-
cTblo. [TocKo/IbKY Bce HeJIMHEHHOCTH B cucTeMe (4.2) ToxKIeCcTBeHHO 0OpallaloTest B Hysib npu y = 0,
4 =0,¢ = 0,¢ = 0, 70 npu ycaoBusix (4.4) umeer mectTo 0COOEHHBIN Cayyal OJHOTO HyJEBOTO
kopHsi [9, 10] u HeBo3MyllleHHOE NBUKeHHE (4.1) yeTONUMBO, PUUEM aCHMITOTHUYECKH OTHOCHTEJIbHO
NepPEeMEHHbIX 7, 7Y, (0, () U HEACUMIITOTHYECKH — OTHOCUTEJIbHO [TePEMEHHOH u.

[TepBoe u3 yciioBuii (4.4) — ycaoBue by > 0 Bcerjia BbIMOJHIETCS; 1€HCTBUTENLHO!

bo = E1 Ny — JE = (Iye + mph?) (Ip + mol?) + Lymeh? > 0.

OcraBiumecs naTh yCJA0BHI HMEIOT 0BOJBHO IPOMO3IKHI BUJL. B camom o611ieM Bujie OHYM yKa3a-
Hbl B [2]. Huzke Mbl npHBOMM X /17151 CJlyuasi, KOTja CKeiToop L cuMMeTprueH (Ay = A, = A):

I..m.h
a

(a —2d) uptg A > 0, % (a —2d) (€ + h) ks — myglh) uptg A > 0,
2hud

(mbmrﬂ2 + (my + my) Im) tg A + 2kom, hi+
+ (Ipz + (mp +my) h2) (ko — mygl) + (Irz + mr€2) (k1 + ko — (my +m,.) gh) > 0,

2ul
TO ((my +my) (k2 — mygl) h + mLks) tg A+

+ (k1 + ko — (my + m,.) gh) (ko — my.gl) — k3 > 0,

21 ymyph*/

(4.5)

[(Im: + mT€2) ko + (kQ - mrg€) mrhé] [
+ (ky — mugh) Lght + (Iugh — Tyl — mph20) ((£+ h) by — mrgﬁh)] > 0.

[Ipu cTporom HapylleHHH MO MeHblIeH Mepe 0JIHOTO U3 HepaBeHCTB (4.5) ypaBHenue (4.3) umeer
KOpEHb C TOJI0KUTENbHON BELIECTBEHHON YaCTbio U HEBO3MYIIIEHHOE JIBHKeHHe (4.1) HeycTOoHUKMBO.

3ameTHM, UTO CTPYKTypa MepBbIX JIBYX HEPABEHCTB B cHUcTeMe (4.5) no3BoJisieT caenaTh BbIBOJ,
UTO YCTOMUHMBOCTD JIBUKEHUS CKEHTOOPIa Oy/IeT 3aBUCETh OT HarpaBJeHus JBHKeHUs. Panee nono6-
HbIH BbIBOJL /ISl IAHHON MoJie/i1 Obl cliesiad B pabotax [3, 4, 2, 5], a uist 6oJsiee NPOCTOM MOJIENIH CKENHT-
6opna — B[1, 3, 4].

Kpome Toro, Kak cjieayer U3 nepBbIx JAByX HepaBeHCTB (4.5), ecsiu

(0 + h) ky —mpglh < 0,
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TO JIBU2KeHHEe cKelTOopaa Oy1eT HeyCTOHUMBBLIM. To eCTh IBHXKeHHe Oy/IeT HeyCTOHUMBBIM, €CJI KO3 -
(DULMEHT YNPYrOCTH ko TOPCUOHHON MPYXKUHBI HE MPEBOCXOJAUT HEKOTOPOTO KPUTHUECKOTO 3HAUEHMUSI.
C ¢usnyeckoil TOUKH 3peHHsT ITO 03HAYAET, UTO HEYCTOHUUBOCTb OyAeT HMETb MECTO B TOM CJyuae,
ecJIM paiiiep HeTBEP/10 CTOUT Ha CKeHTOop/Ie.

3uauenue ug = 0 B petienun (4.1) COOTBETCTBYET MOJIOKEHHIO PABHOBECHS, KOTJIA CKEUTOOP]L
HEMOJBMKHO CTOUT Ha MJI0CKOCTH. MoKHO noKasaTh [2], uTo yc/0BHUsS yCTOHUMBOCTH JAHHOTO M0JIO-
YKEHHSI PABHOBECHS HMEIOT BHJL:

k1+k2—(mb+m7~)gh>0,

4.6
(k1 + ko — (mp + my) gh) (ko — mygl) — k% > 0. (4.6)

B nanbHetiem Mbl 6y1eM TOBOPUTD, UTO CKEUTOOP/L ABJSETCS CTATUUECKH YCTOMUHBBIM, €CJIH Bbl-
MOJIHSIOTCS HepaBeHCTRa (4.6).

3aMeTHM, UTo B MOCJIEIHEM CJIaraeMOM MOCJIEIHErO U3 HepaBeHCTB (4.5) hurypupyer BbipazkeHne
Ixh — Iyl — myh?0. Onupasich na pesybtaThl padot Usnusepa [11], Knaysepa [12]u Xanasana [13],
MO2KHO YOEIUThCS, UTO peasibHON (PU3HUECKON CUTYallMK COOTBETCTBYET CJlyduakl, KOTjia JaHHOe Bbipa-
JKEHHE SIBJISIETCS [10JI02KUTE/bHBIM:

Ixh — Iygl — mph?0 > 0. (4.7)

B nanbuefiiem O6yjieM cuMtaTh HepaBeHCTRO (4.7 ) BLIMOJIHEHHBIM.

Wcnounbayst pedynbrathl paboThl [14], myTem aHanuza ko3QpuilMeHToB XapakTepuCcTHIeCKOro no-
JuHoMa (4.3), yKaxkeM elle B 3TOM MyHKTe He0OXO0AMMbIe YCJIOBHS /151 CYLIeCTBOBAHUSI HHBAPHAHTHOH
Mepbl ¢ aHAJMTHUECKOH MJIOTHOCTbIO BOJIM3H PABHOMEPHBIX MPSIMOJIMHENHBIX IBHKEeHHH (4.1) cKeliT-
6opna. Kak ussectno [14], nis sToro Heo6xoanmo, uto6sl tr A = 0, rae A — mMaTtpuiia JUHEHHON YacTh
cuctembl (3.1). Boiuncass tr A us (4.3), nonyuaem

b (B1Ny — J1 K1) ug

trA=——=—
bO ElNl—J%

Takum o6pazom, HHBapUAHTHAS Mepa MOXKET CYLIeCTBOBATh TOJbLKO B cjyvae, Korna By Ny —
—J1 K1 = 0. D10 yc/a0BHE BBINOJHSETCS, B YaCTHOCTH, KOTJIa CKEUTOOP/L CHMMETPHUEH ()\f =N\ =),
a paiijiep CTOMT TOUHO B LieHTpe ckeiit6opia (a = 2d). Eciiu Mepa 1eficTBUTEIbHO CYIIIECTBYET B 3TOM
cJlyuae, TO HHTepecHO OblIO Obl MOJIYUUTh €€ IBHOE BbIparKeHHE.

B cienyioiem nyHkTe ugyyaetcsi NoBejeHHe CUCTEMbl BOJIM3H M0JI02KeHUsT paBHoBecHs ug = 0,

v=0,0=0.

5. AHaau3 IBHXKEHHUSI CUCTEMbI BOJIM3H MOJOXKEHUS PaBHOBECHS

[Iycth B craumonapHom nBuxkenun (4.1) ckopoctb ug = 0, T.e. CKEUTOOP/L CTOUT HA MJOCKOCTH
HenoABMKHO. Heo6X0MMMbIM M 10CTaTOUHBIM YCJIOBHEM YCTOHUUBOCTH ITOTO MOJIOXKEHHUST pAaBHOBECHS
OyJIeT, COMJIACHO pe3yJibTaTaM, MoJlydeHHbIM Bbillle, BbioJHeHHe HepaBeHCTB (4.6). [TycThb aTH yesoBus
BhinoJiHeHbl. Kpome Toro, Oynem npejnoJarath, 4to

tgAp = tgA H a>2d

[1pu BLIMOJIHEHUH 3TUX YCJIOBHI cTalMoHapHoe ABHxKeHue (4.1) Oyaer yeToHUnBbIM, e ug > 0,
M HeyCTOHUMBbBIM, ecsid ug < 0. PacecMoTpum jBukeHue cucTeMbl BOJIM3U MOJOKEHHS PABHOBECHSI.
Jloist 3TOrO paspelrM cHavasa ypaBHeHus (3.1) OTHOCUTENIBHO %, 4 M ¢ U PA3JI0’KUM MpPaBble 4acTH
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M0J1yYeHHbIX YPAaBHEHHH B PsIL [0 u, Y W ( JI0 KBaJPAaTHUHbIX YWICHOB BKJIOUUTEJIbHO. B pesysbraTe
MOJYYHUM CJIEJIOLLYI0 CUCTEMY YPaBHEHHI:

o= c117? + c12779,
¥ = ca17y + ca2p + casu, (5.1)

@ = a1y + e300 + cazuy.
31ech 0603HaueHO
 (B1N1 = 1K) 1y — (ByJy — Ky Ey) Tl

e Ay (E1N; — J2) ’

(BiNy — J1 K1) 19 — (B1J1 — K1 Ep) o
C192 = 2 < 0,
Ay (EyNy — J3)

1110 — N¢II 1150 — N{II K — B1 NV
621:J1 12 1211<07622:J1 22 1212>0,023:J11—121<0,
E\N, — J: E\N, — J; E\N, — J;

1141 — E411 1115 — E41I1 B — K1 F
631:J1 11 1212>0,02:J1 12 1222<07 - 11 121<0'
EIN; — J3 EIN; — J: BN, — J3

Cnenaewm B cucreme (5.1) 3ameny nepeMeHHbIX 7y, @, U — Y1, Y2, Y3, IPUBOASLLYIO JIMHEAPU30BAH-
Hbl€ BTOPOE U TPEThE €€ yPaBHEHHUS K BUJLY, COOTBETCTBYIOLIEMY HOPMaJIbHBIM KOJIEOAHHUSIM.
JluHeapu3zoBaHHbIe BTOPOE U TPeThbe ypaBHEHHsI CHCTeMBI (5. 1) MO2KHO 3amucath CJeiylolm 00-
pazom:
¥ — a1y — e =0,

5.2
® — 317 — e3¢0 = 0. (52)

CoO6cTBeHHbIE YaCTOThI CUCTEMBI (5.2) onpeiesisiioTest U3 ypaBHEeHHs

Qb + (o1 + c32) Q% + (o139 — ca2¢31) = 0.

M3 sT0ro ypaBHeHns MOXKHO HaiiTh aBa Bbipaxkernsi 23 n Q3 (QF > Q3) wist coGeTBeHHBIX acToT
cucrembl (5.2):

— (ca1 +c32) £ \/(021 - 632)2 + 4eac31
5 )

COOTBGTCTBy}OLU,I/Ie JIaHHBIM COOCTBEHHBIM YaCTOTaM COOCTBEHHbIE BEKTOPbI UMEIOT BU:

u = —Cag 1 uy = —C2242
= 2 = 2 .
(cor + ) pa )7 (21 +3) po
HOCTOHHHbIe M1 U 2 BbI@epeM U3 yCJIOBHSA, UTO COOTBETCTBYIOLLME CcoOCTBEHHbIE BEKTOPbI HOJ12K~
Hbl OBbITh €IMHUYHBIMA. Toraa

2
Mo=

Hi = 1 , 1=1,2.

\/(Q? + 021)2 + 3

OKoHYaTeJIbHO MOXKHO CA€JIaTb BBIBOM, YTO MMPUBEACHHUE K HOPMaAJIbHBIM KOOPJIMHATAM OCYUIECTB~
JIAETCs P NOMOLIM 3aM€E€HbI NEPEMEHHbIX
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Y= —C2U1Y1 — C2M2Y2,
= (8 + c1) payr + (93 + ca1) paya, (5.3)
u = Yys3.

B nepemenHbIX Y1, Y2, Y3, ONPeeIsieMbIX COrIacHo (5.3), cuctema ypaBHeHui (5.1) nepenuiiercs
CJIEJLIOLUM 00pa3oMm:

i+ QY1 + Quinys + Qavzys = 0,
iz + Q3y2 + Qsinys + Quiays = 0,
i3 = Qsyi + Qeviya + Qry3,
(c2ae33 + o123 4 €233) o
(2 - 93) 1
(cazess + carcag + 2307 9233 + C21C93 + 23023
e YT wmea
Qs = a2 (c11022 — 1221 — €1203) pf > 0,
Qs = c22 (2c11¢20 — 2c12¢01 — €12 (QF + Q3)) pa o,

2\ 2
Q7 = ¢ (c11022 — c12091 — €12905) g > 0.

2
C22C33 + C21C23 + 23§25
Q1= >0, Q2=
2 2 )
07 — Q3

)

Kak 1 B (5.1), B cucreme (5.4) oTOpolIEHbI UIeHbI Bbillle BTOPOTO MOPSIIKA OTHOCUTEILHO BO3MY-
enunit. st uccnenoBanus HeJiMHeRHON cucTeMbl (5.4 ) mpuBenem ee K HopMaJsbHoil popme |15, 16, 17].
CHauasia cyieniaeM 3aMeHy repeMeHHbIX

21— 23 _ Ro— 24 . —Z1+23Q . _Z2+Z4Q _ .
Y1 5; Y2 5 ' N D) 1, Y2 D) 2, Y3 5-
B nepemennbix zx, k = 1,2,...,5, quHeriHas yacTb cucTeMbl (5.4) UMeeT anaroHasbHyio Gop-

MY H MOJy4eHHe HOPMaJIbHOH (OPMbI CBOJIMTCS K BbIJI€JIEHHIO PE30HAHCHDBIX YJIEHOB B MPABbIX YACTX
npeo6pazoBaHHO cHCTeMBI (5.4). YUUTbIBAs 3TO, MOJyUaeM CJIeyIOLLyI0 HOpMaJbHYIo GOpMy cHCTe-
Mbl (5.4), 3aMUcaHHyl0 B KOMIJIEKCHBIX TIepeMEHHBIX:

. . 1 ) . 4 ) . 1
f =iha - 5z, f=illazy - 2oz, 23 = —ilhizg — 232,
(5.5)
. . Q4 . Qs Q7
2y = —idozq — 5 %5, E5 = 5 217 + 5 2%

BBojist Tenepb BelleCTBEHHbIE MOJISIPHBIE KOOPAKHATBI COMJIACHO GopMyJ/IaMm
z1 = p1(cosoy +isinoy), 23 = p2 (cosoy + isinog),

z3 = p1(cosoy —isinoy), z4 = pe(cosoy —isinos), ys = ps,

3arnuiieM cucremy (5.5) B epeMeHHbIX p1, P2, P3, 01, O2. B pedysbraTe MoyynM HOpPMaJH30BaHHYIO
CUCTeMY YpaBHEHHH BO3MYLLIEHHOTO JIBUXKEHHUST, KOTOpasi pacrnajlaeTcsi Ha JiBe He3aBUCHMble MOICHCTe-
MbI:

: Q1 . Q4 . Qs Q7
pL=—"5pip3, pr=—"5paps, P3=-gpi+ 503, (5.6)

o1 :Ql, &QZQQ. (57)

B (5.6) oTGpoliienbl uieHbl Bblllle BTOPOro, a B (5.7) — Bbillie EPBOro MOPsiIka OTHOCUTENBHO P,
k=1,2,3.
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B e-okpecTHOCTH MoJI02KEeHHST pABHOBECHS MPaBble YacTy ypaBHeHu# (5.6) u (5.7) otimuaiores ot
OTBEYaIOIIMX UM TPaBbIX YaCTell TOUHbIX YpaBHEHHH BO3MYIIIEHHOTO IBHXKEHUS Ha BEJMUHHBI MOPSii-
Ka €3 1 €2 cooTBeTCTBEHHO. Pelllentst TOUHbIX ypaBHeHHE annpoKCHMUPYIOTCS PellieHHsIMU CHCTeMb
(5.6)—(5.7) ¢ NOrpeLHOCTbIO NOpsi/Ka €2 JIsl py, M NOPSIAKA € VISl 0 Ha HHTEpBaJe BpeMeHH MOpsiii-
Ka 1/e. OrpaHnunBasich 3TOH TOUHOCTBIO, GY/IEM BMECTO MOJIHBIX YPaBHEHHH BO3MYIIIEHHOTO JIBUKEHHUS]
paccmaTpuBaTh NpUOJIMKEHHYI0 cucTemy (5.6)—(5.7).

Ypasuenus (5.7) cpagdy unrerpupytoresi. [losryuaem
Uj(t):th+Jj(0), 7=172.

Cucrema (5.6) onucbIBaeT 3BOJIOLKMIO AMIIMTYbI p1 KOJeGaHUH TOCKH, aMILIHTYbl po KoJeba-
HUH paiijiepa U CKOPOCTH p3 MPSIMOJUHEHHOTO JBHKEHHUs cKelTtOopaa. JIerko nokasarb, uTo JaHHasi
CHCTEMA HMEET JIBa MePBbIX MHTErpaJia

py * p2 = na, (881 TN 0>7 (5.8)
@1
%gpf—l—aegp%—i—p%:n%, (%2: % >0, &3 = & >0>, (5.9)
@1 Q4

rJie ny, ng — MOCTOSIHHbIE, OTIpe/ie/isieMble HauabHbIMH YCJIOBUSMH.

Tpaekropuu cucrembl (5.6) npeacrap/ieHbl Ha puc. 4 B IPOCTPAHCTBE p1, p2, p3. OHU pacrosoxe-
Hbl B 06J1aCTH p1 = 0, po = 0 M NPeACTaBAAIOT COOOH KPUBbBIE, ABJAIOILIMECS MTepeceueHneM MoBepX-
HOCTH 3Jnnconsa (5.9) u LMIMHAPUUYeCKoil moBepxHocTH (5.8). Hanpapsienne nBuKeHusi no Tpaek-
TOPHUSIM MOKA3aHO CTPEIKAMH.

OcraHoBHUMCST HA CBOKMCTBAX PellleHUH CHCTeMbI (5.6) U UX CBSI3H C XapaKTepPOM JBHKEHHUS CKEHT-
6opnaa. Toukamu P, = (0, 0, n1) u P> = (0, 0, —nq) HAa PUCYHKE OTMEUEHBI M0JI0XKEHHS PaBHOBECHS
cuctembl (5.6). M oTBeuatoT paBHOMEpHbIE MPSMOJIMHENHbIE IBUKEHUST CKeHTOOp/Ia B yCTOHUUBOM U
HeyCTOHUMBOM HampasJenusx. Jluneapusys ypaBHenus (5.6) B OKpeCTHOCTH yKa3aHHBIX MOJOKEHHH
paBHOBECHS, TTONYUHM

)| . .
p1=——5mip1, P2 =5 Mp2, 3= 0,

T.e. ecan ny > 0, To nosioxkenne pasHoseckst (0, 0, ny) OyIeT yCTOHUMBBIM, a MOJIOXKEHHE PABHOBECHS
(0, 0, —nq) GyneT COOTBETCTBEHHO HeyCTOHUNBLIM. Ecaii ny < 0, To, Hao60poT, noJoxkenue (0, 0, ny)
OyzeT HeyCTOHUMBbIM, a 1noJiozkenue (0, 0, —nj) — YCTOHYHMBBIM.

Cucrema ypaBHeHHH (5.6) UMeeT c/ieyiolye 1Ba YaCTHBIX PElleHHs], B KOTOPBIX p1 HJH p2 TOXK-
JIECTBEHHO PaBHbI HYJIIO:

exp (— let)
2 P 1 —nzexp (—Qanit) (5.10)
T+ ng exp (—Qanqt)’ ’ '

p1 =0, pa=2 @nfn 1 ;
Q7 1 +nzexp (—Q4n1t)

exp (— anlt)
Q1 o 2 s = n 1 —ngexp (—Q1n1t)
==ning . p3=mn1 .
Qs " 1+ ngexp (—Qinit) 1+ ngexp (—Q1nit)

pgzo, p1=2 (511)

31ech n3 U Ny — HEOTPHULIATE/bHbBIE MTPOU3BOJbHBIC TOCTOSIHHbIE, OMpeae/sieMble U3 Hauallb-
HbIX ycsioBui. Perienne (5.10) oTBeuaeT TakuM JBHKEHUSIM CKeHTOOP/IA, KOTJIAa B MpoLlecce MpsiMo-
JIMHERHOTO JIBUXKEHHsI JIOCKA OCTAETCsl HEMOJBHKHOM, a paiiiep pacKauuBaeTcst ¢ aMIUIMTYI0H po (t)
(T.e. cucTema coBeplllaeT HU3KOUACTOTHbIE KoJieGaHusl). 3aBUCUMOCTH (PYHKLHMH pa U p3 OT BpeMe-
HH JIAl0T MOJIHOE MPEJICTABJICHHE O XapaKTepe IBHKEHUs CKeHTOOPa B 9TOM YacTHOM cJjyuae. bynem
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P,

0,51

p.‘i

2

Puc. 4

CUHTATb, UTO Mbl HAXOJIUMCS B OKPECTHOCTH YCTOMUMBOTO paBHoBecHs (1 > 0) U B HAUa/IbHbIF MOMEHT
BpeMmeHd ps3 (0) = 0, T.e. ng < 1 (cayuait ng > 0, ng > 1 anajoruuen caydaio ny < 0, ng < 1, Ko-
TOPBI OyJIeT paCCMOTPEH HUZKE ). DTH YCJIOBHS COOTBETCTBYIOT TOMY, UTO B Haua/bHbIH MOMEHT CKEeHT-
60pJL MOJTYUHI MaJTYIO0 CKOPOCTh

1-— ns

1+ ns3

p3(0) = ny

B yCTOHUMBOM HarpasJieHud. Torza ¢ TeueHreM BpeMeHH aMIInTy1a KoJeOaHui parijiepa pa MOHOTOH-
HO yObIBAET OT €€ HayaJJbHOro 3HAUEHHS

_ 2n1 %n
T+ns\ Q7 °

p2 (0)

110 HyJ151 (pHC. D), @ CKOPOCTb JIBMKEHHUS CKeHTOOpa p3 BO3pacTaeT no MojyJio. B npenese ckeiitbop
JIBUXKETCS B yCTOHUMBOM HAMPABJEHHH C TOCTOSTHHOM CKOPOCThIO 1 (pHC. 6).

0,06
0,051
0,058
0,041
0,056
0,031
0,054
0,024
0,052
001 0,05
0 100 200 300 400 500 0 ""7100 200 300 400 500
t t

Puc. 5. 3aBUCHMOCTb aMIIUTY bl KOJie-
OaHMil paiifiepa p2 OT BpeMEHH JI/1s 4acT-
Horo petenus (5.10) B cayuae ny > 0,
ns < 1

Puc. 6. 3aBUCHMOCTb CKOPOCTH CKEHT-
60pJia p3 OT BPEMEHH JIJIsi YaCTHOTO pellie-
Hust (5.10) B caryuae ng > 0, n3 < 1
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0,08

] 0,06
0,061 0,04
07045 0,02

: 0 : : : : :
0,021 10 200 300 400 500

—-0,02 t

0 100 200 300 400 500
; ~0,04

Puc. 7. 3aBUCHMOCTb aMIINTY/IbI KoJie- Puc. 8. 3aBMCHMOCTb CKOPOCTH CKEHTOOP-
OaHui paiaepa p2 OT BpDEMEHHU J1/151 UacT- J1a p3 OT BPEMEHH /ISl YaCTHOTO PeLleHUs]
Horo petuenus (5.10) B cayuae ny < 0, (5.10) B cayuae ng < 0,n3 < 1
ns < 1

[IycTh Tenepb Mbl HAXOAUMCS B OKPECTHOCTH HeyCTOHUMBOro paBHoBecust ny < 0. [1peanonoxum
CHOBA, UTO B HauaJbHblil MOMEHT BpeMeHu ng < 1, T.e. p3 (0) < 0 (cayuaii ny < 0, ng > 1 aHajornueH
pazoOpaHHOMY Bblille ciydato ny > 0, ng < 1). DTH yCJI0BHS COOTBETCTBYIOT TOMY, UTO B HauaJsbHbIH
MOMEHT CKEUTOOP/L [OJTyUUJ MAJIYIO CKOPOCTh

1—713

P3 (0) = nlm

B HEYCTOHUMBOM HamnpaBJjeHnu. B 3ToM ciyuae npejiesibHoe JBHKEHHE CUCTEMbI OYJIET TAKUM K€, KaK
v npu p3 (0) > 0, HO 3BOJIIOLMS IBUKEHHUS CyLIIeCTBeHHO uHast. [1pu

In (n3)
Qan1

AMILJIUTY A KOJieOaHUi paijiepa p2 MOHOTOHHO BO3PAacCTaeT, a CKEUTOOP IBUKETCSl B HEYyCTOHUHBOM
HaINpaBJeHUH CO BCe YMeHblUaloLlelcst CKopocTbio. B MOMeHT ¢ = ¢, ckopocTb ckeliTOopaa obpalia-
eTCsl B HyJlb, a AMIVIMTY1A KOJIeOaHHH po IOCTUIAEeT CBOCIO MAKCHMAaJIbHOTO 3HAUECHHSI

0<t<ty=

Q4
Q7

[Tpu ¢t > t, ckefitGop ABHKETCS y2Ke B YCTOHUHBOM HaNpaBJ/IeHHH ¢ BO3paCTalollel CKOPOCThIO,
a aMIuIMTya1a KoJsebaHuil paiaepa MOHOTOHHO yObiBaet (puc. 7). Takum o6pazom, npu ps (0) < 0 3a
BpEMs SBOJIIOLMH JIBUZKEHHUST OJIMH Pa3 MPOUCXOAUT CMeHa HarpaBJ/eHns] NPSIMOJMHEHHOTO ABHXKEHHS
ckerTéop/a ¢ NOCTOSTHHOH cKopocTbio (puc. 8). Panee ananornunblii 3pdext Obla1 nogyuet ajs 6ogee
npocToil Mojenu ckeirbopia [1], u3BecTen oH TakxkKe M B APYrUX 3ajgayax HEroJOHOMHOH MeXaHHKH
(narmpumep, B KJIaCCHUECKOM 3a1aue o IBHKEHUH KeJbTcKoro Kamus [ 15, 16], [18]—{25]).

Peurenne (5.11) oTBeuaer TakuM JIBH:KEHHSIM CKeHTOOP/A, KOrJa B rpoliecce MpsiMOJHHERHOTro
JIBU2KEHHUS IOCKA PACKAUMBAETCS C aMILIUTYOH p1 (), @ paiiiep ocTaeTcsi HEMoJABUXKHbIM (T. €. CUCTeMa
COBEpIIAET BbICOKOUACTOTHbIE KoJieOaHus). AHa/IM3 9BOJIOLMH JIBUXKEHHS B 9TOM CJlyuae aHaJornueH
MpeblyllemMy ciyuato. Eciim ckefiT6op/ ABHKETCS B HEYCTOHUHBOM HaNpaBJ/IeHHH, TO TPH

p2 (ts) = ni.

_ In(ny)

T
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MPOUCXOJUT CMEHA HaMpaBJeHUs ABMKEHHUA. B 9TOT MOMeHT ammiiuTyna KoaebGaHui T0CKU p1 JOCTH-
raeT cBOEro MakCHMaJbHOIro 3HaUeHUust

p1 (tex) = %n%

Paccmotpum teneps petiennsi cuctemsl (5.6), otanunbie oT petenui (5.10), (5.11) u ot nosnoxe-
Hui paBHoBecust P; u Py. M3 unterpasios (5.8) u (5.9) umeem:

p2 =noplt, ps==xf(p1),

(5.12)
f (p1) = \/n3 — o — wgn3pi™.
[ToncraBuB ps U3 (5.12) B nepBoe ypaBHeHHe cucTeMbI (5.6), MoJTyuum
p1= ¥%P1f(ﬂ1),
OTKyJla, paszieJsisi nepeMeHHble, HaX0IUM
d
Qg (5.13)
p1f (p1) 2

Ecsn uz (5.13) naiinena dyukums p1 (t), 0 p2 (t) 1 ps (t) Beiuncasiores o popmy.iam (5.12).

Haiitu siBHy10 aHaMTHUECKYIO 3aBUCHMOCTD p1 OT BPeMEHH HeBO3MOzKHO. Ho KauecTBeHHbIH Xa-
paKTep JIBHXKEHHUSI MOXKHO TMOJIYUHTb HEMOCPEICTBEHHO M3 CHCTeMbl ypaBHeHHH (5.6). [lyeth, Hanpu-
Mep, B HAauaJibHbIH MOMEHT BeJIMUMHA p3 TMOJOXKUTeNbHA. Torna nockosabky Q1 > 0u Q4 > 0, TO
npaBble YACTH MEPBBIX IBYX YPaBHEHHIT cHCTeMBI (5.6) OyLyT OTpULIATebHBI U, CJ1€10BaTeIbHO, PyHK-
1 py (t) 1 pg (t) OynyT yobIBaTh ¢ TeueHueM BpeMenu. Tak kak Q5 > 0 u Q7 > 0, To B 1paBoii yacTu
TPETHEro ypaBHEHHUS] CTOUT HEOTPULIATEIbHOE BbIpaXKEHHE, KOTOPOe YOBIBAET, MOCKOJIbKY YObIBAIOT p1
u p2. B npenene py (t) u pa (t) cTpemsTest K HyJI10, @ p3 (t) CTPEMUTCS K BEJIMUUHE 11, KaK CJIE/yeT U3
uHTerpasa (5.9).

[TycTb Tenepb B HauaJbHbIH MOMEHT BeJIMUHHA p3 OTPHUlIAaTesbHa. Torna B mpaBbiX 4acTsix JIBYX
MepBbIX yPaBHEHHH cHUCTeMbl (5.6) CTOAT MOJOXKUTEJbHbIE BbIPAXKEHHS M, CJe0BaTeJbHO, (QyHK-
und py (t) u p2 (t) GyayT Bo3pacraTh ¢ TeueHHeM BpeMeHH. TakxKe OyaeT Bo3pacraThb, OCTaBasiCh OT-
pULaTeIbHOM, U PyHKLHS p3 (t). B Kako#-ToO MOMEHT OHa 0GPATUTCS B HYJlb, B 9TOT MOMEHT (DYHKIIMHU
p1 (t) 1 p2 (t) IpUMyT CBOM MakcHMasbHble 3HaueHHust. [Tocsie 3TOoro MomeHTa BpeMeHu yHKIHS ps3 (t)
MIOMEHSIeT 3HAK M HAUHET MPUHUMATh M0JI02KUTe/IbHbIe 3HAUeHHs, PYHKUHH p1 (t) U po (1) HAUHYT yObI-
BaTb U B MpeJieJie Mbl TPUJIEM K CUTYalllH, OMTMCAHHOM Bbillle. Takum 06pa3om, H B 0011leM ciyyae Kaue-
CTBEHHAsl KapTHHA JIBHKEeHHUsT Oy/IeT OueHb M0X02Ka Ha Ty, UTo Oblla OnucaHa HaMu MPH PaCCMOTPEHUH
yacTHbIX petenuil (5.10)—(5.11), ¢ Toil suiIb pa3Hulieil, uTo B 001LEM CJ1yuae Mbl HE MOXKEM yKa3aTh
SIBHBIX 3aBUCHMOCTEH PYHKIME p1, p2 U p3 OT BPEMEHH.

Takum 06pazom, Mbl UCCJIEI0BAIN HEKOTOPbIE CBOMCTBA MOJIE/IH CKEUTOOpA C TPEeMS CTereHs -
MH ¢B00OO/IbI, 0000111aI011IeH UCCel0BaHHYI0 HAMK B nipenpuHTe [1] npocrefiiyio Mojiesib CKeHTO0p-
na. Jlannyto Mojaesb MOKHO pa3BUBATh B PA3JIMUHBIX HAMPABJIEHUSX: C OHOH CTOPOHBI, MOKHO pac-
CMOTpeTh 60Jiee CJ0KHYI0 KOHCTPYKIIMIO CKEHTOOpA U yueCTh HaJMune KoJieC U XapakTep UX B3au-
MOJIEHCTBHUS ¢ OMOPHOH MJI0CKOCThI0. C IPYroit CTOPOHBI, MO2KHO MOCTPOUTDH HoJiee C102KHYy10 (1 6osiee
COOTBETCTBYIOLLYIO PeabHOCTH ) KOHCTPYKIIMIO MOJIBECKH H BbISICHUTh, KaKHe JIOMOJHUTE/IbHbIE IMHA-
MHUecKre 3 peKTbl BOZHUKAIOT MPH TaKOH KOHCTPYKLMHU. MOKHO TTOCTPOUTH TakKe 6oJiee CI0KHYIO
KOHCTPYKIIMIO paijiepa, BBECTH B CHCTEMY yIpaBJieHHe U H3yuyaTh CHCTEMY C yrnpaBJjeHueM. Bce stu
3a/1auk SIBJSIOTCS BECbMa HHTEPECHBIMU, U Mbl HEMIPEMEHHO 0OpaTUMCs K HUM B Oy/1y1EM.

Pa6ora BbinosiHeHa 1pu uHaHCcoBOl nopuep:kke Poccuniickoro donna dyHaaMeHTaNbHbIX HC-
caenoBanuil (rpant 08-01-00363).
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