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È¼×aË{Ø�Ñ�«XÑ Ô�ÕaÖ[ÒJÌ�È¼×aË{Ø�Ñ�¨ ÏgÙ¼ÏgÚOË{Ø�Ñ�¨ÂÛmß�Ñ�Ö¼ØWÔ
È¼ÙaÖaÔ�É�ÚOÏr× Ì ÚOËgÖ¼ØWÙaÝ[Ò'¤ ß%Ô�ÝaÞaàaÙ@¨ÊÉ%×�ÕaÔ�Ý¼Ñ�Ì�Ò�Û;�
Ò
ÜäÒ{Ê[Ò
Þ�Ñ�ÚOÑ�ÖaÍ.¤KÝ¼Ë�Ö[Ò��{Ö¼Ë7£5ÒJÚ�á#ß+Ò��XÑ�Ì�ÍÎØîÚOÑ�ÊaÞ�Ò�Ø ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò

M,
Ü¼Ì�Ù@«gÒJÉBª�Ù¼Ø�Ïr×KÕ¼Ñ{ÜFÜ[Ë7¨¼ÏgÚ�Ì�Ù¼Ë{Ø Õ¼Ñ�ÚOÑ�X

Þ�Ò
gt,
Õ¼Ñ�ÞaÙ�ÜäÒJÚ�á

M. Ë¯{ÚOÑ�¨îÏgÚ�ÒJÚ�áOË½ÚOË�¤�ÝaÙaÞaÔ�Ö[Ò�ã�Ñ�Ú�ÍÌ¹ ¼'º¯ØWÍ Ö[Ò�ÏgÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝa×aË{Ø Ý[ÒKØ�ËgÚ�ÖaÙaÊ¼Ë{ÏgÞaÙ¼ËÅÜ¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞaÙ¼Ë
ÏgÙ¼ÏgÚOË{ØWÍ

(Ω, gt),
Õ¼Ñ�Ö¼ÑXâ�Ü[ËgÝaÝaÍÎË8Ù¼Ï�¤�Ñ{Ü¼Ý¼Ñ�¨@Ü¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞ�Ñ�¨=ÏgÙ¼ÏgÚOË{Ø�Ñ�¨

(Σ, ht)
ÙÈ�
Ò
ÜäÒJÝaÝ¼Ñ�¨�Ô�ÕaÖ[ÒJÌ�X

È¼×aË{Ø�Ñ�¨ÐÏgÙ¼ÏgÚOË{Ø�Ñ�¨
ẋ =

∫

U
f(htσ, x, u)ηt(du),

Ò5ÙaÝaÌ�ÒJÖaÙ[ÒJÝaÚ�Ý¼Ñ�ÏgÚ�á#ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò
M ⊆ Ω

Õ¼Ñ�ÝaÙ¼Ø�Ò�Ë{ØîÌ-ÏgÚ�ÒJÚ�Ù¼ÏgÚ�ÙaÊ¼Ë{ÏgÞ�Ñ�Ø Ï{ØWÍÎÏpÈ[Ë�Û[ÚOÑ8Ë{ÏgÚ�á-Þ�ÒJÞ3ÕaÖaÙ/X
ÏgÔ�ÚOÏgÚ�Ì�Ù¼Ë�Ü¼Ì�Ùaâ�ËgÝaÙ@¨

t → gtω
Ì

M
Ï�Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ�¨�Ê[Ò�ÏgÚOÑ�ÚOÑ�¨ÂÛ]Ö[ÒJÌ�Ý¼Ñ�¨�ËpÜ¼ÙaÝaÙaà¼Ë © ÒJÝ[Ò
È[Ñ�«{ÙaÊaÝ[ÒJ×

Ø�ËgÚOÑ{Ü¼ÙaÞ�Ò5Ù¼ÏgÕ¼ÑJÈ¼áW�XÑ�Ì�Ò
ÈäÒ�Ïgá�Ì´¹ 	'º�Û�¹ Í'º]ÕaÖaÙÅÙ@�{Ô�Ê¼ËgÝaÙaÙ½ÔOÏpÈ[Ñ�Ì�Ù@¨Â«rÈ[Ñ�ãOÒ
È¼á�Ý¼Ñ�¨#Ô�ÕaÖ[ÒJÌ�È¼×aË{Ø�Ñ�ÏgÚ�Ù½È¼ÙaÝ¼Ë7¨/X
ÝaÍ.¤�ÏgÙ¼ÏgÚOË{Ø+¬p�WÎ�ÏpÈ¼Ù5Ñ�Þ�Ò��{ÍmÌ�Ò�ËgÚOÏr×�ÕaÖaÙQ¯{ÚOÑ�ØmÛJÊaÚOÑEß+Ò��XÑ�ÌOÑ�ËÀÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�ÌOÑ

Σ
Ý¼ËÀÚOÑJÈ¼á�Þ�ÑEÞ�Ñ�ØWÕ[ÒJÞaÚ�Ý¼ÑaÛ

Ý¼Ñ%Ù8ØWÙaÝaÙ¼Ø�Ò
È¼á�Ý¼Ñ�Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ+Õ¼Ñ�ÚOÑ�Þ�Ò
ht,
ÚOÑ%Ý[Ò

Σ
ÏgÔ9ª�Ë{ÏgÚ�Ì�ÔOËgÚ+Õ¼Ñ%ÞaÖ[Ò�¨aÝ¼Ë7¨-Ø�ËgÖ¼Ë¯Ñ{Ü¼Ý[Ò3¯{Ö@«XÑ{Ü¼Ù/X

Ê¼Ë{ÏgÞ�ÒJ×½Ø�ËgÖ[Ò�Û�ÚJ�oË���ÙaÝaÌ�ÒJÖaÙ[ÒJÝaÚ�Ý[ÒJ×½Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ5Õ¼Ñ�ÚOÑ�Þ�Ò
ht
ÌOËgÖ¼ÑX×�Ú�Ý¼Ñ�ÏgÚ�Ý[ÒJ×Ðã�Ñ�Ö¼ËpÈ[ËgÌOÏgÞ�ÒJ×#Ø�ËgÖ[Ò

ν
Û

Ú�ÒJÞ�ÒJ×]ÛJÊaÚOÑ¯Ø�ËgÖ[ÒmÌOÏr×�Þ�Ñ�«XÑ�ÙaÝaÌ�ÒJÖaÙ[ÒJÝaÚ�Ý¼Ñ�«XÑ�Õ¼Ñ{Ü[ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò
Σ0
Ì

Σ
Ö[ÒJÌ�Ý[ÒÁÈ¼Ù¼ã�Ñ¯ÝaÔ
È¼É�ÛgÈ¼Ù¼ã�Ñ¯ËpÜ¼ÙaÝaÙaà¼Ë

© Õ¼Ñ�¯{ÚOÑ�ØWÔ3Ë{ÏpÈ¼Ù
Σ0

�
Ò�ØWÞaÝaÔ�ÚOÑaÛUÚOÑ
Σ0 = Σ

Ù
ν(Σ0) = 1

¬p� � Ú�Ò-Ø�ËgÖ[Ò8Ö[Ò�ÏgÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝa×aËgÚOÏr× © Ï�Ï{Ñ"¤�Ö[Ò'X

j(k+lNm(j(k;n(j(oqpsrtm(j(ovuwm(x(oNy1zE{9{9|Ty�};~"�@yO��z@yZ��~BzE�/���ZzE�9�



Ï+Ð � Ð ��Ñ Ð ��ÒOÓ'Ñ'�/��ÓÅÔ���Õ9�E� Ð Ó�ÕZ��Ñ Ð ���/�LÖv���E×·Ó'Ñ Ð �E�Ø����Ñ Ð �1×·�ZÖv��Ñ Ð � zE�/Ù

Ý¼ËgÝaÙ¼Ë{Ø ÙaÝaÌ�ÒJÖaÙ[ÒJÝaÚ�Ý¼Ñ�ÏgÚ�ÙZ¬�Ý[ÒÅÖ[Ò�Ï7£�ÙaÖ¼ËgÝaÝ¼Ñ�Ë-ß+Ò��XÑ�ÌOÑ�Ë�ÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�ÌOÑ
Ω
Ü¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞ�Ñ�¨=ÏgÙ¼ÏgÚOË{ØWÍ

(Ω, gt),
Ñ�Ú�ÌOËgÊ[ÒJÉBª�Ë7¨#Ù¼Ï�¤�Ñ{Ü¼Ý¼Ñ�¨3Ô�ÕaÖ[ÒJÌ�È¼×aË{Ø�Ñ�¨ÐÏgÙ¼ÏgÚOË{Ø�Ë��

ÚRÒJÞaÙ¼Ø Ñ�ã�Ö[Ò��XÑ�ØmÛWÕ¼ÑX×�Ì�È¼×aËgÚOÏr× Ø�ËgÚ�ÖaÙaÊ¼Ë{ÏgÞ�ÒJ×=Ü¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞ�ÒJ×îÏgÙ¼ÏgÚOË{Ø�Ò
(Ω,B, µ, gt),

«rÜ[Ë
µ ÛÌOËgÖ¼ÑX×�Ú�Ý¼Ñ�ÏgÚ�Ý[ÒJ×@ã�Ñ�Ö¼ËpÈ[ËgÌOÏgÞ�ÒJ×�Ø�ËgÖ[ÒÅÝ[Ò

B,
ÙaÝaÌ�ÒJÖaÙ[ÒJÝaÚ�Ý[ÒJ×�Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ#Õ¼Ñ�ÚOÑ�Þ�Ò

gt
ÛUÙFÌ#ÏpÈ¼Ô�Ê[Ò�Ë�Û

Þ�Ñ�«rÜäÒ�Ü¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞ�ÒJ×FÏgÙ¼ÏgÚOË{Ø�Ò
(Ω,B, µ, gt)

ÏgÚ�Ö¼Ñ�«XÑ^¯{Ö@«XÑ{Ü¼ÙaÊ¼Ë{ÏgÞ�ÒJ×]ÛUÖ¼ÑJÈ¼á-ÌOËgÖ¼ÑX×�Ú�Ý¼Ñ�ÏgÚ�Ý¼Ñ�¨FØ�ËgÖaÍ
µÌ�ÍmÕ¼ÑJÈ¼Ýa×aËgÚ#Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý[ÒJ×FÊ[Ò�ÏgÚOÑ�Ú�Ò-ÕaÖ¼Ë{ã�ÍmÌ�ÒJÝaÙa×KÚ�Ö[Ò�ËgÞaÚOÑ�ÖaÙ@¨�Õ¼Ñ�ÚOÑ�Þ�Ò

gt
ÌÅ�
Ò
ÜäÒJÝaÝ¼Ñ�Ø Þ�Ñ�ØWÕ[ÒJÞaÚ�X

Ý¼Ñ�Ø ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOË
M ⊆ Ω

© Ù½ÚOÑ�«rÜäÒ�ÏgÚ�ÒJÚ�Ù¼ÏgÚ�ÙaÊ¼Ë{ÏgÞ�ÒJ×3ÙaÝaÌ�ÒJÖaÙ[ÒJÝaÚ�Ý¼Ñ�ÏgÚ�á
M
Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ8Õ¼Ñ�ÚOÑ�Þ�Ò

gtÑ��{Ý[Ò{Ê[Ò�ËgÚ8ÙaÝaÌ�ÒJÖaÙ[ÒJÝaÚ�Ý¼Ñ�ÏgÚ�á
M
ÏEÌOËgÖ¼ÑX×�Ú�Ý¼Ñ�ÏgÚ�á�É�ËpÜ¼ÙaÝaÙaà[Ò�¬p�

Ü3�ÞÝÀßqàQá��.âqã®��äæåÞ�èç$�Qç$é;��äæå
 ÀÌOËpÜO¿{Ø Ö�×�Ü3Ñ�ã�Ñ��{Ý[Ò{Ê¼ËgÝaÙ@¨Â�Z¾EÔOÏgÚ�á

Rm Û ÏgÚ�ÒJÝ�ÜäÒJÖaÚ�Ý¼Ñ�Ë�ËgÌ�Þ�È¼Ù�Ü[Ñ�ÌOÑ�ÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�ÌOÑ8Ö[Ò��XØ�ËgÖaÝ¼Ñ�X
ÏgÚ�Ù

m.
��È¼×Ø�
Ò
ÜäÒJÝaÝ¼Ñ�«XÑÐØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò

U ⊂ Rm Ñ�ã�Ñ��{Ý[Ò{ÊaÙ¼Ø
frm(U) Û ÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�ÌOÑ3Ø�ËgÖµêWÒ
Ü[Ñ�Ý[Ò

Ï¯Ý¼Ñ�ÏgÙaÚOËpÈ[Ë{Ø Ì
U.
Î�ÏpÈ¼Ù

U
Þ�Ñ�ØWÕ[ÒJÞaÚ�Ý¼ÑaÛ�ÚOÑ

rpm(U) Û Õ¼Ñ{Ü[ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ�Ì frm(U),
Ï{Ñ�ÏgÚOÑX×/ª�Ë{ËEÙ@��ÌOË�X

Ö¼ÑX×�Ú�Ý¼Ñ�ÏgÚ�ÝaÍ.¤#Ø�ËgÖ´êWÒ
Ü[Ñ�Ý[Ò��TÎ�ÏpÈ¼Ù
η ∈ frm(U),

ÚOÑ+ÜaÈ¼×-ÌOÏr×�Þ�Ñ�¨#Ý¼ËgÕaÖ¼ËgÖaÍmÌ�Ý¼Ñ�¨#ß%Ô�ÝaÞaàaÙaÙ
a : U → R

Ñ�ã�Ñ��{Ý[Ò{ÊaÙ¼Ø 〈η, a〉 =

∫

U
a(u)η(du).

¡�Ò
frm(U)

Ñ�ÕaÖ¼ËpÜ[ËpÈ¼Ù¼Ø Ì�ÒJÖaÙ[ÒJàaÙaÉ |η|(U)
.
= sup
‖a‖061

|〈η, a〉|
Ù © ÏpÈäÒ�ã�Ô�É®¬ZÝ¼Ñ�Ö¼ØWÔ

|η|w =
∞∑

k=1

2−k

1 + ‖ak‖0
|〈η, ak〉|,

«rÜ[Ë%ß%Ô�ÝaÞaàaÙaÙ
ak
Ñ�ã�Ö[Ò��{Ô�É�Ú�ÏgÊ¼ËgÚ�Ý¼Ñ�Ë�ÌOÏgÉÁÜ¼Ô8Õ�È[Ñ�Ú�Ý¼Ñ�Ë%ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ�Ì�ÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�ÌOË

C(U,R)
Ý¼ËgÕaÖ¼Ë�X

ÖaÍmÌ�ÝaÍ.¤ ß%Ô�ÝaÞaàaÙ@¨ Ù@�
U
Ì
R
Ï3Ö[ÒJÌ�Ý¼Ñ�Ø�ËgÖaÝ¼Ñ�¨ Ý¼Ñ�Ö¼Ø�Ñ�¨ ‖ · ‖0. ��È¼× ÜäÒ
È¼á�Ý¼Ë7¨@£�Ë7«XÑ=Ì�ÒJâ5Ý¼ÑaÛÁÊaÚOÑÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�ÌOÑ

rpm(U)
Ø�ËgÚ�ÖaÙ@�{ÔOË{Ø�ÑÐÙ@Ë{ÏpÈ¼Ù Ø�ËgÚ�ÖaÙaÞ�Ò#Ì

rpm(U)
Õ¼Ñ�Ö¼ÑXâ�Ü[ËgÝ[ÒKÏpÈäÒ�ã�Ñ�¨�Ý¼Ñ�Ö¼Ø�Ñ�¨@Ý[Ò

frm(Rm),
ÚOÑ

rpm(U) ë�ì�í3îTï�ë�ðQñTì �¾EÔOÏgÚ�á¶�
Ò
ÜäÒJÝ[Ò�ÚOÑ�Õ¼ÑJÈ[Ñ�«{ÙaÊ¼Ë{ÏgÞ�ÒJ× Ü¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞ�ÒJ× ÏgÙ¼ÏgÚOË{Ø�Ò
(Σ, ht).

� ÚOÑ Ñ��{Ý[Ò{Ê[Ò�ËgÚJÛÎÊaÚOÑ
Σ ÛÕ¼ÑJÈ¼Ý¼Ñ�Ë�Ø�ËgÚ�ÖaÙaÊ¼Ë{ÏgÞ�Ñ�Ë�ÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�ÌOÑ-ÙÐÕaÖaÙÐÞ�ÒJâ�Ü[Ñ�Ø

t, ht Û Ñ{Ü¼Ý¼Ñ�Õ[ÒJÖ[Ò�Ø�ËgÚ�ÖaÙaÊ¼Ë{ÏgÞ�ÒJ×Ø«{ÖaÔ�ÕaÕ[Ò5ÕaÖ¼Ë�X
Ñ�ã�Ö[Ò��XÑ�Ì�ÒJÝaÙ@¨ ÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�Ì�Ò

Σ
Ì@Ï{Ë{ãX×]ÛZÔ
Ü[Ñ�Ì�È[ËgÚ�ÌOÑ�Ö�×�ÉBª5ÒJ× Ý[Ò{Ê[Ò
È¼á�Ý¼Ñ�ØWÔîÔOÏpÈ[Ñ�Ì�ÙaÉ

htσ|t=0 = σÙKÝ¼ËgÕaÖ¼ËgÖaÍmÌ�Ý[ÒJ×�Õ¼Ñ
(t, σ)

Ý[Ò
R × Σ,

Ï{Øm��¹ »�ÛZ«rÈ��r�'º�Û�¹ �ÛUÏ��>»Wd�e�ò/»W»O	�º��0¾EÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�ÌOÑ
Σ
Ý[Ò��{ÍmÌ�Ò�ËgÚOÏr×

ó ï'ô�ì�õ�ö$í�î�÷Zì�ø"ð�÷9ï�ñTø"ð(õ�ì�í ÏgÙ¼ÏgÚOË{ØWÍ (Σ, ht),
ß%Ô�ÝaÞaàaÙa×

t→ htσ ÛËù�õ�ú@û¢ü7ñTúOü#í ÚOÑ�ÊaÞaÙ σ, ß%Ô�ÝaÞaàaÙa×
ht : Σ→ Σ ÛýîTì�ðQì�ë�ì�í Ý[Ò Σ,

orb(σ)
.
= {htσ : t ∈ R} Ù

orb +(σ)
.
= {htσ : t > 0}

Ûþð�÷9ïWü7ë�ðQì>÷ZúOü7ÿ Ù îTì��Tì'ûÞúTð(ü�����ñTì�ÿ^îTì�����ð�÷9ïWü7ë�ðQì>÷ZúOü7ÿ ÚOÑ�ÊaÞaÙ σ.  µ¯{ÚOÑ�¨�ÏgÚ�ÒJÚ�áOËÎØWÍ=ã�Ô
Ü[Ë{ØKÕaÖ¼ËpÜ@XÕ¼ÑJÈäÒ�«gÒJÚ�á¼Û[ÊaÚOÑ�Ì�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼Ñ8ÏpÈ[ËpÜ¼Ô�ÉBª�Ë{Ë%ÔOÏpÈ[Ñ�Ì�Ù¼Ë��
���
	�M[^[P���[H���Ò��XÑ�ÌOÑ�Ë�ÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�ÌOÑ

Σ
Ü¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞ�Ñ�¨KÏgÙ¼ÏgÚOË{ØWÍ

(Σ, ht)
Þ�Ñ�ØWÕ[ÒJÞaÚ�Ý¼Ña�

¾EÔOÏgÚ�á¼Û{ÜäÒ
È[Ë{Ë�Û"�
Ò
ÜäÒJÝ[ÒmÝ¼ËgÕaÖ¼ËgÖaÍmÌ�Ý[ÒJ×�ß%Ô�ÝaÞaàaÙa×
f(σ, x, u)

Õ¼ËgÖ¼Ë{Ø�ËgÝaÝaÍ.¤
(σ, x, u) ∈ Σ×Rn×Rm,Ô
Ü[Ñ�Ì�È[ËgÚ�ÌOÑ�Ö�×�ÉBª5ÒJ× �Tì�ë�ï�����ñTì�í�����ø��Tì�õ�ú����3úTî��Qú��Tï3îTìBîOü�÷�ü#í®ü7ñTñTì�ÿ x ÷9ïWõ�ñTì�í®ü�÷ZñTìBì�ðQñTì�ø"úTð(ü������

ñTì (σ, u) ñTïQí3ñTì'û¢ü7ø"ð(õ�ü Σ× U Û/«rÜ[Ë U Û �
Ò
ÜäÒJÝaÝ¼Ñ�Ë ë�ì�í3îTï�ë�ðQñTì�ü ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ-Ì Rm. §ÐÍ ã�Ô
Ü[Ë{ØÙ¼Ï{ÏpÈ[ËpÜ[Ñ�Ì�ÒJÚ�á-Ö[Ò��gÈ¼ÙaÊaÝaÍÎË+ÏgÌOÑ�¨¼ÏgÚ�Ì�Ò�ÙaÝaÌ�ÒJÖaÙ[ÒJÝaÚ�ÝaÍ.¤3ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì8Ô�ÕaÖ[ÒJÌ�È¼×aË{Ø�Ñ�¨3ÏgÙ¼ÏgÚOË{ØWÍ

ẋ =

∫

U
f(htσ, x, u)ηt(du),

© »����'¬
«rÜ[Ë

ηt Û ù�ì�î���ø"ðQú9í3ì�ü Ô�ÕaÖ[ÒJÌ�È[ËgÝaÙ¼Ë��T¡�ÒJÕ¼Ñ�ØWÝaÙ¼ØmÛ¼ÊaÚOÑ5ß%Ô�ÝaÞaàaÙa× t→ ηt
Ý[Ò��{ÍmÌ�Ò�ËgÚOÏr× ù�ì�î���ø"ðQú9í3ö$í

��î�÷9ïWõ��Oü7ñTúOü#í Û¼Ë{ÏpÈ¼Ù ηt ∈ rpm(U)
ÕaÖaÙÐÞ�ÒJâ�Ü[Ñ�Ø

t
Ù½ÜaÈ¼×ÅÈ¼ÉEã�Ñ�¨

a ∈ C(U,R)
ß%Ô�ÝaÞaàaÙa×

t→ 〈ηt, a〉Ù@�XØ�ËgÖaÙ¼Ø�Ò5Õ¼Ñ(É�Ë{ã�Ë7«{Ô © Ï{Øm�È¹���d'º�Û1¹����7ºÂÙÐã�Ù¼ãJÈ¼Ù¼Ñ�«{Ö[Ò�ß%ÙaÉðÌÂ¹����7º&¬p�
¸ÀÔ
Ü[Ë{Ø=ÕaÖ¼ËpÜ¼Õ¼ÑJÈäÒ�«gÒJÚ�á8ÜäÒ
È[Ë{Ë�ÛaÊaÚOÑ5Ì�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼Ñ8ÏpÈ[ËpÜ¼Ô�ÉBª�Ë{ËEÔOÏpÈ[Ñ�Ì�Ù¼Ë��

j(k+lNm(j(k;n(j(oqpsrtm(j(ovuwm(x(oNy0zE{9{9|TyZ};~"�@yO��z@y���~�zE�/���ZzE�9�



zE�9� �^�'�t�'�.�9�������9�;�����^�T�T�����/���

���
	�M[^[P����UH´¡%ËgÕaÖ¼ËgÖaÍmÌ�Ý[ÒJ×8ß%Ô�ÝaÞaàaÙa×
f : Σ×Rn×Rm → Rn,

�
Ò
ÜäÒJÉBª5ÒJ×5ÏgÙ¼ÏgÚOË{ØWÔ © »����'¬pÛ�È[Ñ�X
Þ�Ò
È¼á�Ý¼Ñ�È¼ÙaÕ@£�Ùaà¼ËgÌ�Ò%Õ¼Ñ

x
Ö[ÒJÌ�Ý¼Ñ�Ø�ËgÖaÝ¼Ñ�Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ

(σ, u)
Ý[Ò

Σ×U, ÒEØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ U Þ�Ñ�ØWÕ[ÒJÞaÚ�Ý¼ÑÌ
Rm.
êWÒ�Ï{Ï{Ø�Ñ�Ú�ÖaÙ¼ØîÝ¼Ë{ÏgÞ�ÑJÈ¼á�Þ�Ñ8ÕaÖaÙ¼Ø�ËgÖ¼Ñ�Ì¼�
�! �"$#&%� ('*)t¾EÔOÏgÚ�á

Σ = T r = S × . . . × S Û ÚOÑ�Ö½Ö[Ò��XØ�ËgÖaÝ¼Ñ�ÏgÚ�Ù
r
© ÕaÖ�×aØ�Ñ�Ë%ÕaÖ¼Ñ�Ù@�{ÌOËpÜ[ËgÝaÙ¼Ë

r¯{Þ@�XË{ØWÕ�È¼×�Ö¼Ñ�Ì�Ñ�ÞaÖaÔ�â5Ý¼Ñ�ÏgÚ�Ù
S
Ö[Ò
Ü¼ÙaÔOÏXÒ�ËpÜ¼ÙaÝaÙaà[Ò�¬pÛ

ht Û ÌOÏgÉÁÜ¼Ô�Õ�È[Ñ�Ú�Ý[ÒJ×½Ñ�ã�Ø�Ñ�Ú�Þ�Ò�ÚOÑ�Ö[Ò�Û�Ë"¿�Ø�ÑXâ5Ý¼Ñ�
Ò
ÜäÒJÚ�á-ÏgÙ¼ÏgÚOË{Ø�Ñ�¨½Ü¼Ù¼ß�ß�ËgÖ¼ËgÝaàaÙ[Ò
È¼á�ÝaÍ.¤#Ô�Ö[ÒJÌ�Ý¼ËgÝaÙ@¨#Ý[Ò�ÚOÑ�Ö¼Ë

ϕ̇i = ωi, ϕi(0) = σi, i = 1 . . . r,

«rÜ[Ë
ω = (ω1 . . . ωr) Û ÌOËgÞaÚOÑ�Ö�Ê[Ò�ÏgÚOÑ�Ú3Ï ÷9ï
�TúTì�ñTï�����ñTìÂñOü�ô�ïWõ�úTø"ú9í3ö$í3ú Þ�Ñ�Ñ�ÖOÜ¼ÙaÝ[ÒJÚ�Ò�ØWÙ © ÚOÑ#Ë{ÏgÚ�á

k1ω1 + · · ·+krωr 6= 0
ÜaÈ¼×5È¼ÉEã�Ñ�«XÑ+Ý¼ËgÚ�ÖaÙaÌ�Ù[Ò
È¼á�Ý¼Ñ�«XÑ�Ý[Ò�ã�Ñ�Ö[Ò�à¼ËpÈ¼Í.¤�ÊaÙ¼Ï{ËpÈ

k1 . . . kr
¬p�9Ú�Ñ�«rÜäÒ

htσ =
= (ω1t+σ1 . . . ωrt+σr) (mod 2π)

Ù�ÕaÖaÙ�Þ�ÒJâ�Ü[Ñ�Ø
σ ∈ T r Ô�ÕaÖ[ÒJÌ�È¼×aË{Ø�ÒJ×5ÏgÙ¼ÏgÚOË{Ø�Ò © »����'¬�ÏgÚ�ÒJÝ¼Ñ�Ì�ÙaÚOÏr×ÏgÙ¼ÏgÚOË{Ø�Ñ�¨3Ï ��ø��Tì�õ�ñTìNîOü�÷ZúTì�ù�ú�+/ü7ø"ë�ì�ÿ Õ¼Ñ t ÕaÖ[ÒJÌOÑ�¨#Ê[Ò�ÏgÚ�á�É��

�! �"$#&%� -,.)
Σ = M,

«rÜ[Ë
M Û «rÈäÒ
Ü¼Þ�Ñ�Ë¯Þ�Ñ�ØWÕ[ÒJÞaÚ�Ý¼Ñ�ËEØWÝ¼Ñ�«XÑ�Ñ�ã�Ö[Ò��{Ù¼Ë¯Ö[Ò��XØ�ËgÖaÝ¼Ñ�ÏgÚ�Ù

r
© Ï{Øm�O¹���»aÛ

«rÈ��r��Û1½ä���'º&¬pÛ
ht Û Õ¼Ñ�ÚOÑ�Þ#Ý[Ò

M,
�
Ò
ÜäÒJÝaÝaÍ�¨3ÏgÙ¼ÏgÚOË{Ø�Ñ�¨#Ü¼Ù¼ß�ß�ËgÖ¼ËgÝaàaÙ[Ò
È¼á�ÝaÍ.¤½Ô�Ö[ÒJÌ�Ý¼ËgÝaÙ@¨

ż = v(z), z ∈M, v(z) ∈ TzM,
© »�� »�¬

«rÜ[Ë
TzM Û ÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�ÌOÑaÛ[Þ�Ò�ÏXÒJÚOËpÈ¼á�Ý¼Ñ�Ë�Þ

M
Ì5ÚOÑ�ÊaÞ�Ë

z ∈M, v : M → TM Û Ü¼Ù¼ß�ß�ËgÖ¼ËgÝaàaÙaÖaÔEX
Ë{Ø�ÒJ×#ß%Ô�ÝaÞaàaÙa×]Û

TM Û Þ�Ò�ÏXÒJÚOËpÈ¼á�Ý¼Ñ�Ë+Ö[Ò�Ï{ÏpÈ[Ñ�ËgÝaÙ¼Ë+ØWÝ¼Ñ�«XÑ�Ñ�ã�Ö[Ò��{Ùa×
M.Ú�Ñ�«rÜäÒEÜaÈ¼×�È¼ÉEã�Ñ�«XÑ%Ý[Ò{Ê[Ò
È¼á�Ý¼Ñ�«XÑ+ÔOÏpÈ[Ñ�Ì�Ùa×

z0 ∈M
Ö¼Ë7£�ËgÝaÙ¼Ë

z(t, z0)
ÏgÙ¼ÏgÚOË{ØWÍ © »�� »�¬WÏÁÔOÏpÈ[Ñ�Ì�Ù¼Ë{Ø

z(0) = z0
Ñ�ÕaÖ¼ËpÜ[ËpÈ[ËgÝ¼ÑFÝ[ÒÐÌOÏ{Ë7¨=ÊaÙ¼ÏpÈ[Ñ�ÌOÑ�¨ ÕaÖ�×aØ�Ñ�¨

R,
ËpÜ¼ÙaÝ¼ÏgÚ�ÌOËgÝaÝ¼Ñ�Ù Ý¼ËgÕaÖ¼ËgÖaÍmÌ�Ý¼ÑØ�
ÒJÌ�Ù¼ÏgÙaÚ�Ñ�Ú

ÚOÑ�ÊaÞaÙ
(t, z0).

  ¯{ÚOÑ�Ø(ÏpÈ¼Ô�Ê[Ò�Ë3Ô�ÕaÖ[ÒJÌ�È¼×aË{Ø�ÒJ× ÏgÙ¼ÏgÚOË{Ø�Ò © »����'¬N�
Ò
ÜäÒ�¿gÚOÏr× ð�÷�ü/�10�ì�����ñTì�ÿ ÏgÙ¼ÏgÚOË{Ø�Ñ�¨
Ü¼Ù¼ß�ß�ËgÖ¼ËgÝaàaÙ[Ò
È¼á�ÝaÍ.¤½Ô�Ö[ÒJÌ�Ý¼ËgÝaÙ@¨





ż = v(z),

ẋ =

∫

U
f(z, x, u)ηt(du).

�! �"$#&%� 324)%Î�ÏpÈ¼Ù
Σ Û ØWÙaÝaÙ¼Ø�Ò
È¼á�Ý¼Ñ�Ë © Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ¯Õ¼Ñ�ÚOÑ�Þ�Ò ht ¬[Þ�Ñ�ØWÕ[ÒJÞaÚ�Ý¼Ñ�ËZÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�ÌOÑaÛÚOÑaÛOÌ�ÏgÙ�È¼Ô�ÚOË{Ñ�Ö¼Ë{ØWÍ �-�E¸ÀÙaÖaÞ@«XÑ�ß+ÒN¹ »�ÛW«rÈ��r���T½U	�º�ÛO¹ �'º�ÛOÌOÏr×�Þ�Ñ�ËÎÜ¼Ì�Ùaâ�ËgÝaÙ¼Ë

t→ htσ
Ì

Σ ÷�ü7ë��7÷�÷�ü7ñTðQñTì© ÚOÑ½Ë{ÏgÚ�á½Ú�Ö[Ò�ËgÞaÚOÑ�ÖaÙa×FÌOÏr×�Þ�Ñ�«XÑ½Ü¼Ì�Ùaâ�ËgÝaÙa×FÌ
Σ
ÒJÕaÕaÖ¼Ñ�Þ�ÏgÙ¼ØWÙaÖaÔOËgÚOÏr×@Ï�È¼ÉEã�Ñ�¨�ÏgÚOËgÕ¼ËgÝaá�É(ÚOÑ�ÊaÝ¼Ñ�ÏgÚ�Ù

Ñ�Ú�Ö¼Ë7�{Þ�Ñ�Ø�¯{ÚOÑ�¨½Ú�Ö[Ò�ËgÞaÚOÑ�ÖaÙaÙÐÜ[Ñ�ÏgÚ�ÒJÚOÑ�ÊaÝ¼Ñ8ã�ÑJÈ¼áW£�Ñ�¨½ÜaÈ¼ÙaÝaÍB¬p�
 Þ¯{ÚOÑ�ØîÏpÈ¼Ô�Ê[Ò�Ë�ÜaÈ¼×#Þ�ÒJâ�Ü[Ñ�«XÑ

σ ∈ Σ
Ô�ÕaÖ[ÒJÌ�È¼×aË{Ø�ÒJ×3ÏgÙ¼ÏgÚOË{Ø�Ò © »����'¬mÖ¼ËgÞaÔ�ÖaÖ¼ËgÝaÚ�Ý[Ò�Õ¼Ñ

t
Ö[ÒJÌ�Ý¼Ñ�X

Ø�ËgÖaÝ¼Ñ�Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ
(x, u)

Ý[Ò�Þ�Ñ�ØWÕ[ÒJÞaÚ�Ò'¤
Q

.
= K×U ⊂ Rn×Rm :

ÜaÈ¼×�È¼ÉEã�Ñ�«XÑ
ε > 0

Ù8È¼ÉEã�Ñ�«XÑ
Þ�Ñ�ØWÕ[ÒJÞaÚ�Ò

Q
ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ

`(ε)
.
= {τ ∈ R : maximum

|t|6ε−1, (x,u)∈Q
|f(ht+τσ, x, u) − f(htσ, x, u)| 6 ε}

ε ��îTì5+9ðQú´îOü�÷ZúTì�ù�ì�õ ß%Ô�ÝaÞaàaÙaÙ t→ f(htσ, x, u)
Ý¼Ë��
ÒJÌ�Ù¼ÏgÙaÚ�Ñ�Ú

Q
Ù-Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ�Õ�È[Ñ�Ú�Ý¼Ñ+Ý[Ò

R
© ÚOÑ

Ë{ÏgÚ�á8Ý[Ò�¨�ÜO¿gÚOÏr×#Ú�ÒJÞ�Ñ�Ë
ϑ = ϑ(ε) > 0,

ÊaÚOÑ�ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ
`(ε)

Ù¼Ø�Ë{ËgÚ8Ý¼ËgÕaÔOÏgÚOÑ�Ë�Õ¼ËgÖ¼Ë{Ï{ËgÊ¼ËgÝaÙ¼Ë+ÏEÈ¼ÉEã�ÍÎØ
Ñ�Ú�Ö¼Ë7�{Þ�Ñ�Ø

[t0, t0 + ϑ]
ÜaÈ¼ÙaÝaÍ

ϑ
¬p�

��Ò
È[Ë{Ë�Û�Ë{ÏpÈ¼Ù�Ì
Σ
ÏgÔ9ª�Ë{ÏgÚ�Ì�ÔOËgÚEÕ¼Ñ¯ÞaÖ[Ò�¨aÝ¼Ë7¨5Ø�ËgÖ¼ËÁÑ{Ü¼Ý¼Ñ îTì5+9ðQúNîOü�÷ZúTì�ù�ú�+/ü7ø"ë�ì�ü © ÌEÏ{ØWÍÎÏpÈ[Ë.¸ÁÑ�Ö[Ò�¬Ü¼Ì�Ùaâ�ËgÝaÙ¼Ë�Û�ÚOÑ+ÌOÏr×�Þ�Ñ�Ë�Ü¼Ì�Ùaâ�ËgÝaÙ¼Ë�Ì

Σ
Õ¼Ñ�ÊaÚ�ÙÅÕ¼ËgÖaÙ¼Ñ{Ü¼ÙaÊaÝ¼Ñ´¹ »�Û�Ï��#e¼�X�'º�Û�Ù8ÚOÑ�«rÜäÒ�ÏgÙ¼ÏgÚOË{Ø�Ò © »����'¬�Õ¼Ñ�ÊaÚ�Ù

Õ¼ËgÖaÙ¼Ñ{Ü¼ÙaÊaÝ[Ò�Õ¼Ñ5Ì�Ö¼Ë{Ø�ËgÝaÙÂ�

j(k+lNm(j(k;n(j(oqpsrtm(j(ovuwm(x(oNy1zE{9{9|Ty�};~"�@yO��z@yZ��~BzE�/���ZzE�9�



Ï+Ð � Ð ��Ñ Ð ��ÒOÓ'Ñ'�/��ÓÅÔ���Õ9�E� Ð Ó�ÕZ��Ñ Ð ���/�LÖv���E×·Ó'Ñ Ð �E�Ø����Ñ Ð �1×·�ZÖv��Ñ Ð � zE�9|

�! �"$#&%� �67)´¾EÔOÏgÚ�á½ß+Ò��XÑ�ÌOÑ�Ë+ÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�ÌOÑ
Σ
Ü¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞ�Ñ�¨�ÏgÙ¼ÏgÚOË{ØWÍ

(Σ, ht)
Þ�Ñ�ØWÕ[ÒJÞaÚ�Ý¼Ña�

Ú�Ñ�«rÜäÒ�Û�Ì�ÏgÙ�È¼Ô�Ô�â�Ë¯Ô�Õ¼Ñ�ØW×�ÝaÔ�ÚOÑ�¨-ÚOË{Ñ�Ö¼Ë{ØWÍÞ¡5��§@���EÖaÍÁÈ[Ñ�Ì�Ò+ÙÅ¡5��¡5�9¸ÁÑ�«XÑJÈ¼ÉEã�Ñ�Ì�Ò�Û�Ý[Ò+ã�Ñ�Ö¼ËpÈ[ËgÌOÏgÞ�Ñ�¨
ÏgÙ@«XØ�Ò'XqÒ
ÈT«XË{ã�Ö¼Ë

A
ÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�Ì�Ò

Σ
ÏgÔ9ª�Ë{ÏgÚ�Ì�ÔOËgÚ½Õ¼Ñ½ÞaÖ[Ò�¨aÝ¼Ë7¨�Ø�ËgÖ¼Ë5Ñ{Ü¼Ý[ÒÅÌOËgÖ¼ÑX×�Ú�Ý¼Ñ�ÏgÚ�Ý[ÒJ×�Ø�ËgÖ[Ò

ν,ÙaÝaÌ�ÒJÖaÙ[ÒJÝaÚ�Ý[ÒJ× Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ�Õ¼Ñ�ÚOÑ�Þ�Ò
ht
Û�ÙîØWÍ�Ù¼Ø�Ë{Ë{Ø�Ø�ËgÚ�ÖaÙaÊ¼Ë{ÏgÞaÔ�É Ü¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞaÔ�ÉAÏgÙ¼ÏgÚOË{ØWÔ

(Σ,A, ν, ht).
 Þ¯{ÚOÑ�Ø ÏpÈ¼Ô�Ê[Ò�Ë�ß%Ô�ÝaÞaàaÙa×

t → f(htσ, x, u)
�
Ò
ÜäÒ�¿gÚ ø"ðQï
�TúTì�ñTï�÷ZñTö�ÿ © Ì-Ô9�{Þ�Ñ�Ø Ï{ØWÍÎÏ�X

È[Ë'¬ ø�����+9ï�ÿTñTö�ÿ î�÷Zì5�Oü7ø"ø Ù ÚOË{Ø ÏXÒ�ØWÍÎØ Ô�ÕaÖ[ÒJÌ�È¼×aË{Ø�ÒJ×îÏgÙ¼ÏgÚOË{Ø�Ò © »����'¬�ÏgÚ�ÒJÝ¼Ñ�Ì�ÙaÚOÏr× ÏgÙ¼ÏgÚOË{Ø�Ñ�¨ Ï{Ñ
ÏpÈ¼Ô�Ê[Ò�¨aÝaÍÎØWÙÐÕ[ÒJÖ[Ò�Ø�ËgÚ�Ö[Ò�ØWÙÂ�

�! �"$#&%� �8.)ÅêWÒ�Ï{Ï{Ø�Ñ�Ú�ÖaÙ¼ØîÔ�ÕaÖ[ÒJÌ�È¼×aË{ØWÔ�É ÏgÙ¼ÏgÚOË{ØWÔ

ẋ =

∫

U
φ(t, x, u)ηt(du),

© »�� ��¬

Ì½ÕaÖ¼ËpÜ¼Õ¼ÑJÈ[ÑXâ�ËgÝaÙaÙÂÛRÊaÚOÑ½ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ
U
Þ�Ñ�ØWÕ[ÒJÞaÚ�Ý¼ÑaÛRÒÅß%Ô�ÝaÞaàaÙa×

φ : R × Rn × Rm → Rn
Ý¼ËgÕaÖ¼Ë�X

ÖaÍmÌ�Ý[ÒFÕ¼Ñ�Ï{Ñ�ÌOÑ�ÞaÔ�ÕaÝ¼Ñ�ÏgÚ�ÙîÕ¼ËgÖ¼Ë{Ø�ËgÝaÝaÍ.¤]ÛÀÑ�«{Ö[ÒJÝaÙaÊ¼ËgÝ[Ò�Õ¼Ñ
t
Ý[ÒKÊaÙ¼ÏpÈ[Ñ�ÌOÑ�¨ ÕaÖ�×aØ�Ñ�¨

R
ÕaÖaÙ È¼ÉEã�Í.¤

ß%ÙaÞ�ÏgÙaÖ¼Ñ�Ì�ÒJÝaÝaÍ.¤
(x, u)

Ù#Ô
Ü[Ñ�Ì�È[ËgÚ�ÌOÑ�Ö�×aËgÚ-ÏpÈ[ËpÜ¼Ô�ÉBª�Ù¼Ø Ü¼Ì�Ô�Ø ÔOÏpÈ[Ñ�Ì�Ùa×aØm�
���
	�M[^[P��-9RSa^[QRM;:&�19RQRM=< Q��1>�9��19�?5^[QRM=��@�PA>RM

t
H[��È¼×-È¼ÉEã�Ñ�«XÑ

ε > 0
ÙÅÈ¼ÉEã�Ñ�«XÑ�Þ�Ñ�ØWÕ[ÒJÞaÚ�Ò

K ⊂ Rn Ý[Ò�¨�ÜO¿gÚOÏr×@Ú�ÒJÞ�Ñ�Ë δ > 0,
ÊaÚOÑÐÕaÖaÙ@ÌOÏ{Ë�¤

t ∈ R Ù@ÌOÏ{Ë�¤
(x, u) ∈ K × U Ù@�-Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�Ì�Ò

|τ | 6 δ ÏpÈ[ËpÜ¼ÔOËgÚ8Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ

|φ(t+ τ, x, u)− φ(t, x, u)| 6 ε.
���
	�M[^[P��!	�M[\]SB	DC[QRM=<�	�P�>�EFP�F���^[M=��@�PG>RM

x.
��È¼×5È¼ÉEã�Ñ�«XÑ�Þ�Ñ�ØWÕ[ÒJÞaÚ�Ò

K ⊂ Rn, ÌOÏ{Ë�¤ t ∈ RÙ#ÌOÏ{Ë�¤
u ∈ U Ý[Ò�¨�ÜO¿gÚOÏr×ÐÚ�ÒJÞ�ÒJ×#Þ�Ñ�Ý¼ÏgÚ�ÒJÝaÚ�Ò

`,
ÊaÚOÑ5ÜaÈ¼×ÅÈ¼ÉEã�Ñ�¨#Õ[ÒJÖaÍ ÚOÑ�Ê¼ËgÞ

x1, x2 ∈ K
Ì�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼Ñ

Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ
|φ(t, x1, u)− φ(t, x2, u)| 6 `|x1 − x2|.¾%ÑFß%Ô�ÝaÞaàaÙaÙ

φ,
�
Ò
ÜäÒJÉBª�Ë7¨îÏgÙ¼ÏgÚOË{ØWÔ © »�� ��¬pÛWÕ¼Ñ�ÏgÚ�Ö¼Ñ�Ù¼Øs�
Ò�ØWÍmÞ�ÒJÝaÙ¼Ë R(φ)

ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò�ÏoÜ¼Ì�Ù/X
«XÑ�Ì {φτ}, φτ (t, x, u) = φ(t + τ, x, u),

ß%Ô�ÝaÞaàaÙaÙ
φ
Ì ðQì�îTì��Tì
0�úTú³÷9ïWõ�ñTì�í®ü�÷ZñTì�ÿLø�H@ì�ù�ú9í3ì�ø"ðQú¶ñTï

ë�ì�í3îTï�ë�ðQïIH � � ÚOÑÅÑ��{Ý[Ò{Ê[Ò�ËgÚJÛUÊaÚOÑ φ̂ ∈ R(φ)
Ì-ÚOÑ�Ø Ù3ÚOÑJÈ¼á�Þ�ÑÅÌ-ÚOÑ�Ø ÏpÈ¼Ô�Ê[Ò�Ë�ÛUË{ÏpÈ¼ÙFÏgÔ9ª�Ë{ÏgÚ�Ì�ÔOËgÚÅÚ�Ò'X

Þ�ÒJ×3Õ¼Ñ�ÏpÈ[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼Ñ�ÏgÚ�á {ti} Ø�Ñ�Ø�ËgÝaÚOÑ�Ì½Ì�Ö¼Ë{Ø�ËgÝaÙÂÛäÊaÚOÑ8ÜaÈ¼×ÐÈ¼ÉEã�Ñ�«XÑ ε > 0
Ù3ÌOÏr×�Þ�Ñ�«XÑÅÞ�Ñ�ØWÕ[ÒJÞaÚ�Ò

K ⊂ Rn Ý[Ò{ÊaÙaÝ[ÒJ×#Ï¯Ý¼ËgÞ�Ñ�ÚOÑ�Ö¼Ñ�«XÑ i0 ÕaÖaÙÅÌOÏ{Ë�¤ t, Ô
Ü[Ñ�Ì�È[ËgÚ�ÌOÑ�Ö�×�ÉBª�Ù/¤ÅÝ¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�Ì�Ô |t| 6 ε−1 Û�ÙÅÌOÏ{Ë�¤
(x, u) ∈ K × U Ì�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼Ñ�Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ

|φ̂(t, x, u)− φti(t, x, u)| 6 ε, i > i0.
§3ÑXâ5Ý¼Ñ+Õ¼Ñ�Þ�Ò��
ÒJÚ�á¼Û�ÊaÚOÑ�ÕaÖaÙ8Ì�ÍÎÏgÞ�Ò��
ÒJÝaÝaÍ.¤8Ì�Í�£�ËÎÕaÖ¼ËpÜ¼Õ¼ÑJÈ[ÑXâ�ËgÝaÙa×9¤-ÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�ÌOÑ R(φ)

Ø�ËgÚ�X
ÖaÙ@�{ÔOË{Ø�Ñ�Ù½Ì8Ø�ËgÚ�ÖaÙaÞ�Ëv¸ÁË{ã�Ô�ÚOÑ�Ì�Ò

ρ(φ1, φ2)
.
= sup

ϑ>0
min

{
maximum
|t|,|x|,|u|6ϑ

|φ1(t, x, u)− φ2(t, x, u)| , ϑ−1
}
, φ1, φ2 ∈ R(φ),

Þ�Ñ�ØWÕ[ÒJÞaÚ�Ý¼Ñ³¹ »aÛ¼Ï��r�����'º�Û$¹��X�'º�����È¼×Â¯{ÚOÑ�«XÑ�Ü[Ñ�ÏgÚ�ÒJÚOÑ�ÊaÝ¼Ñ-Õ¼Ñ�Þ�Ò��
ÒJÚ�á¼Û[ÊaÚOÑ�Ï�¤�Ñ{Ü¼Ù¼Ø�Ñ�ÏgÚ�áÅÌ8Ø�ËgÚ�ÖaÙaÞ�Ëq¸ÁË{ã�ÔEX
ÚOÑ�Ì�ÒQ¯{ÞaÌ�ÙaÌ�Ò
È[ËgÝaÚ�Ý[Ò8Ï�¤�Ñ{Ü¼Ù¼Ø�Ñ�ÏgÚ�ÙÂÛ[Ö[ÒJÌ�Ý¼Ñ�Ø�ËgÖaÝ¼Ñ�¨ÐÝ[Ò�Þ�Ñ�ØWÕ[ÒJÞaÚ�Ò'¤]�Z¾%Ñ�Þ�ÒJâ�Ë{Øw¯{ÚOÑa�

G-�B:�:�SJ[H�K ü�÷9ïWõ�ü7ñTø"ð(õ�ì ρ(φ1, φ2) 6 ε õ�ö�îTì��TñOü7ñTìtõÅðQì�íèúÈðQì�����ë�ìÅõtðQì�í ø�����+9ïWü�L�ü7ø��Tú
|φ1(t, x, u) − φ2(t, x, u)| 6 ε ù��BMØõ�ø�üNH |t|, |x|, |u| 6 ε−1.

O ì�ë�ï'ô�ï�ð(ü�����ø"ð(õ�ì�P ² ÚOØ�ËgÚ�Ù¼ØmÛ¼ÊaÚOÑ5ß%Ô�ÝaÞaàaÙa×

f1(ϑ) = maximum
|t|,|x|,|u|6ϑ

|φ1(t, x, u)− φ2(t, x, u)|

j(k+lNm(j(k;n(j(oqpsrtm(j(ovuwm(x(oNy0zE{9{9|TyZ};~"�@yO��z@y���~�zE�/���ZzE�9�



z9ÙE{ �^�'�t�'�.�9�������9�;�����^�T�T�����/���

Ý¼Ë#Ô�ã�ÍmÌ�Ò�ËgÚJÛÁÒFß%Ô�ÝaÞaàaÙa×
f2(ϑ) = ϑ−1 Ø�Ñ�Ý¼Ñ�ÚOÑ�ÝaÝ¼Ñ�Ô�ã�ÍmÌ�Ò�ËgÚ�Ý[Ò (0,+∞)

ÙîÏgÚ�Ö¼Ë{ØWÙaÚOÏr×îÞîÝaÔ
È¼É
ÕaÖaÙ

ϑ → +∞. ¾%Ñ�¯{ÚOÑ�ØWÔÐË{ÏpÈ¼Ù f1(ϑ) 6≡ 0,
ÚOÑ-ÏgÔ9ª�Ë{ÏgÚ�Ì�ÔOËgÚÅÖ¼Ñ�Ì�Ý¼ÑÅÑ{Ü¼Ý[Ò8ÚOÑ�ÊaÞ�Ò

ϑ0 > 0
Û[Ú�ÒJÞ�ÒJ×]ÛUÊaÚOÑ

Ì�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼ÑÐÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ
f1(ϑ0) = f2(ϑ0)

ÙÂÛ�ÏpÈ[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼ÑaÛ
ρ(φ1, φ2) = ϑ−1

0 .
¾EÔOÏgÚ�áÐÌ�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼Ñ

Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ
ρ(φ1, φ2) 6 ε,

ÚOÑ�«rÜäÒ
ϑ−1

0 6 ε
ÛWÙ Õ¼Ñ�¯{ÚOÑ�ØWÔ

f1(ϑ) 6 ε
ÕaÖaÙ ÌOÏ{Ë�¤

ϑ 6 ε−1,
ÌFÚOÑ�Ø

ÊaÙ¼ÏpÈ[Ë�Ù�ÕaÖaÙ
ϑ = ε−1.

ÚRÒJÞaÙ¼Ø Ñ�ã�Ö[Ò��XÑ�ØmÛÂÜaÈ¼×KÈ¼ÉEã�Í.¤ |t|, |x|, |u| 6 ε−1 Ì�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼ÑÐÝ¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ
|φ1(t, x, u) − φ2(t, x, u)| 6 ε. ÁËgÖaÝ¼Ñ Ù Ñ�ã�Ö[ÒJÚ�Ý¼Ñ�Ë�ÓÎË{ÏpÈ¼Ù |φ1(t, x, u) − φ2(t, x, u)| 6 ε

ÜaÈ¼× È¼ÉEã�Í.¤ |t|, |x|, |u| 6 ε−1,
ÚOÑ

f1(ϑ) 6 ε ÕaÖaÙ#ÌOÏ{Ë�¤ ϑ 6 ε−1,
Ò
f2(ϑ) 6 ε ÕaÖaÙ#ÌOÏ{Ë�¤ ϑ > ε−1 Û�Ù#Õ¼Ñ�¯{ÚOÑ�ØWÔ ρ(φ1, φ2) 6 ε.ÚRÒJÞaÙ¼Ø3Ñ�ã�Ö[Ò��XÑ�ØmÛJÕ¼Ñ��
Ò
ÜäÒJÝaÝ¼Ñ�¨�ÏgÙ¼ÏgÚOË{Ø�Ë © »�� ��¬ÂØWÍ�Õ¼Ñ�ÏgÚ�Ö¼Ñ�Ù�È¼Ù�Ï{Ë{Ø�Ë7¨¼ÏgÚ�ÌOÑ�Ô�ÕaÖ[ÒJÌ�È¼×aË{ØWÍ.¤�ÏgÙ¼ÏgÚOË{Ø

ẋ =

∫

U
φ̂(t, x, u)ηt(du), φ̂ ∈ R(φ).

© »�� e9¬

¾%ËgÖ¼Ë�¤�Ñ{Ü¼×#ÚOËgÕ¼ËgÖaá8Þ½ÕaÖaÙaÌ�ÍmÊaÝaÍÎØîÑ�ã�Ñ��{Ý[Ò{Ê¼ËgÝaÙa×aØ

Σ = R(φ), σ = φ̂, hτσ = φ̂τ , f(σ, x, u) = φ̂(0, x, u)

Ù\�
Ò�Ø�ËgÊ[ÒJ×]ÛUÊaÚOÑ
f(htσ, x, u)

Ï{Ñ�Ì�Õ[Ò
ÜäÒ�ËgÚ#Ï
φ̂(t, x, u),

Ò8Õ[ÒJÖ[Ò
(Σ, ht)

Õ¼Ñ�Ö¼ÑXâ�ÜäÒ�ËgÚ#ÚOÑ�Õ¼ÑJÈ[Ñ�«{ÙaÊ¼Ë{ÏgÞaÔ�É
Ü¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞaÔ�É ÏgÙ¼ÏgÚOË{ØWÔ © Ü¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞaÔ�É ÏgÙ¼ÏgÚOË{ØWÔKÏoÜ¼Ì�Ù@«XÑ�ÌÁ���Á���§KÒJÖaÞ�Ñ�Ì�ÒØ¹ »aÛZ«rÈ��>¼�Û�½ä'º&¬pÛÂÕ¼ËgÖ¼Ë�X
ÕaÙ@£�Ë{Ø�Ï{Ë{Ø�Ë7¨¼ÏgÚ�ÌOÑ © »�� e9¬5Ì�Ì�Ù�Ü[Ë © »����'¬p� � ÚOÑ�Ï{Ë{Ø�Ë7¨¼ÏgÚ�ÌOÑ�ÌOÑ��{ÝaÙaÞ�Ò�ËgÚ=Ë{ÏgÚOË{ÏgÚ�ÌOËgÝaÝaÍÎØ(Ñ�ã�Ö[Ò��XÑ�Ø�ÕaÖaÙ
Ù¼Ï{ÏpÈ[ËpÜ[Ñ�Ì�ÒJÝaÙaÙKÒ�ÏgÙ¼ØWÕaÚOÑ�Ú�ÙaÊ¼Ë{ÏgÞaÙ/¤ÐÏgÌOÑ�¨¼ÏgÚ�Ì�ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò�Ü[Ñ�ÏgÚ�Ùaâ5Ù¼Ø�Ñ�ÏgÚ�ÙÐÙ-Ü[Ñ�ÕaÔOÏgÚ�Ù¼ØWÍ.¤½ÕaÖ¼Ñ�à¼Ë{Ï{Ï{Ñ�Ì
ÏgÙ¼ÏgÚOË{ØWÍ © »�� ��¬p�� ðÊ[Ò�ÏgÚ�Ý¼Ñ�ÏgÚ�ÙÂÛWØ�ÑXâ5Ý¼ÑÐÔ�ã�ËpÜ¼ÙaÚ�áOÏr×]Û�ÊaÚOÑ3Ë{ÏpÈ¼Ù�Ý¼ËgÞ�Ñ�ÚOÑ�Ö¼Ñ�ËÅÏgÌOÑ�¨¼ÏgÚ�ÌOÑ3ÏgÙ¼ÏgÚOË{ØWÍ © »�� ��¬
Ì�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼Ñ8Ö[ÒJÌ�Ý¼Ñ�Ø�ËgÖaÝ¼Ñ8Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ8Ý[Ò{Ê[Ò
È¼á�Ý¼Ñ�«XÑ-Ø�Ñ�Ø�ËgÝaÚ�Ò

t0,
ÚOÑ�Ï{Ñ�Ñ�Ú�ÌOËgÚOÏgÚ�Ì�Ô�ÉBª�Ë{Ë+ÏgÌOÑ�¨¼ÏgÚ�ÌOÑ

ÜaÈ¼×#Ï{Ë{Ø�Ë7¨¼ÏgÚ�Ì�Ò © »�� e9¬ÀÌ�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼Ñ�ÕaÖaÙ#ÌOÏ{Ë�¤
σ ∈ Σ

�

Q®�ÞÝÀßqàQá��.âqã®��äæåÞ�èç$�Qç$é;��äæå � �N�SRTRË��àQ����Uq�Qá.â3V��QåÞ�þ�XWvâ3Y[ZQ���q�vã
\ Ù¼ÏgÚOË{Ø�Ë © »����'¬ÀÕ¼Ñ�ÏgÚ�ÒJÌ�Ù¼Ø Ì�Ï{Ñ�Ñ�Ú�ÌOËgÚOÏgÚ�Ì�Ù¼Ë�Ü¼Ù¼ß�ß�ËgÖ¼ËgÝaàaÙ[Ò
È¼á�Ý¼Ñ�Ë%Ì�Þ�È¼É�Ê¼ËgÝaÙ¼Ë

ẋ ∈ F (htσ, x), F (σ, x) = co{y ∈ Rn : y = f(σ, x, u), u ∈ U}, © �����'¬
«rÜ[Ë

coG Û �
Ò�ØWÍmÞ�ÒJÝaÙ¼Ë Ì�ÍmÕaÔ�Þ�È[Ñ�¨ Ñ�ã�ÑJÈ[Ñ�ÊaÞaÙ�ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò
G,

Ù Õ¼Ñ Ü¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞ�Ñ�¨ ÏgÙ¼ÏgÚOË{Ø�Ë
(Σ, ht)

Ù@Ì�Þ�È¼É�Ê¼ËgÝaÙaÉ © �����'¬+Õ¼Ñ�ÏgÚ�Ö¼Ñ�Ù¼Ø Ø�ËgÚ�ÖaÙaÊ¼Ë{ÏgÞ�Ñ�Ë½ÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�ÌOÑ
Ω = Σ × comp(Rn). ] Ü[Ë{Ïgá

comp(Rn) Û ÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�ÌOÑ�Ý¼ËgÕaÔOÏgÚ�Í.¤�Þ�Ñ�ØWÕ[ÒJÞaÚ�ÝaÍ.¤8Õ¼Ñ{Ü[ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì5ÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�Ì�Ò Rn ÏÎØ�ËgÚ�ÖaÙaÞ�Ñ�¨Ä%Ò{ÔOÏoÜ[Ñ�Ö¼ß+Ò
dist(A,B) = max{d(A,B), d(B,A)},

«rÜ[Ë
d(A,B) ÛýîTì�����ì�ðQë5�Tì�ñOü7ñTúOü ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò A Ñ�Ú�ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò B : d(A,B)

.
= max

a∈A
%(a,B).

¾EÔOÏgÚ�á
ω = (σ,X) ∈ Ω ^ Ñ�ã�Ñ��{Ý[Ò{ÊaÙ¼Ø�ÜäÒ
È[Ë{Ë A(t, ω) Û Ï{ËgÊ¼ËgÝaÙ¼ËÐÌ@Ø�Ñ�Ø�ËgÝaÚ@Ì�Ö¼Ë{Ø�ËgÝaÙ

t > 0
úTñTð(ü�0-÷9ï�����ñTì�ÿ\õ�ì>÷Zì�ñTë�ú Ì�Þ�È¼É�Ê¼ËgÝaÙa× © �����'¬pÛaÞ�Ñ�«rÜäÒ5Ý[Ò{Ê[Ò
È¼á�Ý¼Ñ�Ë+Ï{Ñ�ÏgÚOÑX×�ÝaÙ¼Ë x(0)

ÕaÖ¼Ñ�ã�Ë7«gÒ�ËgÚ8ÌOÏ"¿
X.

_ >�9���N`�a	D��QRP��b[H^§ÐÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ
A(t, ω)

Ý[Ò��{ÍmÌ�Ò�ËgÚOÏr× í3ñTì'û¢ü7ø"ð(õ�ì�í¢ù�ì�ø"ðQú@ûÞú9í3ì�ø"ðQú Ô�ÕaÖ[ÒJÌ�XÈ¼×aË{Ø�Ñ�¨ÐÏgÙ¼ÏgÚOË{ØWÍ © »����'¬ÀÌ�Ø�Ñ�Ø�ËgÝaÚ8Ì�Ö¼Ë{Ø�ËgÝaÙ
t
Ù@��Ý[Ò{Ê[Ò
È¼á�Ý¼Ñ�«XÑ-ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò

X.

  ÏgÙ�È¼Ô Ì�ÍÎÏgÞ�Ò��
ÒJÝaÝaÍ.¤ Ö[ÒJÝ¼Ë{Ë�ÔOÏpÈ[Ñ�Ì�Ù@¨(��Û�»�ÛmÞ�Ñ�ÚOÑ�ÖaÍÎË@ØWÍ ÕaÖ¼ËpÜ¼Õ¼ÑJÈäÒ�«gÒ�Ë{Ø Ì�ÍmÕ¼ÑJÈ¼Ý¼ËgÝaÝaÍÎØWÙ
ÌN¯{ÚOÑ�¨ÐÏgÚ�ÒJÚ�áOË�ÛaÙ#Ö¼Ë7�{Ô
È¼á
Ú�ÒJÚOÑ�Ì-Ö[Ò�ã�Ñ�Ú¹��7e�º�Û0¹��X�'º�ÛaÙ¼Ø�Ë{ËgÚ8Ø�Ë{ÏgÚOÑ�ÏpÈ[ËpÜ¼Ô�ÉBª�Ë{ËEÔ�Ú�ÌOËgÖ�â�Ü[ËgÝaÙ¼Ë��

j(k+lNm(j(k;n(j(oqpsrtm(j(ovuwm(x(oNy1zE{9{9|Ty�};~"�@yO��z@yZ��~BzE�/���ZzE�9�



Ï+Ð � Ð ��Ñ Ð ��ÒOÓ'Ñ'�/��ÓÅÔ���Õ9�E� Ð Ó�ÕZ��Ñ Ð ���/�LÖv���E×·Ó'Ñ Ð �E�Ø����Ñ Ð �1×·�ZÖv��Ñ Ð � z9Ù*c

G-�B:�:�Sd�UHeK ï�ÿTùaf�ðQøNM´ðQï�ë�ì�ü ε > 0 L�+9ðQìqî�÷Zú´õ�ø�üNH t ∈ [0, ε) í3ñTì'û¢ü7ø"ð(õ�ìqù�ì�ø"ðQú@ûÞú9í3ì�ø"ðQú
A(t, ω) ��î�÷9ïWõ��BMOü#í3ì�ÿ^ø"úTø"ð(ü#í3ö © »����'¬ ø���g(ü7ø"ð(õ5�Eü7ðhP4i.ñTìBë�ì�í3îTï�ë�ðQñTì�î�÷ZúNë�ï�ûÞù�ì�í t úNñOü7î�÷�ü�÷Zö�õ5�
ñTìÅîTì (t, ω) P$j.÷Zì�í®üQðQì
0�ìIL�î�÷Zúµõ�ø�üNHÈù�ì�î���ø"ðQú9í3ö�H t ú s í3ñTì'û¢ü7ø"ð(õ�ìÅù�ì�ø"ðQú@ûÞú9í3ì�ø"ðQú A(t, ω)
��ù�ì�õ��Oü7ð(õ�ì>÷*MOü7ð ø��Oü7ù5���XgQú9íT��ø��Tì�õ�úBM9í�k

A(t, ω)
∣∣
t=0

= X ú A(t+ s, ω) = A
(
t, hsσ,A(s, ω)

)
.

\ Ô�ÊT¿gÚOÑ�Øè¯{ÚOÑ�¨ È[Ë{Ø�ØWÍAÙ ÕaÖaÙ Ü[Ñ�Õ¼ÑJÈ¼ÝaÙaÚOËpÈ¼á�Ý¼Ñ�Ø�ÕaÖ¼ËpÜ¼Õ¼ÑJÈ[ÑXâ�ËgÝaÙaÙÂÛ�ÊaÚOÑ=Þ�ÒJâ�Ü[Ñ�Ë�Ö¼Ë7£�ËgÝaÙ¼Ë
Ì�Þ�È¼É�Ê¼ËgÝaÙa× © �����'¬8Ñ�ÕaÖ¼ËpÜ[ËpÈ[ËgÝ¼Ñ@ÕaÖaÙ ÌOÏ{Ë�¤

t ∈ R+
.
= [0,∞),

ß%Ô�ÝaÞaàaÙa×
gt : Ω → Ω,

�
Ò
ÜäÒJÝaÝ[ÒJ×
Ö[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ�Ø

gtω =
(
htσ,A(t, ω)

)
,
Þ�ÒJÞîÝ¼Ë{ÏpÈ[ÑXâ5Ý¼Ñ@ÕaÖ¼Ñ�ÌOËgÖaÙaÚ�á¼ÛZÕ¼Ñ�Ö¼ÑXâ�ÜäÒ�ËgÚ Õ¼ÑJÈ¼Ô�Õ¼Ñ�ÚOÑ�ÞîÝ[Ò

Ω
ÙÂÛ

ÏpÈ[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼ÑaÛUÕ[ÒJÖ[Ò
(Ω, gt)

Ñ�ã�Ö[Ò��{ÔOËgÚÅÚOÑ�Õ¼ÑJÈ[Ñ�«{ÙaÊ¼Ë{ÏgÞaÔ�É�Ü¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞaÔ�É(ÏgÙ¼ÏgÚOË{ØWÔO� � Ú�Ò5Ü¼ÙaÝ[Ò�ØWÙ/X
Ê¼Ë{ÏgÞ�ÒJ×ÅÏgÙ¼ÏgÚOË{Ø�Ò+ÏpÈ¼Ô�â5ÙaÚ ÷9ï�ø��Qú�÷�ü7ñTúOü#í © Ï{Øm�Z¹ 'º&¬WÙ¼Ï�¤�Ñ{Ü¼Ý¼Ñ�¨ÅÜ¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞ�Ñ�¨#ÏgÙ¼ÏgÚOË{ØWÍ (Σ, ht)

Ì+ÚOÑ�Ø
Ï{ØWÍÎÏpÈ[Ë�ÛJÊaÚOÑ�ÏgÔ9ª�Ë{ÏgÚ�Ì�ÔOËgÚEÝ¼ËgÕaÖ¼ËgÖaÍmÌ�Ý[ÒJ×�ÕaÖ¼Ñ�ËgÞaàaÙa×

p
ÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�Ì�Ò

Ω
Ý[Ò

Σ,
Ï{Ñ�ÕaÖ�×/«gÒJÉBª5ÒJ×�Õ¼Ñ�ÚOÑ�ÞaÙ

© ÚOÑ�Ë{ÏgÚ�á
p(Ω) = Σ

ÙÅÜ¼Ù[Ò�«{Ö[Ò�Ø�Ø�Ò

Ω
p−−−−→ Σ

ygt
yht

Ω
p−−−−→ Σ

Þ�Ñ�Ø�ØWÔ�Ú�ÒJÚ�ÙaÌ�Ý[Ò�Ó
pgt = htp

¬p�
�! �"$#&%� ml4)( ÁËgÖaÝT¿{Ø�Ïr×�Þ8ÕaÖaÙ¼Ø�ËgÖaÔ8���J��È¼×8Ï{Ë{Ø�Ë7¨¼ÏgÚ�Ì�Ò�Ô�ÕaÖ[ÒJÌ�È¼×aË{ØWÍ.¤8ÏgÙ¼ÏgÚOË{Ø © »�� e9¬pÛ�Ñ�Ú�ÌOËgÊ[ÒJÉ�X

ª�Ë7«XÑ5Ù¼Ï�¤�Ñ{Ü¼Ý¼Ñ�¨ÐÔ�ÕaÖ[ÒJÌ�È¼×aË{Ø�Ñ�¨3ÏgÙ¼ÏgÚOË{Ø�Ë © »�� ��¬pÛ¼Ï{Ñ�Ñ�Ú�ÌOËgÚOÏgÚ�Ì�Ô�ÉBª�Ë{Ë+Ï{Ë{Ø�Ë7¨¼ÏgÚ�ÌOÑ5Ü¼Ù¼ß�ß�ËgÖ¼ËgÝaàaÙ[Ò
È¼á�ÝaÍ.¤
Ì�Þ�È¼É�Ê¼ËgÝaÙ@¨KØ�ÑXâ5Ý¼Ñ8Õ¼Ñ�ÏgÚ�Ö¼Ñ�ÙaÚ�á-ÏpÈ[ËpÜ¼Ô�ÉBª�Ù¼ØîÑ�ã�Ö[Ò��XÑ�ØmÓäË{ÏpÈ¼ÙÐÕ¼Ñ�ÏpÈ[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼Ñ�ÏgÚ�á {τi} Ñ�ã�Ë{ÏgÕ¼ËgÊaÙ/XÌ�Ò�ËgÚFÏ�¤�Ñ{Ü¼Ù¼Ø�Ñ�ÏgÚ�á

φτi → φ̂
Ì3ÚOÑ�ØðÏ{ØWÍÎÏpÈ[Ë�ÛRÞ�ÒJÞL¯{ÚOÑ3Ô�Þ�Ò��
ÒJÝ¼Ñ3Ì3ÕaÖaÙ¼Ø�ËgÖ¼Ë#��Û�ÚOÑÐÝ¼Ë{ÏpÈ[ÑXâ5Ý¼Ñ3Ü[Ñ�Þ�Ò'X

�{ÍmÌ�Ò�ËgÚOÏr×]Û¼ÊaÚOÑ5Ý[Ò�¨�Ü[ËgÚOÏr×#Ú�ÒJÞ�ÒJ×½Õ¼Ñ{Ü¼Õ¼Ñ�ÏpÈ[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼Ñ�ÏgÚ�á © Ñ�ã�Ñ��{Ý[Ò{ÊaÙ¼Ø Ë"¿%ÏgÝ¼Ñ�Ì�Ò {τi} ¬pÛaÊaÚOÑ5Õ¼Ñ�ÏpÈ[Ë�XÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼Ñ�ÏgÚ�á#ÏoÜ¼Ì�Ù@«XÑ�Ì {Φτi}, «rÜ[Ë Φ(t, x) = coφ(t, x, U), Φτ (t, x) = Φ(t+ τ, x),
Ù¼Ø�Ë{ËgÚ-ÕaÖ¼ËpÜ[ËpÈ�Û

Õ¼Ñ�ÝaÙ¼Ø�Ò�Ë{ØWÍ�¨3Ì�Ï{ØWÍÎÏpÈ[Ë�Ø�ËgÚ�ÖaÙaÞaÙ³¸ÁË{ã�Ô�ÚOÑ�Ì�Ò

ρ(Φ,Φ0)
.
= sup

ϑ>0
min

{
max
|t|,|x|6ϑ

dist
(
Φ(t, x), Φ0(t, x)

)
, ϑ−1

}
.

² ã�Ñ��{Ý[Ò{ÊaÙ¼ØÈ¯{ÚOÑ�Ú�ÕaÖ¼ËpÜ[ËpÈ
Φ̂(t, x).

Ú�Ñ�«rÜäÒ%ÏgÙ¼ÏgÚOË{Ø�Ë © »�� e9¬WÑ�Ú�ÌOËgÊ[ÒJÉ�ÚEÜ¼Ù¼ß�ß�ËgÖ¼ËgÝaàaÙ[Ò
È¼á�Ý¼Ñ�ËmÌ�Þ�È¼É�Ê¼ËgÝaÙ¼Ë
ẋ ∈ Φ̂(t, x)

Ù ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ Ü[Ñ�ÏgÚ�Ùaâ5Ù¼Ø�Ñ�ÏgÚ�Ù
A(t, φ̂,X)

ÌîØ�Ñ�Ø�ËgÝaÚ Ì�Ö¼Ë{Ø�ËgÝaÙ
t
ÏgÙ¼ÏgÚOË{ØWÍ © »�� e9¬-Ù@�

ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò
X
Ì�Ø�Ñ�Ø�ËgÝaÚFÌ�Ö¼Ë{Ø�ËgÝaÙ

t = 0.
§3ÑXâ5Ý¼ÑFÕaÖ¼Ñ�ÌOËgÖaÙaÚ�á¼Û�ÊaÚOÑFØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑFÜ[Ñ�ÏgÚ�Ùaâ5Ù¼Ø�Ñ�ÏgÚ�Ù

Ô
Ü[Ñ�Ì�È[ËgÚ�ÌOÑ�Ö�×aËgÚ3ÔOÏpÈ[Ñ�Ì�Ùa×aØ È[Ë{Ø�ØWÍè»�ÓÂÑ�Ý¼Ñ ë�ì�í3îTï�ë�ðQñTìÅî�÷Zúæë�ï�ûÞù�ì�í t, ñOü7î�÷�ü�÷Zö�õ�ñTìÅîTì (t, φ̂,X),
��ù�ì�õ��Oü7ð(õ�ì>÷*MOü7ð ñTï
+9ï�����ñTì�í��b��ø��Tì�õ�ú�� A(t, φ̂,X)

∣∣
t=0

= X úN÷9ïWõ�ü7ñTø"ð(õ5�
A(t+ s, φ̂,X) = A

(
t, φ̂s, A(s, φ̂,X)

)

î�÷Zú\õ�ø�üNH³ù�ì�î���ø"ðQú9í3ö�H t ú s.
n �porq%��W�Uq�q�ts �;u ��vËã3ß�q%�Sw���á

¾EÔOÏgÚ�áL�
Ò
ÜäÒJÝ[Ò�Ý¼ËgÕaÖ¼ËgÖaÍmÌ�Ý[ÒJ× ß%Ô�ÝaÞaàaÙa×
A : R × Ω → comp(Rn)

Õ¼ËgÖ¼Ë{Ø�ËgÝaÝaÍ.¤
(t, ω),

«rÜ[Ë
ω = (σ,X),

Ô
Ü[Ñ�Ì�È[ËgÚ�ÌOÑ�Ö�×�ÉBª5ÒJ×ÐÏpÈ[ËpÜ¼Ô�ÉBª�Ù¼Ø=ÔOÏpÈ[Ñ�Ì�Ùa×aØmÓ

A(t, ω)
∣∣
t=0

= X, A(t+ s, ω) = A
(
t, hsσ,A(s, ω)

)
= A

(
t, gsω

)
, t, s ∈ R. © e¼���'¬

j(k+lNm(j(k;n(j(oqpsrtm(j(ovuwm(x(oNy0zE{9{9|TyZ};~"�@yO��z@y���~�zE�/���ZzE�9�
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  Ê[Ò�ÏgÚ�Ý¼Ñ�ÏgÚ�ÙÂÛ¼Ì�Þ�Ò{Ê¼Ë{ÏgÚ�ÌOË
A
Ø�ÑXâ�ËgÚ8Ì�ÍÎÏgÚ�Ô�Õ[ÒJÚ�á8ÙaÝaÚOË7«{Ö[Ò
È¼á�Ý[ÒJ×ÐÌOÑ�Ö¼Ñ�ÝaÞ�Ò5ÌOÏgÕ¼Ñ�Ø�Ñ�«gÒJÚOËpÈ¼á�Ý¼Ñ�«XÑ8Ü¼Ù¼ß%X

ß�ËgÖ¼ËgÝaàaÙ[Ò
È¼á�Ý¼Ñ�«XÑ�Ì�Þ�È¼É�Ê¼ËgÝaÙa×
ẋ ∈ G(htσ, x),

Ù@«{Ö[ÒJÉBª�Ë7«XÑ5Ö¼ÑJÈ¼á õ�ë5���X+/ü7ñTúBM\ø!÷9ïWõ�ñOü7ñTúBM � ÀÌOËpÜO¿{Ø ÏpÈ[ËpÜ¼Ô�ÉBª�Ù¼Ë�Ñ�ã�Ñ��{Ý[Ò{Ê¼ËgÝaÙa×]Ó

A(σ)
.
=
{

(t, x) ∈ R+ ×Rn : x ∈ A(t, ω0)
}
, ω0 = (σ,X0),

© e¼� »�¬

Ar(σ)
.
=
{

(t, x) ∈ R+ × Rn : ρRn
(
x,A(t, ω0)

)
6 r(t, σ)

}
, Br(σ)

.
= Ar(σ) \ A(σ),

«rÜ[Ë
r(t, σ) Û Ý¼Ë{Ñ�Ú�ÖaÙaà[ÒJÚOËpÈ¼á�Ý[ÒJ×ÐÝ¼ËgÕaÖ¼ËgÖaÍmÌ�Ý[ÒJ×Ðß%Ô�ÝaÞaàaÙa×ÅÕ¼ËgÖ¼Ë{Ø�ËgÝaÝaÍ.¤

(t, σ) ∈ R+ × Σ.
_ >�9���N`�a	D��QRP��d�UH \ Þ�Ò
È¼×�ÖaÝaÔ�É�ß%Ô�ÝaÞaàaÙaÉ

V (t, σ, x)
Õ¼ËgÖ¼Ë{Ø�ËgÝaÝaÍ.¤

(t, σ, x)
ã�Ô
Ü[Ë{Ø Ý[Ò��{ÍmÌ�ÒJÚ�á

ó ��ñTë��TúOü7ÿd�xMTî���ñTì�õ�ï © Ì½Ñ�ãJÈäÒ�ÏgÚ�Ù Ar(σ)
¬pÛ]Ë{ÏpÈ¼ÙFÑ�Ý[Ò5È[Ñ�Þ�Ò
È¼á�Ý¼ÑÅÈ¼ÙaÕ@£�Ùaà¼ËgÌ�Ò8Õ¼Ñ

(t, x)
Ö[ÒJÌ�Ý¼Ñ�Ø�ËgÖaÝ¼Ñ

Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ
σ ∈ Σ

ÙÅÜaÈ¼×½Þ�ÒJâ�Ü[Ñ�«XÑ
σ ∈ Σ

Ì�ÍmÕ¼ÑJÈ¼Ý¼ËgÝaÍ ÏpÈ[ËpÜ¼Ô�ÉBª�Ù¼Ë%ÔOÏpÈ[Ñ�Ì�Ùa×]Ó
�'¬
V (t, σ, x) 6 0

ÕaÖaÙ#ÌOÏ{Ë�¤
(t, x) ∈ A(σ);»�¬

V (t, σ, x) = 0
ÜaÈ¼×½Þ�ÒJâ�Ü[Ñ�¨ÐÚOÑ�ÊaÞaÙ

(t, x)
Ý[ÒQ«{Ö[ÒJÝaÙaà¼Ë�ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò

A(σ);��¬
V (t, σ, x) > 0

ÜaÈ¼×½ÌOÏ{Ë�¤
(t, x) ∈ Br(σ).

¡�ÒJÕaÖaÙ¼Ø�ËgÖÂÛäß%Ô�ÝaÞaàaÙa×
V (t, σ, x) = ρ(x,A(t, ω)),

«rÜ[Ë
ρ(x,A) = min

a∈A
|x− a| Û Ö[Ò�Ï{ÏgÚOÑX×�ÝaÙ¼Ë�Ñ�Ú

ÚOÑ�ÊaÞaÙ
x
Ü[Ñ5ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò

A,
Ø�ÑXâ�ËgÚ-ÏpÈ¼Ô�â5ÙaÚ�á8ß%Ô�ÝaÞaàaÙ¼Ë7¨ÂÉ%×�ÕaÔ�Ý¼Ñ�Ì�Ò��

_ >�9���N`�a	D��QRP��by]H5��È¼×5È[Ñ�Þ�Ò
È¼á�Ý¼Ñ+È¼ÙaÕ@£�Ùaà¼ËgÌOÑ�¨Åß%Ô�ÝaÞaàaÙaÙ
V (t, σ, x) ì5z�ì5z5g(ü7ñTñTì�ÿÅî�÷Zì�ú/ô�õ�ì�ù5�

ñTì�ÿ Ì+ÚOÑ�ÊaÞ�Ë (t, x)
Õ¼Ñ+Ý[ÒJÕaÖ[ÒJÌ�È[ËgÝaÙaÉ ÌOËgÞaÚOÑ�Ö[Ò

(1, q) ∈ R×Rn © ÕaÖ¼Ñ�Ù@�{ÌOÑ{Ü¼Ý¼Ñ�¨{�-����ÈäÒJÖaÞ�Ò�Û�Ï{Øm�Z¹���¼�º&¬ã�Ô
Ü[Ë{Ø=Ý[Ò��{ÍmÌ�ÒJÚ�á-ÏpÈ[ËpÜ¼Ô�ÉBª�Ù@¨½ÌOËgÖ�¤�ÝaÙ@¨ÐÕaÖ¼ËpÜ[ËpÈ

V o(t, σ, x; q)
.
= lim sup

(τ,y,ε)→(t,x,+0)

V (τ + ε, σ, y + εq)− V (τ, σ, y)

ε
,

© e¼� ��¬
Ò�Ì�ÍmÖ[ÒJâ�ËgÝaÙa×

V o
min(t, σ, x)

.
= min

q∈F (htσ,x)
V o(t, σ, x; q), V o

max(t, σ, x)
.
= max

q∈F (htσ,x)
V o(t, σ, x; q)

ÛýñTú@ûÞñOü7ÿ³ú\õ�ü�÷�H@ñOü7ÿ³î�÷Zì�ú/ô�õ�ì�ù�ñTì�ÿ ß%Ô�ÝaÞaàaÙaÙ V Ì8ÏgÙ�È¼Ô-Ì�Þ�È¼É�Ê¼ËgÝaÙa× © �����'¬p�
G-�B:�:�S�y]H�| í®ü/��ðþí®ü7ø"ðQì(ø��Oü7ù5���XgQúOü.÷9ïWõ�ü7ñTø"ð(õ�ï1k

V o
min(t, σ, x) = min

u∈U
V o
(
t, σ, x; f(htσ, x, u)

)
, V o

max(t, σ, x) = max
u∈U

V o
(
t, σ, x; f(htσ, x, u)

)
.
© e¼� e9¬

O ì�ë�ï'ô�ï�ð(ü�����ø"ð(õ�ì�P ² ÚOØ�ËgÚ�Ù¼ØmÛUÊaÚOÑÅß%Ô�ÝaÞaàaÙa× q → V o(t, σ, x; q)
È[Ñ�Þ�Ò
È¼á�Ý¼ÑÅÈ¼ÙaÕ@£�Ùaà¼ËgÌ�Ò�Û]ÏgÔ�ã�X

Ò
ÜaÜ¼ÙaÚ�ÙaÌ�Ý[Ò5Ù#Õ¼ÑJÈ[ÑXâ5ÙaÚOËpÈ¼á�Ý¼Ñ-Ñ{Ü¼Ý¼Ñ�Ö¼Ñ{Ü¼Ý[Ò © Ï{Øm�"¹���¼�º�ÛaÏ��r�W»�¬pÛ¼ÚJ�oË��¼Ë{ÏpÈ¼Ù
λ > 0,

ÚOÑ

V o(t, σ, x;λq) = λV o(t, σ, x; q)
Ù

V o(t, σ, x; q + p) 6 V o(t, σ, x; q) + V o(t, σ, x; p).

�EÖ¼Ñ�Ø�Ë�ÚOÑ�«XÑaÛaÌ�ÏgÙ�È¼Ô-Ù@�{ÌOË{ÏgÚ�Ý¼Ñ�¨ÐÚOË{Ñ�Ö¼Ë{ØWÍ ��ÒJÖ[ÒJÚOË{Ñ{Ü[Ñ�ÖaÙÂÛ[ÌOÏr×�Þ�ÒJ×#ÚOÑ�ÊaÞ�Ò
q
ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò

F (htσ, x)
.
= co f(htσ, x, U)

ÕaÖ¼ËpÜ[ÏgÚ�ÒJÌ�Ù¼Ø�Ò�Ì�Ì�Ù�Ü[Ë�Ì�ÍmÕaÔ�Þ�È[Ñ�¨ÅÞ�Ñ�Ø�ã�ÙaÝ[ÒJàaÙaÙ½Ý¼Ë�ã�ÑJÈ[Ë{Ë�Ê¼Ë{Ø
n+ 1

ÚOÑ�Ê¼ËgÞ½ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò
f(htσ, x, U)

Ó

q = λ1f(htσ, x, u1) + . . . + λn+1f(htσ, x, un+1), λi > 0, λ1 + . . . + λn+1 = 1.

¾%Ñ�¯{ÚOÑ�ØWÔOÛ[Ë{ÏpÈ¼Ù
û
Ì�ÍÎã�Ö[ÒJÝ¼Ñ�Ù@�%ÔOÏpÈ[Ñ�Ì�Ùa×ÐØ�ÒJÞ�ÏgÙ¼ØWÔ�Ø�Ò

max
u∈U

V o
(
t, σ, x; f(htσ, x, u)

)
= V o

(
t, σ, x; f(htσ, x, û)

)
,

j(k+lNm(j(k;n(j(oqpsrtm(j(ovuwm(x(oNy1zE{9{9|Ty�};~"�@yO��z@yZ��~BzE�/���ZzE�9�
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ÜaÈ¼×½ÌOÏ{Ë�¤
q ∈ F (htσ, x)

Ù¼Ø�Ë{Ë{ØmÓ

V o(t, σ, x; q) = V o
(
t, σ, x;λ1f(htσ, x, u1) + . . . + λn+1f

(
htσ, x, un+1)

)
6

6 λ1V
o
(
t, σ, x; f(htσ, x, u1)

)
+ . . . + λn+1V

o
(
t, σ, x; f(htσ, x, un+1)

)
6

6 λ1V
o
(
t, σ, x; f(htσ, x, û)

)
+ . . . + λn+1V

o
(
t, σ, x; f(htσ, x, û)

)
= V o

(
t, σ, x; f(htσ, x, û)

)
,

ÊaÚOÑ5ÙÅÜ[Ñ�Þ�Ò��{ÍmÌ�Ò�ËgÚ-Ì�ÚOÑ�Ö¼Ñ�Ë%Ö[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ�Ì © e¼� e9¬p�
��Ñ�Þ�ÒJâ�Ë{ØîÕ¼ËgÖaÌOÑ�Ë%Ö[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ�Ì © e¼� e9¬p�T¾EÔOÏgÚ�á

q̂ = λ̂1f(htσ, x, û1) + · · ·+ λ̂n+1f(htσ, x, ûn+1)

Û ÚOÑ�ÊaÞ�Ò+ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò F (htσ, x),
Ì+Þ�Ñ�ÚOÑ�Ö¼Ñ�¨

V o(t, σ, x; q)
Ü[Ñ�ÏgÚ�Ù@«gÒ�ËgÚ5ÏgÌOÑ�Ë7«XÑ�ØWÙaÝaÙ¼ØWÔ�Ø�Ò ^ û Û ÚOÑ�ÊaÞ�ÒØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò

U,
ÌFÞ�Ñ�ÚOÑ�Ö¼Ñ�¨îØWÙaÝaÙ¼ØWÔ�Ø�Ò3Ü[Ñ�ÏgÚ�Ù@«gÒ�ËgÚ

V o
(
t, σ, x; f(htσ, x, u)

)
.
Ú�Ñ�«rÜäÒFÙ@�½Ì�Þ�È¼É�Ê¼ËgÝaÙa×

f(htσ, x, û) ∈ F (htσ, x)
ÏpÈ[ËpÜ¼ÔOËgÚ�Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ

V o
min(t, σ, x) 6 V o

(
t, σ, x; f(htσ, x, û)

)
.

© e¼� ��¬
��Ò
È[Ë{Ë�ÛT�
ÒJÕaÙ¼ÏXÒJÌ

f(htσ, x, û)
Ì�Ì�Ù�Ü[Ë

f(htσ, x, û) = λ̂1f(htσ, x, û) + · · ·+ λ̂n+1f(htσ, x, û),

Õ¼ÑJÈ¼Ô�ÊaÙ¼Ø Ñ�Ê¼ËgÌ�Ù�Ü¼ÝaÔ�Éðà¼ËgÕ¼Ñ�ÊaÞaÔ½Ö[ÒJÌOËgÝ¼ÏgÚ�Ì�Ù#Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�Ì

min
u∈U

V o
(
t, σ, x; f(htσ, x, u)

)
= V o

(
t, σ, x; f(htσ, x, û)

)
=

= V o
(
t, σ, x; λ̂1f(htσ, x, û) + · · ·+ λ̂n+1f(htσ, x, û)

)
=

= λ̂1V
o
(
t, σ, x; f(htσ, x, û)

)
+ · · ·+ λ̂n+1V

o
(
t, σ, x; f(htσ, x, û)

)
6

6 λ̂1V
o
(
t, σ, x; f(htσ, x, û1)

)
+ · · ·+ λ̂n+1V

o
(
t, σ, x; f(htσ, x, ûn+1)

)
= min

q∈F (htσ,x)
V o(t, σ, x; q).

\ È[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼ÑaÛ
V o
(
t, σ, x; f(htσ, x, û)

)
6 V o

min(t, σ, x),
ÊaÚOÑaÛ�Ì5Ï{Ñ�Ê¼ËgÚ�ÒJÝaÙaÙÐÏEÝ¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ�Ø © e¼� ��¬pÛ

ÕaÖaÙaÌOÑ{Ü¼ÙaÚ-Þ½Ö[ÒJÌOËgÝ¼ÏgÚ�Ì�Ô
V o

min(t, σ, x) = min
u∈U

V o
(
t, σ, x; f(htσ, x, u)

)
.

~3���´�Dw�àQ��äæá�w���w�é+�Sw�ç$�qé;��â3V��SwX��ZQá�ç$é�w�é;�þßSw��Tâ3w�� ���q�vã

_ >�9���N`�a	D��QRP��G�ÂH(�+ÙaÞ�ÏgÙaÖaÔOË{Ø
X0 ∈ comp(Rn)

ÙFÜaÈ¼×KÞ�ÒJâ�Ü[Ñ�«XÑ
X ∈ comp(Rn)

Ù�ÌOÏ{Ë�¤
σÌ�ÌOËpÜO¿{Ø Ì5Ö[Ò�Ï{Ï{Ø�Ñ�Ú�Ö¼ËgÝaÙ¼Ë®¤�ÒJÖ[ÒJÞaÚOËgÖaÙ¼ÏgÚ�ÙaÞaÔ

freq(ω)
.
= lim

ϑ→∞
mes{t ∈ [0, ϑ] : A(t, ω) ⊆ A(t, ω0)}

ϑ
, ω0 = (σ,X0),

© �����'¬

Þ�Ñ�ÚOÑ�ÖaÔ�É�Û�Ì�ÕaÖ¼ËpÜ¼Õ¼ÑJÈ[ÑXâ�ËgÝaÙaÙÂÛOÊaÚOÑ�Ô�Þ�Ò��
ÒJÝaÝaÍ�¨5Ì © �����'¬ÂÕaÖ¼ËpÜ[ËpÈ8ÏgÔ9ª�Ë{ÏgÚ�Ì�ÔOËgÚJÛ�ã�Ô
Ü[Ë{ØÐÝ[Ò��{ÍmÌ�ÒJÚ�á ì�ðQñTì5�
ø"úTð(ü�����ñTì�ÿ!+9ï�ø"ðQì�ðQì�ÿNîTì
0��Tì5g(ü7ñTúBM ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò�Ü[Ñ�ÏgÚ�Ùaâ5Ù¼Ø�Ñ�ÏgÚ�Ù A(t, ω)

ÏgÙ¼ÏgÚOË{ØWÍ © »����'¬0�
Ò
ÜäÒJÝaÝaÍÎØ
ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ�Ø

A(t, ω0).
Î�ÏpÈ¼Ù#ÕaÖ¼ËpÜ[ËpÈ © �����'¬ÀÝ¼Ë�ÏgÔ9ª�Ë{ÏgÚ�Ì�ÔOËgÚJÛaÚOÑQ¤�ÒJÖ[ÒJÞaÚOËgÖaÙ¼ÏgÚ�ÙaÞaÙ

freq ∗(ω)
.
= lim
ϑ→∞

mes{t ∈ [0, ϑ] : A(t, ω) ⊆ A(t, ω0)}
ϑ

,
© ��� »�¬

j(k+lNm(j(k;n(j(oqpsrtm(j(ovuwm(x(oNy0zE{9{9|TyZ};~"�@yO��z@y���~�zE�/���ZzE�9�



z9Ù�� �^�'�t�'�.�9�������9�;�����^�T�T�����/���

freq ∗(ω)
.
= lim

ϑ→∞

mes{t ∈ [0, ϑ] : A(t, ω) ⊆ A(t, ω0)}
ϑ

,
© ��� ��¬

ã�Ô
Ü[Ë{Ø�Ý[Ò��{ÍmÌ�ÒJÚ�á¼Û�Ï{Ñ�Ñ�Ú�ÌOËgÚOÏgÚ�ÌOËgÝaÝ¼ÑaÛ õ�ü�÷�H@ñOü7ÿ Ù ñTú@ûÞñOü7ÿ´ì�ðQñTì�ø"úTð(ü�����ñTì�ÿb+9ï�ø"ðQì�ðQì�ÿ´îTì
0��Tì5g(ü7ñTúBMØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò5Ü[Ñ�ÏgÚ�Ùaâ5Ù¼Ø�Ñ�ÏgÚ�Ù
A(t, ω)

ÏgÙ¼ÏgÚOË{ØWÍ © »����'¬;�
Ò
ÜäÒJÝaÝaÍÎØîØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ�Ø
A(t, ω0).

��È¼×#ß�Ñ�Ö¼ØWÔ
È¼ÙaÖ¼Ñ�Ì�ÞaÙÐÏpÈ[ËpÜ¼Ô�ÉBª�Ë7¨½È[Ë{Ø�ØWÍ Ñ�ã�Ñ��{Ý[Ò{ÊaÙ¼Ø

α(ϑ0, ϑ, ω)
.
= {t ∈ [ϑ0, ϑ] : A(t, ω) ⊆ A(t, ω0)}. © ��� e9¬

G-�B:�:�S��ÂH(� ø��Tú ω = (σ,X), X ë�ì�í3îTï�ë�ðQñTìIL ϑ0 > 0 ú A(ϑ0, ω) ⊆ A(ϑ0, ω0), ðQì^ú9í®ü/��ð
í®ü7ø"ðQì(ø��Oü7ù5���XgQúOü���ð(õ�ü�÷OûÞù�ü7ñTúBM.P

1. �ñTì'û¢ü7ø"ð(õ�ì © ��� e9¬ ñOü7î���ø"ðQìQú³ú/ô"í®ü�÷Zú9í3ìQîTìS�®ü/z�ü�0N�tî�÷Zú³ë�ï�ûÞù�ì�í ϑ > ϑ0.

2.
O �BMm���Xz�ö�H ó úTë�ø"ú�÷Zì�õ�ï�ñTñTö�H ϑ0 > 0 ú τ > 0 ú9í®ü/��ðþí®ü7ø"ðQì�÷9ïWõ�ü7ñTø"ð(õ�ï

freq ∗(ω) = lim
ϑ→∞

mesα(ϑ0, ϑ, ω)

ϑ− ϑ0
= lim
ϑ→∞

mesα(τ, τ + ϑ, ω)

ϑ
,

© ��� ��¬

freq ∗(ω) = lim
ϑ→∞

mesα(ϑ0, ϑ, ω)

ϑ− ϑ0
= lim

ϑ→∞

mesα(τ, τ + ϑ, ω)

ϑ
.

© ��� ¼�¬

3. j®ï�ûÞù�ï�M¢ú/ôdH@ï�÷9ï�ë�ð(ü�÷ZúTø"ðQúTë freq ∗(ω), freq ∗(ω) îTì�ø"ðQì�MTñTñTïµñTïµîTì��Tì'ûÞúTð(ü�����ñTö�H îTì5�
����ð�÷9ïWü7ë�ðQì>÷ZúBM�H³ù�úTñTï�í3ú�+/ü7ø"ë�ì�ÿø"úTø"ð(ü#í3ö (Ω, gt) : ù��BMØõ�ø�üNH τ > 0

freq ∗(gτω) = freq ∗(ω), freq ∗(gτω) = freq ∗(ω).

4.
� ø��Tú ó ��ñTë��TúTú t → A(t, ω) ú t → A(t, ω0) îOü�÷ZúTì�ù�ú�+9ñTöÞøNì5z5gQú9í îOü�÷ZúTì�ù�ì�í T > 0, ðQì

î�÷�ü7ù�ü�� © �����'¬ ø���g(ü7ø"ð(õ5�Eü7ð ú freq(ω) =
mesα(0, T, ω)

T
.

O ì�ë�ï'ô�ï�ð(ü�����ø"ð(õ�ì�P ��È¼×#Ü[Ñ�Þ�Ò��
ÒJÚOËpÈ¼áOÏgÚ�Ì�ÒÅÕ¼ËgÖaÌOÑ�«XÑ-Ô�Ú�ÌOËgÖ�â�Ü[ËgÝaÙa×ÐÈ[Ë{Ø�ØWÍ Ü[Ñ�ÏgÚ�ÒJÚOÑ�ÊaÝ¼ÑÅÕ¼Ñ�Þ�Ò'X�
ÒJÚ�á¼ÛJÊaÚOÑEØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ
α(ϑ0, ϑ, ω),

Ñ�ÕaÖ¼ËpÜ[ËpÈO¿gÝaÝ¼Ñ�ËÁÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ�Ø © ��� e9¬pÛ��
Ò�ØWÞaÝaÔ�ÚOÑa�X��Ñ�Þ�ÒJâ�Ë{ØØ�
Ò�ØWÞaÝaÔEX
ÚOÑ�ÏgÚ�á¼�

¾EÔOÏgÚ�á�Õ¼Ñ�ÏpÈ[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼Ñ�ÏgÚ�á {ti}∞i=1

Ú�ÒJÞ�Ñ�Ì�Ò�Û¼ÊaÚOÑ
ti ∈ [ϑ0, ϑ], ti → t∗

Ù½Ì�È[ÑXâ�ËgÝaÙa×
A(ti, ω) ⊆

A(ti, ω0)
Ù¼Ø�ËgÉ�Ú½Ø�Ë{ÏgÚOÑÅÕaÖaÙKÌOÏ{Ë�¤

i = 1, 2, . . .
��Ú�Ñ�«rÜäÒ�Û]Ì½ÏgÙ�È¼ÔÐÝ¼ËgÕaÖ¼ËgÖaÍmÌ�Ý¼Ñ�ÏgÚ�Ù © Ì½Ø�ËgÚ�ÖaÙaÞ�Ë(Ä%Ò{ÔEX

ÏoÜ[Ñ�Ö¼ß+Ò�¬Îß%Ô�ÝaÞaàaÙaÙ
t → A(t, ω0),

Ý[Ò�¨�ÜO¿gÚOÏr×3Ú�ÒJÞ�ÒJ×3Õ¼Ñ�ÏpÈ[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼Ñ�ÏgÚ�á {εi}, ÊaÚOÑ εi > 0, εi → 0Ù
A(ti, ω0) ⊆ A(t∗, ω0)+Oεi ,

«rÜ[Ë
Oε Û �
Ò�ØWÞaÝaÔ�Ú�ÒJ× ε X�Ñ�ÞaÖ¼Ë{ÏgÚ�Ý¼Ñ�ÏgÚ�á%ÝaÔ
È¼×+Ì Rn. ¾%Ñ�¯{ÚOÑ�ØWÔ+Ì�È[ÑXâ�ËgÝaÙa×

A(ti, ω) ⊆ A(t∗, ω0) +Oεi
Ì�ÍmÕ¼ÑJÈ¼Ý¼ËgÝaÍ ÕaÖaÙ#ÌOÏ{Ë�¤

i.
��Ò
È[Ë{Ë�Û¼Ù@�+Ý¼ËgÕaÖ¼ËgÖaÍmÌ�Ý¼Ñ�ÏgÚ�Ù

A(t, ω)
Õ¼Ñ

t
ÙÂ�
Ò'X

ØWÞaÝaÔ�ÚOÑ�ÏgÚ�Ù
A(t∗, ω0),

Ù¼Ø�Ë{Ë{Ø=Ì�È[ÑXâ�ËgÝaÙ¼Ë
A(t∗, ω) ⊆ A(t∗, ω0).

\ È[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼ÑaÛ
t∗ ∈ α(ϑ0, ϑ, ω).��È¼×ÐÜ[Ñ�Þ�Ò��
ÒJÚOËpÈ¼áOÏgÚ�Ì�ÒÅÌ�ÚOÑ�Ö¼Ñ�«XÑÅÔ�Ú�ÌOËgÖ�â�Ü[ËgÝaÙa×FÑ�ÚOØ�ËgÚ�Ù¼ØmÛUÊaÚOÑ8Ù¼Ø�ËgÉ�Ú½Ø�Ë{ÏgÚOÑÅÏpÈ[ËpÜ¼Ô�ÉBª�Ù¼Ë�ÕaÖ¼Ñ�X

ÏgÚ�ÍÎË%Ö[ÒJÌOËgÝ¼ÏgÚ�Ì�Ò�Ó

mesα(0, ϑ, ω) = mesα(0, ϑ0, ω) + mesα(ϑ0, ϑ, ω), lim
ϑ→∞

mesα(0, ϑ0, ω)

ϑ
= 0.

¾%Ñ�¯{ÚOÑ�ØWÔOÛ¼Ì�ÏgÙ�È¼Ô½ÏgÌOÑ�¨¼ÏgÚ�Ì�ÌOËgÖ�¤�Ý¼Ë7«XÑ�ÕaÖ¼ËpÜ[ËpÈäÒ

freq ∗(ω) = lim
ϑ→∞

mesα(0, ϑ, ω)

ϑ
= lim

ϑ→∞
mesα(0, ϑ0, ω)

ϑ
+ lim
ϑ→∞

mesα(ϑ0, ϑ, ω)

ϑ
=

= 0 + lim
ϑ→∞

ϑ− ϑ0

ϑ
lim
ϑ→∞

mesα(ϑ0, ϑ, ω)

ϑ− ϑ0
= lim
ϑ→∞

mesα(ϑ0, ϑ, ω)

ϑ− ϑ0
,

j(k+lNm(j(k;n(j(oqpsrtm(j(ovuwm(x(oNy1zE{9{9|Ty�};~"�@yO��z@yZ��~BzE�/���ZzE�9�



Ï+Ð � Ð ��Ñ Ð ��ÒOÓ'Ñ'�/��ÓÅÔ���Õ9�E� Ð Ó�ÕZ��Ñ Ð ���/�LÖv���E×·Ó'Ñ Ð �E�Ø����Ñ Ð �1×·�ZÖv��Ñ Ð � z9Ù9�

ÊaÚOÑ�Ü[Ñ�Þ�Ò��{ÍmÌ�Ò�ËgÚ�Õ¼ËgÖaÌOÑ�Ë%Ö[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ5Ì © ��� »�¬p����Ñ�Þ�Ò��
ÒJÚOËpÈ¼áOÏgÚ�ÌOÑ�Ì�ÚOÑ�Ö¼Ñ�«XÑ5Ö[ÒJÌOËgÝ¼ÏgÚ�Ì�Ò�Ì © ��� »�¬ZÏpÈ[ËpÜ¼ÔOËgÚ
Ù@��Ö[ÒJÌOËgÝ¼ÏgÚ�Ì�Ò

α(τ, τ + ϑ, ω) = {s ∈ [0, ϑ] : A(s+ τ, ω) ⊆ A(s+ τ, ω0)} =

= {t ∈ [0, ϑ] : A(t, gτω) ⊆ A(t, gτω0)} = α(0, ϑ, gτω).

Á¯Ý[Ò
È[Ñ�«{ÙaÊaÝ¼Ñ5Ü[Ñ�Þ�Ò��{ÍmÌ�ÒJÉ�ÚOÏr×ÐÖ[ÒJÌOËgÝ¼ÏgÚ�Ì�Ò © ��� ��¬p�
��Ñ�Þ�Ò��
ÒJÚOËpÈ¼áOÏgÚ�Ì�Ò¯Ô�Ú�ÌOËgÖ�â�Ü[ËgÝaÙ@¨�ÑÎÏgÚ�ÒJàaÙ¼Ñ�Ý[ÒJÖaÝ¼Ñ�ÏgÚ�Ù�ÌOËgÖ�¤�Ý¼Ë7¨�Ù�ÝaÙaâ5Ý¼Ë7¨�Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ�¨�Ê[Ò�ÏgÚOÑ�X

Ú�Í�Õ¼Ñ�«rÈ[Ñ�ª�ËgÝaÙa×�Ý[ÒmÕ¼ÑJÈ¼Ô�Ú�Ö[Ò�ËgÞaÚOÑ�ÖaÙa×9¤�Ü¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞ�Ñ�¨5ÏgÙ¼ÏgÚOË{ØWÍ
(Ω, gt)

Ý¼ËgÕ¼Ñ�ÏgÖ¼ËpÜ[ÏgÚ�ÌOËgÝaÝ¼ÑEÏpÈ[ËpÜ¼Ô�É�Ú
Ù@��Ì�ÚOÑ�Ö¼Ñ�«XÑ5Ô�Ú�ÌOËgÖ�â�Ü[ËgÝaÙa×#È[Ë{Ø�ØWÍ�����Ë7¨¼ÏgÚ�Ì�ÙaÚOËpÈ¼á�Ý¼ÑaÛ[Ý[ÒJÕaÖaÙ¼Ø�ËgÖ#ÜaÈ¼×ÅÌOËgÖ�¤�Ý¼Ë7¨ÐÊ[Ò�ÏgÚOÑ�Ú�Í Ù¼Ø�Ë{Ë{ØmÓ

freq ∗(gτω) = lim
ϑ→∞

mesα(0, ϑ, gτω)

ϑ
= lim
ϑ→∞

mesα(τ, τ + ϑ, ω)

ϑ
= lim
ϑ→∞

mesα(0, ϑ, ω)

ϑ
= freq ∗(ω).

��Ñ�Þ�ÒJâ�Ë{ØîÕ¼Ñ�ÏpÈ[ËpÜ¼Ý¼Ë{Ë�Ô�Ú�ÌOËgÖ�â�Ü[ËgÝaÙ¼Ë%È[Ë{Ø�ØWÍ��O¾EÔOÏgÚ�á8ÏgÝ[Ò{Ê[Ò
ÈäÒ
ϑ = kT,

ÚOÑ�«rÜäÒ

mesα(0, kT, ω) =

k∑

i=1

mesα
(
(i− 1)T, iT, ω

)
= kmesα(0, T, ω),

Õ¼Ñ�¯{ÚOÑ�ØWÔ
lim
k→∞

mesα(0, kT, ω)

kT
= lim

k→∞
kmesα(0, T, ω)

kT
=

mesα(0, T, ω)

T
.

��Ò
È[Ë{Ë�Û�ÜaÈ¼×=ÕaÖ¼Ñ�Ù@�{ÌOÑJÈ¼á�Ý¼Ñ�«XÑ
ϑ > 0

Ý[Ò�¨�ÜO¿gÚOÏr×îÚ�ÒJÞ�Ñ�Ë#à¼ËpÈ[Ñ�Ë
k = k(ϑ),

ÊaÚOÑ
(k − 1)T < ϑ 6 kT.\ È[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼ÑaÛ

mesα(0, T, ω)

T
= lim

k→∞
(k − 1) mesα(0, T, ω)

kT
= lim

k→∞
mesα(0, (k − 1)T, ω)

kT
6

6 lim
ϑ→∞

mesα(0, ϑ, ω)

ϑ
6 mesα(0, kT, ω)

ϑ
6 lim

k→∞
kmesα(0, T, ω)

(k − 1)T
=

mesα(0, T, ω)

T
,

ÊaÚOÑ5ÙÅÜ[Ñ�Þ�Ò��{ÍmÌ�Ò�ËgÚ-Õ¼Ñ�ÏpÈ[ËpÜ¼Ý¼Ë{Ë�Ô�Ú�ÌOËgÖ�â�Ü[ËgÝaÙ¼Ë%È[Ë{Ø�ØWÍ��
��Ñ�Ö¼ØWÔ
È¼ÙaÖaÔOË{Ø�ÒJ×-ÝaÙaâ�Ë�ÚOË{Ñ�Ö¼Ë{Ø�Ò�Ï{Ñ{Ü[ËgÖ�â5ÙaÚ�Ü[Ñ�ÏgÚ�ÒJÚOÑ�ÊaÝ¼Ñ5Ñ�ã�ª�Ù¼Ë¯ÔOÏpÈ[Ñ�Ì�Ùa× © Ì�ÚOËgÖ¼ØWÙaÝ[Ò'¤-ß%Ô�ÝaÞ/X

àaÙ@¨ØÉ%×�ÕaÔ�Ý¼Ñ�Ì�Ò8Ù3Ü¼Ù¼ß�ß�ËgÖ¼ËgÝaàaÙ[Ò
È¼á�ÝaÍ.¤KÝ¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�Ì9¬pÛ]Õ¼Ñ��{ÌOÑJÈ¼×�ÉBª�Ù¼Ë5Ñ�à¼ËgÝaÙaÌ�ÒJÚ�á#ÏgÝaÙ@�{ÔÐÌOËgÖ�¤�ÝaÉ�É
Ù½ÝaÙaâ5ÝaÉ�É Ê[Ò�ÏgÚOÑ�Ú�ÔÅÕaÖ¼Ë{ã�ÍmÌ�ÒJÝaÙa×ÐØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò�Ü[Ñ�ÏgÚ�Ùaâ5Ù¼Ø�Ñ�ÏgÚ�ÙÐÔ�ÕaÖ[ÒJÌ�È¼×aË{Ø�Ñ�¨3ÏgÙ¼ÏgÚOË{ØWÍ © »����'¬ZÌ(�
Ò'X
ÜäÒJÝaÝ¼Ñ�Ø ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOË���  Ê[Ò�ÏgÚ�Ý¼Ñ�ÏgÚ�ÙÂÛ�Ù@�t¯{ÚOÑ�¨�ÚOË{Ñ�Ö¼Ë{ØWÍ ÏpÈ[ËpÜ¼Ô�É�Ú#Ü[Ñ�ÏgÚ�ÒJÚOÑ�ÊaÝaÍÎËÅÔOÏpÈ[Ñ�Ì�Ùa×�Õ¼ÑJÈ[ÑXâ5Ù/X
ÚOËpÈ¼á�Ý¼Ñ�¨ÐÙaÝaÌ�ÒJÖaÙ[ÒJÝaÚ�Ý¼Ñ�ÏgÚ�ÙKØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò

A(t, ω),
Ü[Ñ�Õ¼ÑJÈ¼Ýa×�ÉBª�Ù¼Ë%Ö¼Ë7�{Ô
È¼á
Ú�ÒJÚ�Í Ö[Ò�ã�Ñ�Ú�ÍË¹ ¼'º��

¾EÖ¼ËpÜ¼Ì�ÒJÖaÙaÚOËpÈ¼á�Ý¼Ñ8Ý[ÒJÕ¼Ñ�ØWÝaÙ¼ØmÛ¼ÊaÚOÑ õ�ü�÷�H@ñTú9íÞ÷�ü/�(ü7ñTúOü#í ÏgÞ�Ò
È¼×�ÖaÝ¼Ñ�¨�
Ò
ÜäÒ{ÊaÙ3�%Ñ�£�Ù

ż = w(t, z), z(0) = z0,

Ý[Ò��{ÍmÌ�Ò�ËgÚOÏr×�Ú�ÒJÞ�Ñ�ËmÖ¼Ë7£�ËgÝaÙ¼Ë
z∗(t),

ÊaÚOÑ�ÜaÈ¼×+È¼ÉEã�Ñ�«XÑ�Ü¼ÖaÔ9«XÑ�«XÑEÖ¼Ë7£�ËgÝaÙa×
z(t)

¯{ÚOÑ�¨(�
Ò
ÜäÒ{ÊaÙ�Ý[Ò�Ñ�ã�ª�Ë{Ø
ÙaÝaÚOËgÖaÌ�Ò
È[ËÐÏgÔ9ª�Ë{ÏgÚ�ÌOÑ�Ì�ÒJÝaÙa×=Ì�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼Ñ�Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ

z∗(t) > z(t).
Î�ÏpÈ¼Ù=ÕaÖ[ÒJÌ�ÒJ×=Ê[Ò�ÏgÚ�á

w(t, z)Ý¼ËgÕaÖ¼ËgÖaÍmÌ�Ý[Ò�ÛaÚOÑ�ÌOËgÖ�¤�Ý¼Ë{ËEÖ¼Ë7£�ËgÝaÙ¼ËEÏgÔ9ª�Ë{ÏgÚ�Ì�ÔOËgÚ´¹��
	'º�Û�¹���Í�Û�Ï��r�WÍ'º��/Á¯Ý[Ò
È[Ñ�«{ÙaÊaÝ¼Ñ5Ñ�ÕaÖ¼ËpÜ[ËpÈ¼×aËgÚOÏr×½ÝaÙaâQX
Ý¼Ë{Ë%Ö¼Ë7£�ËgÝaÙ¼Ë�ÛaÞ�Ñ�ÚOÑ�Ö¼Ñ�Ë�ÚOÑXâ�Ë+ÏgÔ9ª�Ë{ÏgÚ�Ì�ÔOËgÚJ�

Y���M=9��B:�S�[H�� ��ø"ðS�Þõ�ö�îTì��TñOü7ñTö���ø��Tì�õ�úBM 1 ú 2,
ó ��ñTë��TúBM A ��ù�ì�õ��Oü7ð(õ�ì>÷*MOü7ð���ø��Tì�õ�ú��

M9í © e¼���'¬ L ó úTë�ø"ú�÷Zì�õ�ï�ñTöèí3ñTì'û¢ü7ø"ð(õ�ì X0 ∈ comp(Rn), ë�ì�í3îTï�ë�ðQñTì�ü³í3ñTì'û¢ü7ø"ð(õ�ì X ⊆ X0

úwí3ñTì'û¢ü7ø"ð(õ�ìÈù�ì�ø"ðQú@ûÞú9í3ì�ø"ðQú A(t, ω) ø"úTø"ð(ü#í3ö © »����'¬ L�0�ù�ü ω = (σ,X).
� ��ø"ðS�aL®ù�ï��Oü"ü�Lqø����

g(ü7ø"ð(õ5����ð ñOü7î�÷�ü�÷Zö�õ�ñTö�üwø"ë�ï��BM�÷ZñTö�ü ó ��ñTë��TúTú V (t, σ, x) ú w(σ, z) îOü�÷�ü#í®ü7ñTñTö�H (t, σ, x) ∈
R+ × Σ× Rn ú (σ, z) ∈ Σ× R L�ðQï�ë�úOü�L`+9ðQì�k

j(k+lNm(j(k;n(j(oqpsrtm(j(ovuwm(x(oNy0zE{9{9|TyZ};~"�@yO��z@y���~�zE�/���ZzE�9�



z9ÙE� �^�'�t�'�.�9�������9�;�����^�T�T�����/���

1.
O �BM\ë�ï�ûÞù�ì
0�ì σ õ�ü�÷�H@ñOü"ü.÷�ü/�(ü7ñTúOü z∗(t, σ) ô�ï�ù�ï
+9ú

ż = w(htσ, z), z(0) = 0, t > 0,
© ��� 	W¬

ì�î�÷�ü7ù�ü��Oü7ñTìQî�÷Zú³õ�ø�üNH t > 0.

2.
O �BMæë�ï�ûÞù�ì
0�ì σ õÅì5z��Tï�ø"ðQú A1+r(σ), 0�ù�ü r(t, σ)

.
= max{z∗(t, σ), 0}, ó ��ñTë��TúBM V (t, σ, x)

MOõ��BMOü7ðQøNM ó ��ñTë��TúOü7ÿ-�xMTî���ñTì�õ�ï5L+ú³î�÷Zú³õ�ø�üNH (t, x) ∈ A1+r(σ) õ�ö�îTì��TñOü7ñTìQñOü�÷9ïWõ�ü7ñTø"ð(õ�ì
V o

max(t, σ, x) 6 w
(
htσ, V (t, σ, x)

)
.

© ��� Í�¬
� ì
0�ù�ïNí3ñTì'û¢ü7ø"ð(õ�ìtù�ì�ø"ðQú@ûÞú9í3ì�ø"ðQú A(t, ω) ø���g(ü7ø"ð(õ5�Eü7ðýù��BMæõ�ø�üNH t > 0 úÈù��BMµë�ï�ûÞù�ì
0�ì

σ ∈ Σ õ�ü�÷�H@ñBMBM¶úLñTú@ûÞñBMBMLì�ðQñTì�ø"úTð(ü�����ñTï�MG+9ï�ø"ðQì�ðQïîTì
0��Tì5g(ü7ñTúBMÈí3ñTì'û¢ü7ø"ð(õ�ï A(t, ω) í3ñTì5�
û¢ü7ø"ð(õ�ì�í A(t, ω0) ��ù�ì�õ��Oü7ð(õ�ì>÷*M���ð ñOü�÷9ïWõ�ü7ñTø"ð(õ�ï�í

freq ∗(ω) > κ∗(σ), freq ∗(ω) > κ∗(σ),
© ��� �¬

0�ù�ü ω0 = (σ,X0),

κ∗(σ)
.
= lim
ϑ→∞

mes{t ∈ [0, ϑ] : z∗(t, σ) 6 0}
ϑ

, κ∗(σ)
.
= lim

ϑ→∞

mes{t ∈ [0, ϑ] : z∗(t, σ) 6 0}
ϑ

.
© ������d�¬

�.�=�����=�=�;�;�S���X�� �¡1 �¢�£�¤N¡�¥1¦§£�¥�¢�¥
κ∗(σ)

¥
κ∗(σ) ¨I©�ª  /«� �¬�£�¦§ ¨I® ¦§£�5 I¯.¥�°� �±1  ª1¨I² ¥�³�±�´`¯.¥x¦§ ¨I® ¦§£�5 I¯I¤N¡5µa±�¤ ® ¥S±�¥a¶�±�¤ ®S¨ £�± ¨ ¦§¥�£�¤ ª1· ± ¨I® ³1 I¦§£ ¨ £�´G¸ ¨I²�ª1¨I¹ ¤N±�¥aº�»¼¦N¯$½ ª ¤�¯4¯.¾À¿
Á�ÂÃ Á$¯.± ¨ ¶&¤�¦§£� ¨ β(ϑ0, ϑ1, σ)

.
= {t ∈ [ϑ0, ϑ1] : z∗(t, σ) 6 0} ¥�Ä�¯.¤N¡�¥1¯ ¨ ¸ ¨�Å ¤ © ¤ ² ¾�ÆÇ Á�¤�¦ ª ¥&¸�¤N¡�I´ ® ¸�¡�¤�«B¤ ª �»ÉÈa½ Ã�Ê Á=¦§¾ ¹ ¤�¦§£�I¾I¤N£/°�£ ¨ « ª º ª ¬ © ´$µxËÌ¥�¢a¦§¥�¡ ¨ 5 �±�±�´$µ ϑ0 > 0

¥
τ > 0

¦§¾ ¹ ¤�¦§£�I¾
¬�£¸�¡�¤�«B¤ ª ´
lim
ϑ→∞

mesβ(ϑ0, ϑ, σ)

ϑ− ϑ0
, lim

ϑ→∞
mesβ(τ, τ + ϑ, σ)

ϑ¥S¥1¯.¤N¬�£�¯.¤�¦§£ ¨ ¡1 �I¤N±1¦§£�5 

κ∗(σ) = lim
ϑ→∞

mesβ(ϑ0, ϑ, σ)

ϑ− ϑ0
= lim
ϑ→∞

mesβ(τ, τ + ϑ, ω)

ϑ
,

 �±1  ª1¨I² ¥�³�±�´D¤X¦§ ¨I® ¦§£�5 xI´D¸ ¨�ª ±�¤N±�´�¥�« ª º κ∗(σ);Í Á7« ª ºS¢a �¶&« ¨I²N¨ τ > 0
¥1¯.¤N¬�£�¯.¤�¦§£ ¨ ¡1 �I¤N±1¦§£�5  κ∗(hτσ) = κ∗(σ), κ∗(hτσ) = κ∗(σ);¿
Á�¤�¦ ª ¥�¡�¤NÎx¤N±�¥�¤ z∗(t, σ)
¸�¤N¡�¥ ¨ «B¥�³�± ¨ ¸ ¨ t ¦�¸�¤N¡�¥ ¨ « ¨ ¯ T, £ ¨ κ∗(σ) = κ∗(σ) =

mesβ(0, T, σ)

T
.Ï ¨ ¢a �Ä� �£�¤ ª1· ¦§£�5 �ÐN£�¥aµ�¾
£�I¤N¡5¶&«B¤N±�¥ ® ¸ ¨ I£ ¨ ¡5º�¬�£�« ¨ ¢a �Ä� �£�¤ ª1· ¦§£� ¨�ª ¤�¯4¯.´(¿1½

\ È[ËpÜ¼Ô�ÉBª�Ë{ËEÔ�Ú�ÌOËgÖOÜ¼â�ËgÝaÙ¼Ë�ÒJÝ[Ò
È[Ñ�«{ÙaÊaÝ¼Ñ�ÚOË{Ñ�Ö¼Ë{Ø�Ë��EÖ[Ò�ã�Ñ�Ú�ÍË¹ ¼'º�Û�Ì5Þ�Ñ�ÚOÑ�Ö¼Ñ�¨#Ö¼ÑJÈ¼á
A(t, ω0)

Ì�Í.X
Õ¼ÑJÈ¼Ýa×aËgÚ-ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ

M(htσ),
�
Ò
ÜäÒJÝaÝ¼Ñ�Ë�Ý¼ËgÕaÖ¼ËgÖaÍmÌ�Ý¼Ñ�¨3ß%Ô�ÝaÞaàaÙ¼Ë7¨

M : Σ→ comp(Rn).

Ñ 	D��N`��@�^[P��Ò[HA� ø��Tú¶õ�ö�îTì��TñOü7ñTö���ø��Tì�õ�úBM 1 ú 2 úLõ�ü�÷�H@ñOü"ü3÷�ü/�(ü7ñTúOüqô�ï�ù�ï
+9ú © ��� 	W¬ ðQì'ûÓ�
ù�ü7ø"ð(õ�ü7ñTñTì®÷9ïWõ�ñTìÅñ��5���ÌL.ðQìÅù��BMæõ�øNMTë�ì
0�ìÅë�ì�í3îTï�ë�ðQñTì
0�ì X ⊆ X0 ú{���Xz�ì
0�ì σ ∈ Σ í3ñTì'û¢ü7ø"ð(õ�ì
ù�ì�ø"ðQú@ûÞú9í3ì�ø"ðQú A(t, ω) ì�î�÷�ü7ù�ü��Oü7ñTìµî�÷Zú¢õ�ø�üNH t > 0 ú A(t, ω) îTì
0��Tì5gQïWü7ðQøNMÊí3ñTì'û¢ü7ø"ð(õ�ì�í
A(t, ω0) î�÷Zúë�ï�ûÞù�ì�í t > 0.

  Ü¼ÖaÔ9«XÑ�¨=ÚOËgÖ¼ØWÙaÝ¼ÑJÈ[Ñ�«{ÙaÙ¶¯{ÚOÑKÏgÌOÑ�¨¼ÏgÚ�ÌOÑKÝ[Ò��{ÍmÌ�Ò�ËgÚOÏr× îTì��Tì'ûÞúTð(ü�����ñTì�ÿ¶úTñOõ�ï�÷ZúTï�ñTðQñTì�ø"ðS���© ÕaÖaÙ#Þ�ÒJâ�Ü[Ñ�Ø
σ
¬ÁØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò

A(σ)
Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ8Ö¼Ë7£�ËgÝaÙ@¨#Ì�Þ�È¼É�Ê¼ËgÝaÙa× © �����'¬p�

j(k+lNm(j(k;n(j(oqpsrtm(j(ovuwm(x(oNy1zE{9{9|Ty�};~"�@yO��z@yZ��~BzE�/���ZzE�9�
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�! �"$#&%� ÕÔ.)³¾EÔOÏgÚ�á
U Û Þ�Ñ�ØWÕ[ÒJÞaÚ�Ý¼Ñ�Ë8ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ#Ì

Rm
ÛUÚ�ÒJÞ�Ñ�Ë�ÛÂÊaÚOÑ

0 ∈ U. ¾EÔOÏgÚ�á¼ÛUÜäÒ
È[Ë{Ë�Û�
Ò
ÜäÒJÝ[Ò-ß%Ô�ÝaÞaàaÙa×
φ(t, x, u)

Õ¼ËgÖ¼Ë{Ø�ËgÝaÝaÍ.¤
(t, x, u) ∈ R× Rn × Rm Ï{Ñ^�{Ý[Ò{Ê¼ËgÝaÙa×aØWÙFÌ

Rn,
Ô
Ü[Ñ�Ì�È[Ë�X

Ú�ÌOÑ�Ö�×�ÉBª5ÒJ×½ÔOÏpÈ[Ñ�Ì�Ùa×aØ ÕaÖaÙ¼Ø�ËgÖ[Ò8���@§ÐÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ�Ü[Ñ�ÏgÚ�Ùaâ5Ù¼Ø�Ñ�ÏgÚ�Ù3ÏgÙ¼ÏgÚOË{ØWÍ

ẋ =

∫

U
φ(t, x, u)ηt(du)

© �������'¬

Ù@��Ý[Ò{Ê[Ò
È¼á�Ý¼Ñ�¨ÐÚOÑ�ÊaÞaÙ
x0 = 0

Ì�Ø�Ñ�Ø�ËgÝaÚ�Ì�Ö¼Ë{Ø�ËgÝaÙ
t0 ∈ R

Ñ�ã�Ñ��{Ý[Ò{ÊaÙ¼Ø
A(t, t0), t > t0.¾EÔOÏgÚ�á¼ÛaÞaÖ¼Ñ�Ø�Ë�ÚOÑ�«XÑaÛ�ÜaÈ¼×ÅÞ�ÒJâ�Ü[Ñ�«XÑ

t
�
Ò
ÜäÒJÝ¼Ñ8ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ

A(t) =
{
x ∈ Rn : x∗Q(t)x 6 r2(t)

}
,

© ������»�¬
«rÜ[Ë

Q(t)
Ù
r(t) Û ÞaÌ�Ò
Ü¼Ö[ÒJÚ�Ý[ÒJ× Ø�ÒJÚ�ÖaÙaà[Ò�ÙîÏgÞ�Ò
È¼×�ÖaÝ[ÒJ× ß%Ô�ÝaÞaàaÙa×]Û�ÕaÖaÙaÊT¿{Ø

Q(t)
ÏgÙ¼Ø�Ø�ËgÚ�ÖaÙaÊaÝ[Ò

Ù½Ñ�ÕaÖ¼ËpÜ[ËpÈ[ËgÝaÝ¼Ñ�Õ¼ÑJÈ[ÑXâ5ÙaÚOËpÈ¼á�Ý[ÒJ×]ÛäÒ
r(t) > 0.

¸ÀÔ
Ü[Ë{Ø@ÕaÖ¼ËpÜ¼Õ¼ÑJÈäÒ�«gÒJÚ�á¼ÛaÞaÖ¼Ñ�Ø�Ë�ÚOÑ�«XÑaÛ�ÊaÚOÑ
Q
Ù
r
Ñ�«{Ö[Ò'X

ÝaÙaÊ¼ËgÝaÍ Ý[ÒÐÊaÙ¼ÏpÈ[Ñ�ÌOÑ�¨ ÕaÖ�×aØ�Ñ�¨
R,
Ý¼ËgÕaÖ¼ËgÖaÍmÌ�Ý¼Ñ3Ü¼Ù¼ß�ß�ËgÖ¼ËgÝaàaÙaÖaÔOË{ØWÍ Ù@ÕaÖ¼Ñ�Ù@�{ÌOÑ{Ü¼ÝaÍÎË

Q̇, ṙ
ÚOÑXâ�Ë

Ñ�«{Ö[ÒJÝaÙaÊ¼ËgÝaÍðÝ[Ò
R.
êWÒ�Ï{Ï{Ø�Ñ�Ú�ÖaÙ¼Ø ß%Ô�ÝaÞaàaÙaÉ

V (t, x) = x∗Q(t)x − r2(t).
��ÒJÞÐÈ[Ë7«{Þ�Ñ8Ô�ã�ËpÜ¼ÙaÚ�áOÏr×]Û

V×�Ì�È¼×aËgÚOÏr×3ß%Ô�ÝaÞaàaÙ¼Ë7¨É%×�ÕaÔ�Ý¼Ñ�Ì�Ò�Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼ÑÅØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò © ������»�¬mÙ#ÕaÖaÙÐÞ�ÒJâ�Ü[Ñ�Ø
q ∈ Rn ÕaÖ¼Ñ�Ù@�7XÌOÑ{Ü¼Ý[ÒJ×

V
Õ¼Ñ5Ý[ÒJÕaÖ[ÒJÌ�È[ËgÝaÙaÉ

(1, q) ∈ R× Rn Ù¼Ø�Ë{ËgÚ�Ì�Ù�Ü

V o(t, x; q) = x∗Q̇(t)x− 2r(t)ṙ(t) + 2x∗Q(t)q.

¾%Ñ�¯{ÚOÑ�ØWÔOÛ[ÏEÔ�ÊT¿gÚOÑ�Ø È[Ë{Ø�ØWÍð��Û�ÌOËgÖ�¤�Ýa×�×½ÕaÖ¼Ñ�Ù@�{ÌOÑ{Ü¼Ý[ÒJ×ÐÌ�ÏgÙ�È¼Ô-Ì�Þ�È¼É�Ê¼ËgÝaÙa×

ẋ ∈ Φ(t, x), Φ(t, x) = co{φ(t, x, u) : u ∈ U},
Ñ�ÕaÖ¼ËpÜ[ËpÈ¼×aËgÚOÏr×ÐÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ�Ø

V o
max(t, x) = x∗Q̇(t)x− 2r(t)ṙ(t) + 2x∗Q(t)φ

(
t, x, u+(t, x)

)
,

© �����X��¬
«rÜ[Ë

u+(t, x)
Ô
Ü[Ñ�Ì�È[ËgÚ�ÌOÑ�Ö�×aËgÚ8ÔOÏpÈ[Ñ�Ì�ÙaÉ Ø�ÒJÞ�ÏgÙ¼ØWÔ�Ø�Ò

max
u∈U

x∗Q(t)φ
(
t, x, u

)
= x∗Q(t)φ

(
t, x, u+(t, x)

)
.

¾EÔOÏgÚ�á
Q
Ù
r
Õ¼Ñ�ÏgÚOÑX×�ÝaÝaÍ�Û[ÚOÑ�«rÜäÒ�Ù@��Ö[ÒJÌOËgÝ¼ÏgÚ�Ì�Ò © �����X��¬ÁÏpÈ[ËpÜ¼ÔOËgÚ�Ö[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ

V o
max(t, x) = 2x∗Qφ

(
t, x, u+(t, x)

)
,

ÙFÕ¼Ñ�¯{ÚOÑ�ØWÔKË{ÏpÈ¼ÙFÝ[Ò�¨�Ü¼Ô�ÚOÏr×KÊaÙ¼ÏpÈ[Ñ
γ > r,

ß%Ô�ÝaÞaàaÙa×
α(t)

ÙKÞ�Ñ�Ý¼ÏgÚ�ÒJÝaÚ�Ò
β
ÛäÚ�ÒJÞaÙ¼Ë�Û]ÊaÚOÑÅÕaÖaÙKÌOÏ{Ë�¤

xÙ@��Ñ�ÞaÖ¼Ë{ÏgÚ�Ý¼Ñ�ÏgÚ�Ù
Aγ = {x ∈ Rn : x∗Qx 6 γ2} ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò A = {x ∈ Rn : x∗Qx 6 r2} ÙKÌOÏ{Ë�¤ tÌ�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼Ñ�Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ

max
u∈U

x∗Qφ
(
t, x, u

)
6 α(t)(x∗Qx− β),

© �����7e9¬
ÚOÑaÛaÞ�ÒJÞ#Ý¼Ë{ÏpÈ[ÑXâ5Ý¼Ñ8Ô�ã�ËpÜ¼ÙaÚ�áOÏr×]ÛaÝ¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ © ��� Í�¬ÀÚOË{Ñ�Ö¼Ë{ØWÍ��%Ì�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼Ñ5ÜaÈ¼×½ß%Ô�ÝaÞaàaÙaÙ

w(t, z) = 2α(t)(z + r2 − β).

¾%Ñ�¯{ÚOÑ�ØWÔ½ËpÜ¼ÙaÝ¼ÏgÚ�ÌOËgÝaÝ¼Ñ�Ë+Ö¼Ë7£�ËgÝaÙ¼Ë3�
Ò
ÜäÒ{ÊaÙ
ż = w(t, z), z(0) = 0

Ù¼Ø�Ë{ËgÚ�Ì�Ù�Ü

z(t) = (β − r2)
(

1− exp
(
2

∫ t

0
α(s)ds

))
.

j(k+lNm(j(k;n(j(oqpsrtm(j(ovuwm(x(oNy0zE{9{9|TyZ};~"�@yO��z@y���~�zE�/���ZzE�9�



z9ÙE� �^�'�t�'�.�9�������9�;�����^�T�T�����/���

\ È[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼ÑaÛUÌÅÏgÙ�È¼Ô½ÚOË{Ñ�Ö¼Ë{ØWÍ ��ÙÐÈ[Ë{Ø�ØWÍ�e¼Û í3ñTì'û¢ü7ø"ð(õ�ì^ù�ì�ø"ðQú@ûÞú9í3ì�ø"ðQú A(t, t0) ø"ú��
ø"ð(ü#í3ö © �������'¬ ø���g(ü7ø"ð(õ5�Eü7ð ù��BMØõ�ø�üNH t > t0, ì�ðQñTì�ø"úTð(ü�����ñTï�M-+9ï�ø"ðQì�ðQï^îTì
0��Tì5g(ü7ñTúBM

freq ∗(A,A)
.
= lim

ϑ→0

mes{t ∈ [t0, t0 + ϑ] : A(t, t0) ⊆ A}
ϑ

í3ñTì'û¢ü7ø"ð(õ�ï A(t, t0) í3ñTì'û¢ü7ø"ð(õ�ì�í A ñOüvô�ïWõ�úTø"úTð ì�ð t0 úæü7ø��Tú r2 > β, ðQìÅõ�ö�îTì��TñOü7ñTìtñOü�÷9ï
�
õ�ü7ñTø"ð(õ�ì freq ∗(A,A) > κ−, 0�ù�ü

κ−
.
= lim

ϑ→∞
1

ϑ
mes

{
t ∈ [0, ϑ] :

∫ t

0
α(s)ds 6 0

}
.

© �����X��¬

O ï��Oü"ü�L;ü7ø��Tú r2 < β, ðQìNõ�ö�îTì��TñOü7ñTìQñOü�÷9ïWõ�ü7ñTø"ð(õ�ì freq ∗(A,A) > κ+, 0�ù�ü

κ+
.
= lim

ϑ→∞
1

ϑ
mes

{
t ∈ [0, ϑ] :

∫ t

0
α(s)ds > 0

}
.

© ������¼�¬

K ï�ë�ì�ñOü/�*L;ü7ø��Tú r2 = β, ðQì A(t, t0) îTì
0��Tì5gQïWü7ðQøNMÂí3ñTì'û¢ü7ø"ð(õ�ì�í A î�÷Zú³õ�ø�üNH t > t0.
Ö®�A×ØwXW3áXÙ�á�é;��â3V�ç$é;��wýé;�Dw�àQ��äæå �

��È¼×ÅÜ[Ñ�Þ�Ò��
ÒJÚOËpÈ¼áOÏgÚ�Ì�Ò�ÚOË{Ñ�Ö¼Ë{ØWÍ(�EÝ[Ò�Ø=Õ¼Ñ�Ý[Ò
Ü[Ñ�ãX×�ÚOÏr×3ÏpÈ[ËpÜ¼Ô�ÉBª�Ù¼Ë�Ü¼ÌOËEÈ[Ë{Ø�ØWÍ��
G-�B:�:�S(ÚÕÛ�Ü�@OSd	D�B:�:�S�SaQRSB	�M=Ý�P�ÞRQRS{	D�B:�:&�dy�9RS*ß[M=@�?�àâá�ãåäXHG� ��ø"ðS� ϕ(t, σ) æèì�ù�ñTìNú/ô

÷�ü/�(ü7ñTúTÿtõ�ë5���X+/ü7ñTúBM © �����'¬ L$ðQï�ë�ì�ü�L7+9ðQì ϕ(0, σ) ∈ X ú ó ��ñTë��TúBM V (t, σ, x) �Tì�ë�ï�����ñTì��TúTî��Qú��Oü"õ�ï
îTì (t, x) ÷9ïWõ�ñTì�í®ü�÷ZñTìBì�ðQñTì�ø"úTð(ü�����ñTì σ ∈ Σ.

� ì
0�ù�ï ó ��ñTë��TúBM t→ v(t)
.
= V (t, σ, ϕ(t, σ)) �Tì�ë�ï�����ñTì

�TúTî��Qú��Oü"õ�ï^ù��BMØõ�ø�üNH³ðQï�ë�ú�H t > 0, î�÷Zú³ë�ì�ðQì>÷Zö�H (t, ϕ(t, σ)
)
∈ Ar(σ).

O ì�ë�ï'ô�ï�ð(ü�����ø"ð(õ�ì�P ¾EÔOÏgÚ�á ϑ > 0
Ù (

t, ϕ(t, σ)
)
∈ Ar(σ)

ÕaÖaÙ |t| 6 ϑ. Ú�Ñ�«rÜäÒÅÕaÖaÙFÌOÏ{Ë�¤ t, t +
+ τ ∈ [−ϑ, ϑ]

Ù¼Ø�Ë{Ë{ØmÓ

|v(t+ τ)− v(t)| = |V
(
t+ τ, σ, ϕ(t+ τ, σ)

)
−V

(
t, σ, ϕ(t, σ)

)
| 6 `

(
|τ |+ |ϕ(t+ τ, σ)−ϕ(t, σ)|

)
6

6 `
(
|τ |+

∣∣∣
∫ t+τ

t
ϕ̇(s, σ) ds

∣∣∣
)
6 `
(
|τ |+

∣∣∣
∫ t+τ

t

∣∣F
(
hsσ, ϕ(s, σ)

)∣∣ ds
∣∣∣
)
6 `(|τ |+k|τ |) = `(1+k)|τ |,

«rÜ[Ë
` Û Þ�Ñ�Ý¼ÏgÚ�ÒJÝaÚ�Ò^É%ÙaÕ@£�Ùaà[Ò�Û[Ò�Þ�Ñ�Ý¼ÏgÚ�ÒJÝaÚ�Ò

k
Ø�ÒJâ�Ñ�ÖaÙaÖaÔOËgÚ ∣∣F (σ, x)

∣∣; ` Ù k Ý¼Ë3�
ÒJÌ�Ù¼Ïr×�Ú8Ñ�Ú σ.
G-�B:�:�SJápÛ�N�M=>RM*	�Q���QRP���	D�B:�:&?tÚÕ9RS*ß[M=@�?�àâá*ãåäXHA� ��ø"ðS� ó ��ñTë��TúBM V (t, σ, x) �Tì�ë�ï�����ñTì

�TúTî��Qú��Oü"õ�ï(îTì (t, x) ÷9ïWõ�ñTì�í®ü�÷ZñTìqì�ðQñTì�ø"úTð(ü�����ñTì σ ú ϕ(t, σ) æÞ÷�ü/�(ü7ñTúOü%õ�ë5���X+/ü7ñTúBM © �����'¬ P � ì5�
0�ù�ïtõNðQì5+9ë�ïIH³ù�ú ó0ó ü�÷�ü7ñ��Tú�÷;�Eü#í3ì�ø"ðQú ó ��ñTë��TúTú v(t)

.
= V

(
t, σ, ϕ(t, σ)

) õ�ö�îTì��TñOü7ñTöwñOü�÷9ïWõ�ü7ñTø"ð(õ�ï
V o

min

(
t, σ, ϕ(t, σ)

)
6 v̇(t) 6 V o

max

(
t, σ, ϕ(t, σ)

)
.

O ì�ë�ï'ô�ï�ð(ü�����ø"ð(õ�ìÂð(ü7ì>÷�ü#í3ö[ç�P ¾EÔOÏgÚ�á ϕ(t, σ) Û ÕaÖ¼Ñ�Ù@�{ÌOÑJÈ¼á�Ý¼Ñ�Ë�Ö¼Ë7£�ËgÝaÙ¼Ë5Ì�Þ�È¼É�Ê¼ËgÝaÙa× © �����'¬pÛ
Ú�ÒJÞ�Ñ�Ë�ÛUÊaÚOÑ

ϕ(0, σ) ∈ X. ��Ñ�ÕaÔOÏgÚ�Ù¼ØmÛäÊaÚOÑ^¯{ÚOÑ8Ö¼Ë7£�ËgÝaÙ¼Ë+Ý¼Ë�Ø�ÑXâ�ËgÚ½ã�ÍmÚ�á-ÕaÖ¼Ñ{Ü[ÑJÈ¼â�ËgÝ¼Ñ½Ý[Ò5Õ¼ÑJÈ¼ÔOÑ�Ïgá
R+.

Ú�Ñ�«rÜäÒ�ÚOÑ�ÊaÞ�Ò (
t, ϕ(t, σ)

) Ü[ÑJÈ¼â5Ý[Ò�Õ¼Ñ�ÞaÙaÝaÔ�Ú�á ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ
Ar(σ)

�
Ò�Þ�Ñ�Ý¼ËgÊaÝ¼Ñ�Ë3Ì�Ö¼Ë{ØW×]� \ È[Ë�X
Ü[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼ÑaÛZÏgÔ9ª�Ë{ÏgÚ�Ì�ÔOËgÚ�Ø�Ñ�Ø�ËgÝaÚ�Ì�Ö¼Ë{Ø�ËgÝaÙ

t0
ÛWÚ�ÒJÞ�Ñ�¨ÂÛ�ÊaÚOÑ (

t, ϕ(t, σ)
)
∈ Ar(σ)

ÕaÖaÙ
t ∈ [0, t0],(

t0, ϕ(t0, σ)
)
∈ ∂ Ar(σ)

ÛaÙ½ÜaÈ¼×½ÌOÏr×�Þ�Ñ�«XÑ
δ > 0

Ý[Ò�¨�Ü[ËgÚOÏr×#Ú�ÒJÞ�Ñ�¨3Ø�Ñ�Ø�ËgÝaÚ8Ì�Ö¼Ë{Ø�ËgÝaÙ
t1 ∈ (t0, t0 + δ),ÊaÚOÑ (

t1, ϕ(t1, σ)
)
6∈ Ar(σ). ] Ü[Ë{Ïgá ∂ A Û «{Ö[ÒJÝaÙaà[Ò5ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò

A.êWÒ�Ï{Ï{Ø�Ñ�Ú�ÖaÙ¼ØKß%Ô�ÝaÞaàaÙaÉ
v(t) = V (t, σ, ϕ(t, σ)).

Æ%��ÔOÏpÈ[Ñ�Ì�Ùa×�È[Ñ�Þ�Ò
È¼á�Ý¼Ñ�¨+È¼ÙaÕ@£�Ùaà¼ËgÌOÑ�ÏgÚ�Ù�ß%Ô�ÝaÞ/X
àaÙaÙÅÉ%×�ÕaÔ�Ý¼Ñ�Ì�Ò�Ù8È[Ë{Ø�ØWÍ �+ÏpÈ[ËpÜ¼ÔOËgÚ © Ì�ÏgÙ�È¼Ô�ÚOË{Ñ�Ö¼Ë{ØWÍÞêWÒ
Ü[Ë{Ø�Ò'¤�ËgÖ[Ò�¬pÛaÊaÚOÑ

v(t)
Ü¼Ù¼ß�ß�ËgÖ¼ËgÝaàaÙaÖaÔOË{Ø�Ò

j(k+lNm(j(k;n(j(oqpsrtm(j(ovuwm(x(oNy1zE{9{9|Ty�};~"�@yO��z@yZ��~BzE�/���ZzE�9�
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ÕaÖaÙ+Õ¼Ñ�ÊaÚ�Ù+ÌOÏ{Ë�¤
t
Ù�Õ¼Ñ�ÏgÞ�ÑJÈ¼á�ÞaÔ

ϕ(0, σ) ∈ X0,
ÚOÑ
v(0) 6 0.

¾%Ñ�¯{ÚOÑ�ØWÔOÛJÏ�Ô�Ê¼ËgÚOÑ�Ø½È[Ë{Ø�ØWÍL¼mÙ�Ý¼ËgÖ[ÒJÌOËgÝ/X
ÏgÚ�Ì�Ò © ��� Í�¬pÛ�Ù¼Ø�Ë{Ë{ØFÕaÖaÙ�ÌOÏ{Ë�¤

t ∈ [0, t0)
Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ

v̇(t) 6 w
(
htσ, v(t)

)
.
  ÏgÙ�È¼Ô�ÚOË{Ñ�Ö¼Ë{ØWÍÒè�ÒJÕ�È¼Í.X

«{ÙaÝ[ÒÅÑ8Ü¼Ù¼ß�ß�ËgÖ¼ËgÝaàaÙ[Ò
È¼á�ÝaÍ.¤KÝ¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�Ì�Ò'¤]Û]Ù@�Q¯{ÚOÑ�«XÑÅÝ¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�Ì�ÒÅÕaÖaÙKÌOÏ{Ë�¤
t ∈ [0, t0)

ÏpÈ[ËpÜ¼ÔOËgÚ
Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ

v(t) 6 z∗(t, σ)
Ù
v(t0) = z∗(t0, σ),

«rÜ[Ë
z∗(t, σ) Û ÌOËgÖ�¤�Ý¼Ë{ËÀÖ¼Ë7£�ËgÝaÙ¼Ë;�
Ò
ÜäÒ{ÊaÙ © ��� 	W¬p��ÚRÒJÞÞ�ÒJÞ½Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ © ��� Í�¬ZÏ{Ñ"¤�Ö[ÒJÝa×aËgÚOÏr×½ÕaÖaÙÅÌOÏ{Ë�¤

(t, x) ∈ A1+r(σ),
ÚOÑ�ÙÅÝ¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ

v(t) 6 z∗(t, σ)Ï{Ñ"¤�Ö[ÒJÝaÙaÚOÏr×5Ý[Ò¯Ñ�Ú�Ö¼Ë7�{Þ�Ë
[t0, t0+ε]

ÕaÖaÙ�Ý¼ËgÞ�Ñ�ÚOÑ�Ö¼Ñ�Ø
ε > 0.

¡%Ñ�Õ¼Ñ�ÏpÈ[ËpÜ¼Ý¼Ë{ËÀÝ¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ3¯{ÞaÌ�ÙaÌ�Ò
È[ËgÝaÚ�X
Ý¼Ñ½Ì�Þ�È¼É�Ê¼ËgÝaÙaÉ (

t, ϕ(t, σ)
)
∈ Ar(σ)

ÕaÖaÙ�ÌOÏ{Ë�¤
t ∈ [t0, t0 + ε],

ÊaÚOÑ#ÕaÖ¼Ñ�Ú�ÙaÌOÑ�Ö¼ËgÊaÙaÚKÑ�ÕaÖ¼ËpÜ[ËpÈ[ËgÝaÙaÉ
ÚOÑ�ÊaÞaÙ

t0.
¾EÖ¼Ñ{Ü[ÑJÈ¼â�ÒJ× ¯{ÚOÑ�Ú�ÕaÖ¼Ñ�à¼Ë{Ï{Ï�Û�Õ¼ÑJÈ¼Ô�Ê[Ò�Ë{ØmÛ�ÊaÚOÑFÝ¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ

v(t) 6 z∗(t, σ)
Ì�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼Ñ

ÕaÖaÙ-ÌOÏ{Ë�¤
t > 0

ÙÂÛ�ÏpÈ[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼ÑaÛ�Ö¼Ë7£�ËgÝaÙ¼Ë
ϕ(t, σ)

Ñ�ÕaÖ¼ËpÜ[ËpÈ[ËgÝ¼Ñ�ÕaÖaÙ-ÌOÏ{Ë�¤
t > 0.

ÚRÒJÞaÙ¼Ø Ñ�ã�Ö[Ò��XÑ�ØmÛ
Ü[Ñ�Þ�Ò��
ÒJÝ¼ÑaÛ[ÊaÚOÑ5ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ�Ü[Ñ�ÏgÚ�Ùaâ5Ù¼Ø�Ñ�ÏgÚ�Ù

A(t, ω)
ÏgÙ¼ÏgÚOË{ØWÍ © »����'¬ÁÑ�ÕaÖ¼ËpÜ[ËpÈ[ËgÝ¼Ñ�ÕaÖaÙ#ÌOÏ{Ë�¤

t > 0.² ÚOØ�ËgÚ�Ù¼Ø ÚOËgÕ¼ËgÖaá¼ÛaÊaÚOÑ5Þ�ÒJâ�Ü[Ñ�Ë�Ù@��ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì

{t ∈ [0, ϑ] : v(t) 6 0}, {t ∈ [0, ϑ] : z∗(t) 6 0},
Ù@�XØ�ËgÖaÙ¼Ø�Ñ-Õ¼ÑNÉ�Ë{ã�Ë7«{Ô ^ ¯{ÚOÑ5Ü[Ñ�Þ�Ò��{ÍmÌ�Ò�ËgÚOÏr×KÚ�ÒJÞ3â�Ë�Û[Þ�ÒJÞÐÈ[Ë{Ø�Ø�ÒNe¼����Ò
È[Ë{Ë�Û[Ì-ÏgÙ�È¼Ô © ������d�¬pÛ[Ù@�+Ý¼ËgÖ[Ò'XÌOËgÝ¼ÏgÚ�Ì�Ò

v(t) 6 z∗(t, σ)
ÏpÈ[ËpÜ¼ÔOËgÚ�Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ

limϑ→∞
mes{t ∈ [0, ϑ] : v(t) 6 0}

ϑ
> κ∗(σ),

Þ�Ñ�ÚOÑ�Ö¼Ñ�Ë®¯{ÞaÌ�ÙaÌ�Ò
È[ËgÝaÚ�Ý¼Ñ8Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�Ì�Ô
freq ∗(ω) > κ∗(σ).¡%ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ

freq ∗(ω) > κ∗(σ)
Ü[Ñ�Þ�Ò��{ÍmÌ�Ò�ËgÚOÏr×KÒJÝ[Ò
È[Ñ�«{ÙaÊaÝ¼Ña�

é ���´�Dw�àQ��äæá�w ç$é�á�é+�Qç$é+��ZQ��çêWq� ç0â(á���wX� �q�Q��á�àq�Qá��qé+�Sw�ç$é+�
¡�ÒJÕ¼Ñ�ØWÝaÙ¼ØmÛ¼ÊaÚOÑ�ØWÍ Õ¼ÑJÈ¼áW�{ÔOË{Ø�Ïr×ÐÏpÈ[ËpÜ¼Ô�ÉBª�Ù¼ØWÙÐÑ�ã�Ñ��{Ý[Ò{Ê¼ËgÝaÙa×aØWÙ

A(σ)
.
=
{

(t, x) ∈ R+ ×Rn : x ∈ A(t, ω0)
}
, ω0 = (σ,X0),

Ar(σ)
.
=
{

(t, x) ∈ R+ × Rn : ρRn
(
x,A(t, ω0)

)
6 r(t, σ)

}
, Br(σ)

.
= Ar(σ) \ A(σ).

_ >�9���N`�a	D��QRP��ëÚUHÅ§ÐÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ
A(σ)

ã�Ô
Ü[Ë{Ø�Ý[Ò��{ÍmÌ�ÒJÚ�á ø"ðQï�ðQúTø"ðQú�+/ü7ø"ë�úÅø��Tï
z�ìqúTñOõ�ï�÷ZúTï�ñTðS�
ñTö$í Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ�Ô�ÕaÖ[ÒJÌ�È¼×aË{Ø�Ñ�¨3ÏgÙ¼ÏgÚOË{ØWÍ

ẋ =

∫

U
f(htσ, x, u)ηt(du),

© 	����'¬

Ë{ÏpÈ¼Ù½ÜaÈ¼×ÅÈ¼ÉEã�Ñ�¨½ÚOÑ�ÊaÞaÙ
x0 ∈ X0

Ý[Ò�¨�Ü[ËgÚOÏr×#Ú�ÒJÞ�Ñ�Ë�Ö¼Ë7£�ËgÝaÙ¼Ë
ϕ(t, σ)

Ì�Þ�È¼É�Ê¼ËgÝaÙa×

ẋ ∈ F (htσ, x), F (σ, x) = co{y ∈ Rn : y = f(σ, x, u), u ∈ U}, © 	�� »�¬
ÊaÚOÑ

ϕ(t, σ)
Ñ�ÕaÖ¼ËpÜ[ËpÈ[ËgÝ¼Ñ�ÕaÖaÙ#ÌOÏ{Ë�¤

t > 0, ϕ(0, σ) = x0
Ù

freq ∗(ϕ)
.
= lim
ϑ→∞

mes{t ∈ [0, ϑ] : ϕ(t, σ) ∈ A(t, ω0)}
ϑ

= 1, ω0 = (σ,X0).
© 	�� ��¬

��Ò
È[Ë{Ë�Û
A(σ)

ã�Ô
Ü[Ë{Ø�Ý[Ò��{ÍmÌ�ÒJÚ�á ø��Tï
z�ìµúTñOõ�ï�÷ZúTï�ñTðQñTö$í ÛZË{ÏpÈ¼ÙîÜaÈ¼×îÝ¼ËgÞ�Ñ�ÚOÑ�Ö¼Ñ�«XÑ Ö¼Ë7£�ËgÝaÙa× ϕ(t, σ)Ì�Þ�È¼É�Ê¼ËgÝaÙ¼Ë
ϕ(t, σ) ∈ A(t, ω0)

Ì�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼Ñ�ÕaÖaÙ#ÌOÏ{Ë�¤
t > 0.

�.�=�����=�=�;�;�ëì*�3íX �¸ ¨ ¯.±�¥1¯$°1³�£ ¨�î�ï/ð1ñ5ò§ó&ô
õXö=õ÷ð�ø�ï/ùBúNòNò§ï�õ ¾
¸�¡1 � ª º�¤�¯ ¨I® ¦§¥1¦§£�¤�¯.´÷»üû
½ Ã Á$¸�¡�¥hËÌ¥�¢aý¦§¥�¡ ¨ 5 �±�± ¨ ¯ σ ±1 �ÄN´D5 �¤N£I¦åºx£� �¢a �º&¸1 �¡1  (ϕ(t), ηt
)
,
³�£ ¨ ¾
¸�¡1 � ª ¤N±�¥�¤ t→ ηt ∈ rpm(U)

¥�Ä�¯.¤N¡�¥1¯ ¨ °IËÌ¾
±�¢�þ�¥aº

j(k+lNm(j(k;n(j(oqpsrtm(j(ovuwm(x(oNy0zE{9{9|TyZ};~"�@yO��z@y���~�zE�/���ZzE�9�



zE�9{ �^�'�t�'�.�9�������9�;�����^�T�T�����/���

t → ϕ(t)
  © ¦ ¨�ª ¬�£�± ¨ ±�¤N¸�¡�¤N¡�´DI±1 �¥ ϕ̇(t) =

∫

U

f(htσ, ϕ(t), u)ηt(du)
¸�¡�¥h¸ ¨ ³�£�¥�5¦§¤§µ t ∈ R+.

Ï   ª ¤N¤I°B¤�¦�ý
ª ¥!¦§¾ ¹ ¤�¦§£�I¾I¤N£&¸ ¨ ¢�¡1  ® ±�¤ ® ¯.¤N¡�¤ ¨ «B¥�±�« ¨ ¸�¾5¦§£�¥1¯.´ ® ¸�¡ ¨ þ�¤�¦N¦ (ϕ(t), ηt)

¦§¥1¦§£�¤�¯.´Ó»üû
½ Ã Á�°�£ ¨ ϕ(t)
º� ª º�¤N£I¦åº¡�¤NÎx¤N±�¥�¤�¯b«B¥1ËXËÌ¤N¡�¤N±�þ�¥1  ª1· ± ¨I²N¨ I¢ ª ¬�³�¤N±�¥aºb»üû
½ Ç Á�½aÿ�¤N¡�± ¨ ¥ ¨I© ¡1 �£�± ¨ ¤IÂ
¤�¦ ª ¥S¯.± ¨ ¶&¤�¦§£� ¨ ¡�¤NÎx¤N±�¥ ® I¢ ª ¬`ý³�¤N±�¥aº{»üû
½ Ç Á�° ¨ ¸�¡�¤�«B¤ ª�� ±�±�´$µ3±1  R+,

±�¤N¸�¾5¦§£ ¨ °B£ ¨ 5¦åº�¢ ¨ ¯.¾�£� �¢ ¨ ¯.¾�¡�¤NÎx¤N±�¥�¬ ϕ(t) ¨ £�I¤N³1 �¤N£�« ¨ ¸�¾5¦§£�¥1¯.´ ®¸�¡ ¨ þ�¤�¦N¦ (ϕ(t), ηt)
¦§¥1¦§£�¤�¯.´J»üû
½ Ã Á�½

Y���M=9��B:�S �UH�� ��ø"ðS�Þõ�ö�îTì��TñOü7ñTö���ø��Tì�õ�úBM 1 ú 2,
ó ��ñTë��TúBM A ��ù�ì�õ��Oü7ð(õ�ì>÷*MOü7ð���ø��Tì�õ�ú��

M9í © e¼���'¬ L ó úTë�ø"ú�÷Zì�õ�ï�ñTìÅí3ñTì'û¢ü7ø"ð(õ�ì X0 ∈ comp(Rn) úwù��BMwë�ï�ûÞù�ì�ÿ�ðQì5+9ë�ú x0 ∈ X0 õ�øNMTë�ì�ü
÷�ü/�(ü7ñTúOüqõ�ë5���X+/ü7ñTúBM © 	�� »�¬ LX��ù�ì�õ��Oü7ð(õ�ì>÷*M��Xg(ü"üQñTï
+9ï�����ñTì�í��-��ø��Tì�õ�ú�� x(0) = x0, î�÷Zì�ù�ì��@ûÞïWü#í3ì
ñTï^îTì�����ì�ø�� R+ = [0,∞).� ��ø"ðS�aL;ù�ï��Oü"ü�L;ø���g(ü7ø"ð(õ5����ðýñOü7î�÷�ü�÷Zö�õ�ñTö�ü®ø"ë�ï��BM�÷ZñTö�ü ó ��ñTë��TúTú V (t, σ, x) ú w(σ, z) îOü�÷�ü/�
í®ü7ñTñTö�H (t, σ, x) ∈ R+ × Σ× Rn ú (σ, z) ∈ Σ×R L�ðQï�ë�úOü�L`+9ðQì�k

1.
O �BM\ë�ï�ûÞù�ì
0�ì σ õ�ü�÷�H@ñOü"ü.÷�ü/�(ü7ñTúOü z∗(t, σ) ô�ï�ù�ï
+9ú

ż = w(htσ, z), z(0) = 0, t > 0,
© 	�� e9¬

ì�î�÷�ü7ù�ü��Oü7ñTìQî�÷Zú³õ�ø�üNH t > 0 ú

lim
ϑ→∞

mes{t ∈ [0, ϑ] : z∗(t, σ) 6 0}
ϑ

= 1.
© 	�� ��¬

2.
O �BMæë�ï�ûÞù�ì
0�ì σ õÅì5z��Tï�ø"ðQú A1+r(σ), 0�ù�ü r(t, σ)

.
= max{z∗(t, σ), 0}, ó ��ñTë��TúBM V (t, σ, x)

MOõ��BMOü7ðQøNM ó ��ñTë��TúOü7ÿ-�xMTî���ñTì�õ�ï5L+ú³î�÷Zú³õ�ø�üNH (t, x) ∈ A1+r(σ) õ�ö�îTì��TñOü7ñTìQñOü�÷9ïWõ�ü7ñTø"ð(õ�ì
min
u∈U

V o
(
t, σ, x; f(htσ, x, u)

)
6 w

(
htσ, V (t, σ, x)

)
.

© 	�� ¼�¬
� ì
0�ù�ïNî�÷Zú³ë�ï�ûÞù�ì�í σ ∈ Σ í3ñTì'û¢ü7ø"ð(õ�ì A(σ) ø"ðQï�ðQúTø"ðQú�+/ü7ø"ë�úø��Tï
z�ì(úTñOõ�ï�÷ZúTï�ñTðQñTì�P�.�=�����=�=�;�;���*��� ¨ I£ ¨ ¡5ºaºx« ¨ ¢a �Ä� �£�¤ ª1· ¦§£� ¨Ìª ¤�¯4¯.´�¿�¥�¾
³�¥�£�´D5 �º�±�¤N¸�¡�¤N¡�´DI± ¨ ¦§£ · ¡�¤NÎx¤N±�¥aº ϕ(t, σ)¸ ¨ t, ¯ ¨ ¶�± ¨ « ¨ ¢a �Ä� �£ · °=³�£ ¨ ¯.± ¨ ¶&¤�¦§£� ¨ {t ∈ [0, ϑ] : ϕ(t, σ) ∈ A(t, ω0)}, ¨ ¸�¡�¤�«B¤ ª º�¬ ¹ ¤N¤À¸�¡�¤�«B¤ ª »üû
½ Í Á�°¥�Ä�¯.¤N¡�¥1¯ ¨ ¸ ¨�Å ¤ © ¤ ² ¾x¸�¡�¥�¢a �¶&« ¨ ¯ ϑ > 0. � £I¯.¤N£�¥1¯$°
¢�¡ ¨ ¯.¤�£ ¨I²N¨ °�³�£ ¨ x¦§¥ ª ¾ ª ¤�¯4¯.´ Í ±�¤N¡1 �I¤N±1¦§£� ¨ »üû
½ �5ÁÐN¢�I¥�5  ª ¤N±�£�± ¨ ±�¤N¡1 �I¤N±1¦§£�I¾ V omin

(
t, σ, x)

)
6 w

(
htσ, V (t, σ, x)

)
.

O ì�ë�ï'ô�ï�ð(ü�����ø"ð(õ�ì^ð(ü7ì>÷�ü#í3ö	�®÷9ï'ô�ì5z5�Bf!íþñTïNñOü7ø"ë�ì�����ë�ì(î���ñTë�ðQì�õ�P
 H1¾EÖaÙ#Þ�ÒJâ�Ü[Ñ�Ø
σ ∈ Σ

Ù#ÌOÏ{Ë�¤
(t, x) ∈ A1+r(σ)

Õ¼Ñ�ÏgÚ�Ö¼Ñ�Ù¼Ø ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ

U0 = U0(t, σ, x) =
{
u ∈ U : V o

(
t, σ, x; f(htσ, x, u)

)
6 w

(
htσ, V (t, σ, x)

)}
.

© 	�� 	W¬
¾%Ñ�Þ�ÒJâ�Ë{ØmÛUÊaÚOÑ8ÕaÖaÙKß%ÙaÞ�ÏgÙaÖ¼Ñ�Ì�ÒJÝaÝaÍ.¤

t, σ, x
ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ

U0(t, σ, x)
Ý¼ËgÕaÔOÏgÚOÑaÛZ�
Ò�ØWÞaÝaÔ�ÚOÑ8ÙÂÛäÏpÈ[ËpÜ[Ñ�X

Ì�ÒJÚOËpÈ¼á�Ý¼ÑaÛ ë�ì�í3îTï�ë�ðQñTì ����Ë7¨¼ÏgÚ�Ì�ÙaÚOËpÈ¼á�Ý¼ÑaÛ¼Ý¼ËgÕaÔOÏgÚOÑ�Ú�Ò U0(t, σ, x)
ÏpÈ[ËpÜ¼ÔOËgÚ5Ù@�EÌ�ÚOÑ�Ö¼Ñ�«XÑ5ÔOÏpÈ[Ñ�Ì�Ùa×ÅÚOË{Ñ�X

Ö¼Ë{ØWÍ�����Ò
È[Ë{Ë�Û[Ë{ÏpÈ¼Ù#Õ¼Ñ�ÏpÈ[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼Ñ�ÏgÚ�á {ui} Ú�ÒJÞ�Ñ�Ì�Ò�Û[ÊaÚOÑ ui ∈ U0
Ù
ui → u,

ÚOÑ
f(htσ, x, ui)→

f(htσ, x, u)
Ù#Ì�ÏgÙ�È¼Ô-È¼ÙaÕ@£�Ùaà¼ËgÌOÑ�ÏgÚ�Ù3ß%Ô�ÝaÞaàaÙaÙ

q → V o(t, σ, x; q),

V o
(
t, σ, x; f(htσ, x, u)

)
= lim

i→∞
V o
(
t, σ, x; f(htσ, x, ui)

)
6 w

(
htσ, V (t, σ, x)

)
.

��È¼×ÅÜäÒ
È¼á�Ý¼Ë7¨@£�Ë7«XÑ�Ý[Ò�Ø Õ¼Ñ�Ý[Ò
Ü[Ñ�ã�ÙaÚOÏr×3ÏpÈ[ËpÜ¼Ô�ÉBª5ÒJ×-È[Ë{Ø�Ø�Ò��
G-�B:�:�S��äH� úTë�ø"ú�÷;�Eü#í σ ∈ Σ, ðQì5+9ë�� (t0, x0) í3ñTì'û¢ü7ø"ð(õ�ï A1+r(σ) ú u0 ∈ U0(t0, σ, x0).� ì
0�ù�ï^ù��BM-���Xz�ì
0�ì ε > 0 ñTï�ÿTùaf�ðQøNM³ðQï�ë�ì�ü δ > 0, +9ðQì(ù��BMÈõ�ø�üNH (t, x) ∈ A1+r(σ), ��ù�ì�õ��Oü7ð(õ�ì>÷*M��

�XgQú�H³ñOü�÷9ïWõ�ü7ñTø"ð(õ5� |t− t0|+ |x− x0| 6 δ, õ�ö�îTì��TñOü7ñTì(ñOü�÷9ïWõ�ü7ñTø"ð(õ�ì
V o
(
t, σ, x; f(htσ, x, u0)

)
6 w

(
htσ, V (t, σ, x)

)
+ ε.

© 	�� Í�¬

j(k+lNm(j(k;n(j(oqpsrtm(j(ovuwm(x(oNy1zE{9{9|Ty�};~"�@yO��z@yZ��~BzE�/���ZzE�9�



Ï+Ð � Ð ��Ñ Ð ��ÒOÓ'Ñ'�/��ÓÅÔ���Õ9�E� Ð Ó�ÕZ��Ñ Ð ���/�LÖv���E×·Ó'Ñ Ð �E�Ø����Ñ Ð �1×·�ZÖv��Ñ Ð � zE��c

��Ë7¨¼ÏgÚ�Ì�ÙaÚOËpÈ¼á�Ý¼ÑaÛ
Õ¼ËgÖ¼ËgÕaÙ@£�Ë{Ø#Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ
V o
(
t0, σ, x0; f(ht0σ, x0, u0)

)
6w

(
ht0σ, V (t0, σ, x0)

)
,Þ�Ñ�ÚOÑ�Ö¼Ñ�Ë�Ì�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼Ñ�Ì8ÏgÙ�È¼Ô-ÔOÏpÈ[Ñ�Ì�Ùa×

u0 ∈ U0(t0, σ, x0),
Ì�Ì�Ù�Ü[Ë

V o
(
t, σ, x; f(htσ, x, u0)

)
6 w

(
htσ, V (t, σ, x)

)
+
(
w
(
ht0σ, V (t0, σ, x0)

)
− w

(
htσ, V (t, σ, x)

))
+

+
(
V o
(
t, σ, x; f(htσ, x, u0)

)
− V o

(
t0, σ, x0; f(ht0σ, x0, u0)

))
.
© 	�� �¬

  ÏgÙ�È¼ÔÐÝ¼ËgÕaÖ¼ËgÖaÍmÌ�Ý¼Ñ�ÏgÚ�Ù@ß%Ô�ÝaÞaàaÙ@¨
V
Ù
w
Õ¼Ñ

(t, x),
Õ¼ËgÖaÌ�ÒJ×3Ö[Ò��{Ý¼Ñ�ÏgÚ�á#ÌÅÕaÖ[ÒJÌOÑ�¨FÊ[Ò�ÏgÚ�ÙKÝ¼ËgÖ[ÒJÌOËgÝ/X

ÏgÚ�Ì�Ò © 	�� �¬mÏgÚ�Ö¼Ë{ØWÙaÚOÏr×ÐÞÐÝaÔ
È¼É ÕaÖaÙ
(t, x) → (t0, x0),

Ò5Ì�ÚOÑ�Ö[ÒJ×#Ö[Ò��{Ý¼Ñ�ÏgÚ�á¼ÛäÌ8ÏgÙ�È¼Ô½Ý¼ËgÕaÖ¼ËgÖaÍmÌ�Ý¼Ñ�ÏgÚ�Ù
ß%Ô�ÝaÞaàaÙaÙ

(t, x)→ f(htσ, x, u0)
Ù½Õ¼ÑJÈ¼Ô�Ý¼ËgÕaÖ¼ËgÖaÍmÌ�Ý¼Ñ�ÏgÚ�ÙFÏgÌOËgÖ�¤�Ô½ß%Ô�ÝaÞaàaÙaÙ

(t, x, q)→ V o(t, σ, x; q)¹���¼aÛaÏ��r�W»'º�Û�Ü[Ñ�ÕaÔOÏgÞ�Ò�ËgÚÅÑ�à¼ËgÝaÞaÔ

V o
(
t, σ, x; f(htσ, x, u0)

)
− V o

(
t0, σ, x0; f(ht0σ, x0, u0)

)
6 ε/2

ÕaÖaÙ
(t, x)

Û¼ãJÈ¼Ù@�{ÞaÙ/¤½Þ
(t0, x0),

ÊaÚOÑ5ÙÅÜ[Ñ�Þ�Ò��{ÍmÌ�Ò�ËgÚ8È[Ë{Ø�ØWÔO�
�-H1§ÐÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ô

U0(t, σ, x)
© Ï{Øm� © 	�� 	W¬�¬pÛ¼Ñ�Ú�ÌOËgÊ[ÒJÉ�Ú8Ô�ÕaÖ[ÒJÌ�È¼×aË{Ø�ÒJ×#ÏgÙ¼ÏgÚOË{Ø�Ò

ẋ = f(htσ, x, u), u ∈ U0(t, σ, x),
«rÜ[Ë

σ ∈ Σ , (t, x) ∈ A1+r(σ),
© 	�����d�¬

Ù½Ü¼Ù¼ß�ß�ËgÖ¼ËgÝaàaÙ[Ò
È¼á�Ý¼Ñ�Ë%Ì�Þ�È¼É�Ê¼ËgÝaÙ¼Ë

ẋ ∈ F0(t, σ, x), F0(t, σ, x)
.
= co f

(
htσ, x, U0(t, σ, x)

)
,

© 	������'¬
ÌOÏr×�Þ�Ñ�Ë#Ö¼Ë7£�ËgÝaÙ¼ËÅÞ�Ñ�ÚOÑ�Ö¼Ñ�«XÑ�Ñ{Ü¼Ý¼Ñ�Ì�Ö¼Ë{Ø�ËgÝaÝ¼Ñ�×�Ì�È¼×aËgÚOÏr×=Ù=Ö¼Ë7£�ËgÝaÙ¼Ë{ØðÙ¼Ï�¤�Ñ{Ü¼Ý¼Ñ�«XÑ�Ü¼Ù¼ß�ß�ËgÖ¼ËgÝaàaÙ[Ò
È¼á�X
Ý¼Ñ�«XÑ8Ì�Þ�È¼É�Ê¼ËgÝaÙa× © 	�� »�¬p�Z¡�ÒJÕ¼Ñ�ØWÝaÙ¼ØmÛäÊaÚOÑ�Ü[Ñ�ÕaÔOÏgÚ�Ù¼ØWÍ�¨KÕaÖ¼Ñ�à¼Ë{Ï{Ïq�
Ò
ÜäÒ{ÊaÙ © 	�����d�¬ Û ¯{ÚOÑ�Ú�ÒJÞ�ÒJ×3Õ[ÒJÖ[Ò
(ϕ(t), ηt),

ÊaÚOÑ
ϕ(t) Û Ö¼Ë7£�ËgÝaÙ¼Ë+ÏgÙ¼ÏgÚOË{ØWÍ

ẋ =

∫

U0(t)
f(htσ, x, u) ηt(du),

© 	�����»�¬

«rÜ[Ë
U0(t) = U0(t, σ, ϕ(t)), ηt ∈ rpm

(
U0(t)

)
.
Î�ÏpÈ¼Ù

(ϕ(t), ηt) Û Ü[Ñ�ÕaÔOÏgÚOØWÍ�¨@ÕaÖ¼Ñ�à¼Ë{Ï{Ï�ÛÂÚOÑ
ϕ(t) ÛÖ¼Ë7£�ËgÝaÙ¼Ë8Ì�Þ�È¼É�Ê¼ËgÝaÙa× © 	������'¬p�� ÁËgÖaÝ¼ÑÐÙ@Ñ�ã�Ö[ÒJÚ�Ý¼Ñ�Ë-Ô�Ú�ÌOËgÖ�â�Ü[ËgÝaÙ¼Ë�ÓWË{ÏpÈ¼Ù

ϕ(t) Û Ö¼Ë7£�ËgÝaÙ¼Ë8Ì�Þ�È¼É�Ê¼Ë�X
ÝaÙa× © 	������'¬pÛJÚOÑ¯Ý[Ò�¨�ÜO¿gÚOÏr×�Ú�ÒJÞ�Ñ�ËÀÔ�ÕaÖ[ÒJÌ�È[ËgÝaÙ¼Ë

ηt,
ÊaÚOÑ¯Õ[ÒJÖ[Ò

(ϕ(t), ηt)
Ñ�ã�Ö[Ò��{ÔOËgÚ�Ü[Ñ�ÕaÔOÏgÚ�Ù¼ØWÍ�¨�ÕaÖ¼Ñ�à¼Ë{Ï{Ï

�
Ò
ÜäÒ{ÊaÙ © 	�����d�¬p�
G-�B:�:�S��]HmO �BMÈë�ï�ûÞù�ì
0�ì σ ∈ Σ

ó ��ñTë��TúTú (t, x) → U0(t, σ, x), (t, x) → F0(t, σ, x) îTì�����ñOü/�
î�÷�ü�÷Zö�õ�ñTöwø�õ�ü�÷�H*�Åî�÷Zú³õ�ø�üNH (t, x) ∈ A1+r(σ).

O ì�ë�ï'ô�ï�ð(ü�����ø"ð(õ�ì�P ¾EÔOÏgÚ�á
(ti, xi) → (t, x)

Ù
ui → u,

«rÜ[Ë
ui ∈ U0(ti, σ, xi).

\ Ô�ÊT¿gÚOÑ�Ø
ÚOË{Ñ�Ö¼Ë{ØWÍ �EÔ�Ö[ÒJÚOÑ�ÌOÏgÞ�Ñ�«XÑaÛ�Ü[Ñ�ÏgÚ�ÒJÚOÑ�ÊaÝ¼Ñ�Õ¼Ñ�Þ�Ò��
ÒJÚ�á¼ÛÀÊaÚOÑ

u ∈ U0(t, σ, x)
© Ï{Øm��¹��7e¼Û�Ï��>»Wd�e�º&¬p�;  ÏgÙ�È¼Ô

Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�Ì�Ò © 	�� Í�¬pÛaÝ[Ò�¨�ÜO¿gÚOÏr×#Ú�ÒJÞ�ÒJ×#Õ¼Ñ�ÏpÈ[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼Ñ�ÏgÚ�á {εi}, ÊaÚOÑ εi > 0, εi → 0
Ù

V o
(
ti, σ, xi; f(htiσ, xi, u)

)
6 w

(
htiσ, V (ti, σ, xi)

)
+ εi.

¾%ËgÖ¼Ë�¤�Ñ{Ü¼×#Þ½ÕaÖ¼ËpÜ[ËpÈ¼ÔOÛaÕ¼ÑJÈ¼Ô�ÊaÙ¼Ø=Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ
V o
(
t, σ, x; f(htσ, x, u)

)
6 w

(
htσ, V (t, σ, x)

)
,
Ù@�%Þ�Ñ�X

ÚOÑ�Ö¼Ñ�«XÑ8ÏpÈ[ËpÜ¼ÔOËgÚ�Ì�Þ�È¼É�Ê¼ËgÝaÙ¼Ë
u ∈ U0(t, σ, x).¾EÔOÏgÚ�á5ÚOËgÕ¼ËgÖaá

(ti, xi)→ (t, x)
Ù
pi → p,

«rÜ[Ë
pi ∈ F0(ti, σ, xi).

¾%Ñ�Þ�ÒJâ�Ë{ØmÛ¼ÊaÚOÑ
p ∈ F0(t, σ, x).Æ%��Ì�Þ�È¼É�Ê¼ËgÝaÙa×

pi ∈ F0(ti, σ, xi)
Ù½ÚOË{Ñ�Ö¼Ë{ØWÍ ��ÒJÖ[ÒJÚOË{Ñ{Ü[Ñ�ÖaÙKÏpÈ[ËpÜ¼ÔOËgÚJÛ¼ÊaÚOÑ

pi = λ1
i f(htiσ, xi, u

1
i ) + · · ·+ λn+1

i f(htiσ, xi, u
n+1
i )

© 	����X��¬
ÕaÖaÙîÝ¼ËgÞ�Ñ�ÚOÑ�ÖaÍ.¤

λki > 0, λ1
i + · · · + λn+1

i = 1, uki ∈ U0(ti, σ, xi).
¾EÔOÏgÚ�á

λki → λk, uki → uk© Ì�ÕaÖ¼Ñ�Ú�ÙaÌ�Ý¼Ñ�Ø�ÏpÈ¼Ô�Ê[Ò�ËmÕ¼ËgÖ¼Ë7¨�ÜO¿{Ø�Þ�Õ¼Ñ{Ü¼Õ¼Ñ�ÏpÈ[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼Ñ�ÏgÚ
×aØ+¬pÛaÚOÑ�«rÜäÒ
uk ∈ U0(t, σ, x)

ÛOÙ�Ù@� © 	����X��¬
Ù¼Ø�Ë{Ë{Ø

p = λ1f(htσ, x, u1) + · · · + λn+1f(htσ, x, un+1).
\ È[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼ÑaÛ

p ∈ F0(t, σ, x).

j(k+lNm(j(k;n(j(oqpsrtm(j(ovuwm(x(oNy0zE{9{9|TyZ};~"�@yO��z@y���~�zE�/���ZzE�9�



zE�/z �^�'�t�'�.�9�������9�;�����^�T�T�����/���

� H�Æ%�+Ü[Ñ�Þ�Ò��
ÒJÝaÝ¼Ñ�«XÑ½Ù3ÚOË{Ñ�Ö¼Ë{ØWÍ·Á��N�-�N�+Ù�È¼ÙaÕaÕ¼Ñ�Ì�ÒØ¹��7e¼ÛäÏ��>»��X�'º�ÏpÈ[ËpÜ¼ÔOËgÚJÛUÊaÚOÑ�Ü¼Ù¼ß�ß�ËgÖ¼ËgÝaàaÙ[Ò
È¼á�Ý¼Ñ�Ë
Ì�Þ�È¼É�Ê¼ËgÝaÙ¼Ë © 	������'¬EÙ¼Ø�Ë{ËgÚ3Õ¼Ñ#ÞaÖ[Ò�¨aÝ¼Ë7¨@Ø�ËgÖ¼Ë-Ñ{Ü¼Ý¼Ñ#Ö¼Ë7£�ËgÝaÙ¼Ë

ϕ(t),
Ô
Ü[Ñ�Ì�È[ËgÚ�ÌOÑ�Ö�×�ÉBª�Ë{Ë^�
Ò
ÜäÒJÝaÝ¼Ñ�ØWÔ

Ý[Ò{Ê[Ò
È¼á�Ý¼Ñ�ØWÔ3ÔOÏpÈ[Ñ�Ì�ÙaÉ
x(0) = x0

Û¼Ù3ÌÅÏgÙ�È¼Ô#ÔOÏpÈ[Ñ�Ì�Ùa×3ÚOË{Ñ�Ö¼Ë{ØWÍ Ñ�Ý¼ËpÈ[Ñ�Þ�Ò
È¼á�Ý¼Ñ�¨�ÕaÖ¼Ñ{Ü[ÑJÈ¼â�Ò�Ë{Ø�Ñ�ÏgÚ�Ù
ÌOÏ{Ë�¤FÖ¼Ë7£�ËgÝaÙ@¨�Ì�ÕaÖ[ÒJÌOÑaÛ]Þ�ÒJâ�Ü[Ñ�Ë�Ö¼Ë7£�ËgÝaÙ¼Ë�Ñ�ÕaÖ¼ËpÜ[ËpÈ[ËgÝ¼Ñ#ÕaÖaÙFÌOÏ{Ë�¤

t > 0.
 ÁÏr×�Þ�Ñ�ØWÔKÖ¼Ë7£�ËgÝaÙaÉ

ϕ(t)Ñ�Ú�ÌOËgÊ[Ò�ËgÚ�Ú�ÒJÞ�Ñ�ËÎÔ�ÕaÖ[ÒJÌ�È[ËgÝaÙ¼Ë
ηt ∈ rpm(U0(t)),

ÊaÚOÑEÕ[ÒJÖ[Ò
(ϕ(t), ηt)

Ñ�ã�Ö[Ò��{ÔOËgÚ%Ü[Ñ�ÕaÔOÏgÚ�Ù¼ØWÍ�¨�ÕaÖ¼Ñ�à¼Ë{Ï{Ï
Ô�ÕaÖ[ÒJÌ�È¼×aË{Ø�Ñ�¨3ÏgÙ¼ÏgÚOË{ØWÍ © 	�����»�¬p�

G-�B:�:�S��]H�� ÷Zúæë�ï�ûÞù�ì�í σ ∈ Σ úe���Xz�ì�í ù�ì�î���ø"ðQú9í3ì�í î�÷Zì5�Oü7ø"ø�ü (ϕ(t), ηt) ��î�÷9ïWõ��BMOü#í3ì�ÿ
ø"úTø"ð(ü#í3ö © 	�����d�¬ L�0�ù�ü ηt ∈ rpm

(
U0(t)

)
, U0(t) = U0

(
t, σ, ϕ(t)

)
, ú9í®ü"ü7ðËí®ü7ø"ðQì(ñOü�÷9ïWõ�ü7ñTø"ð(õ�ì

V o
(
t, σ, ϕ(t);

∫

U0(t)
f(htσ, ϕ(t), u)ηt(du)

)
6 w

(
htσ, V (t, σ, ϕ(t))

)
.

© 	����7e9¬
� ì��'ðQì�í��³ü7ø��Tú v(t) = V

(
t, σ, ϕ(t)

)
, ðQì V o

min

(
t, σ, ϕ(t)

)
6 v̇(t) 6 w

(
htσ, v(t)

) î�÷ZúÈîTì5+9ðQúæõ�ø�üNH
t ∈ R+.��Ñ�Þ�ÒJâ�Ë{ØîÝ¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ © 	����7e9¬p�TÚRÒJÞÐÞ�ÒJÞ#ÌOËgÞaÚOÑ�Ö

q(t) =

∫

U0(t)
f(htσ, ϕ(t), u)ηt(du)

×�Ì�È¼×aËgÚOÏr×�Ù@�XØ�ËgÖaÙ¼ØWÍÎØ�Ï{ËgÊ¼ËgÝaÙ¼Ë{Ø�ØWÝ¼Ñ�«XÑ��{Ý[Ò{ÊaÝ¼Ñ�¨Åß%Ô�ÝaÞaàaÙaÙ
t→ F0(htσ, ϕ(t)),

ÚOÑaÛ�Ì+ÏgÙ�È¼Ô�ÚOË{Ñ�Ö¼Ë{ØWÍ
��ÒJÖ[ÒJÚOË{Ñ{Ü[Ñ�ÖaÙÂÛ[ÕaÖaÙ#Þ�ÒJâ�Ü[Ñ�Ø

t
Ï{ËgÊ¼ËgÝaÙ¼Ë

q(t)
ÕaÖ¼ËpÜ[ÏgÚ�ÒJÌ�Ù¼Ø�Ñ8Ì5Ì�Ù�Ü[Ë%Ì�ÍmÕaÔ�Þ�È[Ñ�¨ÐÞ�Ñ�Ø�ã�ÙaÝ[ÒJàaÙaÙ

λ1(t)f(htσ, ϕ(t), u1(t)) + . . . + λn+1(t)f(htσ, ϕ(t), un+1(t))

ÚOÑ�Ê¼ËgÞ
f(htσ, ϕ(t), ui(t))

ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò
F0(htσ, ϕ(t)).

¾%Ñ�¯{ÚOÑ�ØWÔ
ui(t) ∈ U0(t)

Û[Ù3Ï%Ô�ÊT¿gÚOÑ�ØîÕ¼ÑJÈ[ÑXâ5Ù/X
ÚOËpÈ¼á�Ý¼Ñ�¨3Ñ{Ü¼Ý¼Ñ�Ö¼Ñ{Ü¼Ý¼Ñ�ÏgÚ�Ù3ÙÐÏgÔ�ãOÒ
ÜaÜ¼ÙaÚ�ÙaÌ�Ý¼Ñ�ÏgÚ�Ù3ß%Ô�ÝaÞaàaÙaÙ

q → V o(t, σ, x; q)
Õ¼ÑJÈ¼Ô�Ê[Ò�Ë{Ø Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�Ì�Ò

V o
(
t, σ, ϕ(t);

∫

U0(t)
f(htσ, ϕ(t), u)ηt(du)

)
6

6 λ1(t)V o
(
t, σ, ϕ(t); f(htσ, ϕ(t), u1(t))

)
+ . . . + λn+1(t)V o

(
t, σ, ϕ(t); f(htσ, ϕ(t), un+1(t))

)
6

6 max
u∈U0(t)

V o
(
t, σ, ϕ(t); f(htσ, ϕ(t), u)

)
6 w

(
htσ, V (t, σ, ϕ(t))

)
,

Ù@��Þ�Ñ�ÚOÑ�ÖaÍ.¤½ÙÐÏpÈ[ËpÜ¼ÔOËgÚ�Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ © 	����7e9¬p�
�KHW§ÐÍFÕ¼Ñ�ÏgÚ�Ö¼Ñ�Ù�È¼Ù+Ú�ÒJÞ�Ñ�¨+Ü[Ñ�ÕaÔOÏgÚ�Ù¼ØWÍ�¨+ÕaÖ¼Ñ�à¼Ë{Ï{Ï

(ϕ(t), ηt)
Ô�ÕaÖ[ÒJÌ�È¼×aË{Ø�Ñ�¨+ÏgÙ¼ÏgÚOË{ØWÍ © 	����'¬pÛ{ÊaÚOÑÎß%Ô�ÝaÞ/X

àaÙa×
v(t) = V

(
t, σ, ϕ(t)

) Ô
Ü[Ñ�Ì�È[ËgÚ�ÌOÑ�Ö�×aËgÚ5Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�Ì�Ô
v̇(t) 6 w

(
htσ, ϕ(t)

)
,
Ò�Ù@��ÔOÏpÈ[Ñ�Ì�Ùa×

x0 ∈ X0ÏpÈ[ËpÜ¼ÔOËgÚJÛ�ÊaÚOÑ�Ì�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼Ñ�Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ
v(0) 6 0.

¾%Ñ�¯{ÚOÑ�ØWÔ
v(t) 6 z∗(t, σ),

«rÜ[Ë
z∗(t, σ) Û ÌOËgÖ�¤�Ý¼Ë{ËÖ¼Ë7£�ËgÝaÙ¼ËÅ�
Ò
ÜäÒ{ÊaÙ © 	�� e9¬p�Â��Ò
È[Ë{Ë�ÛRÌFÏgÙ�È¼Ô�ÔOÏpÈ[Ñ�Ì�Ùa× © 	�� ��¬pÛRÙ@�ÅÝ¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�Ì�Ò

v(t) 6 z∗(t, σ)
ÏpÈ[ËpÜ¼ÔOËgÚ

Ö[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ
lim
ϑ→∞

mes{t ∈ [0, ϑ] : v(t) 6 0}
ϑ

= 1,

Þ�Ñ�ÚOÑ�Ö¼Ñ�Ë®¯{ÞaÌ�ÙaÌ�Ò
È[ËgÝaÚ�Ý¼Ñ8Ö[ÒJÌOËgÝ¼ÏgÚ�Ì�Ô
freq ∗(ω) = 1.

�! �"$#&%� ��4)Å ÁËgÖaÝT¿{Ø�Ïr×#Þ½ÕaÖaÙ¼Ø�ËgÖaÔÐ	�ÛaÌ5Þ�Ñ�ÚOÑ�Ö¼Ñ�ØîØWÍ Ö[Ò�Ï{Ï{Ø�ÒJÚ�ÖaÙaÌ�Ò
È¼Ù3ÏgÙ¼ÏgÚOË{ØWÔ

ẋ =

∫

U
φ(t, x, u)ηt(du),

© 	����X��¬
«rÜ[Ë

U Û Þ�Ñ�ØWÕ[ÒJÞaÚ�Ý¼Ñ�Ë�ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ8Ì
Rm

ÛaÚ�ÒJÞ�Ñ�Ë�Û[ÊaÚOÑ
0 ∈ U, Ò5ß%Ô�ÝaÞaàaÙa× φ(t, x, u)

Ô
Ü[Ñ�Ì�È[ËgÚ�ÌOÑ�Ö�×aËgÚ
ÔOÏpÈ[Ñ�Ì�Ùa×aØ ÕaÖaÙ¼Ø�ËgÖ[Ò-���O§ÐÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ8Ü[Ñ�ÏgÚ�Ùaâ5Ù¼Ø�Ñ�ÏgÚ�Ù�ÏgÙ¼ÏgÚOË{ØWÍ © 	����X��¬mÙ@�+Ý[Ò{Ê[Ò
È¼á�Ý¼Ñ�¨KÚOÑ�ÊaÞaÙ

x0 = 0

j(k+lNm(j(k;n(j(oqpsrtm(j(ovuwm(x(oNy1zE{9{9|Ty�};~"�@yO��z@yZ��~BzE�/���ZzE�9�



Ï+Ð � Ð ��Ñ Ð ��ÒOÓ'Ñ'�/��ÓÅÔ���Õ9�E� Ð Ó�ÕZ��Ñ Ð ���/�LÖv���E×·Ó'Ñ Ð �E�Ø����Ñ Ð �1×·�ZÖv��Ñ Ð � zE�B}

ÌÐØ�Ñ�Ø�ËgÝaÚ#Ì�Ö¼Ë{Ø�ËgÝaÙ
t0 ∈ R

Ñ�ã�Ñ��{Ý[Ò{ÊaÙ¼Ø
A(t, t0), t > t0.

¾EÔOÏgÚ�á¼Û]ÞaÖ¼Ñ�Ø�Ë5ÚOÑ�«XÑaÛ0�
Ò
ÜäÒJÝ¼Ñ#ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ
A =

{
x ∈ Rn : x∗Qx 6 r2

}
,
«rÜ[Ë

Q
ÏgÙ¼Ø�Ø�ËgÚ�ÖaÙaÊaÝ[Ò5ÙAÑ�ÕaÖ¼ËpÜ[ËpÈO¿gÝaÝ¼Ñ�Õ¼ÑJÈ[ÑXâ5ÙaÚOËpÈ¼á�Ý[Ò�Û

r > 0.��È¼×8ÚOÑ�«XÑ+ÊaÚOÑ�ã�Í ÌOÑ�ÏgÕ¼ÑJÈ¼áW�XÑ�Ì�ÒJÚ�áOÏr×½ÚOË{Ñ�Ö¼Ë{Ø�Ñ�¨Â»�Û�Ö[Ò�Ï{Ï{Ø�Ñ�Ú�ÖaÙ¼Ø=Ñ�ÕaÖ¼ËpÜ[ËpÈO¿gÝaÝ¼Ñ�Õ¼ÑJÈ[ÑXâ5ÙaÚOËpÈ¼á�ÝaÔ�É
Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ-ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò

A
ß%Ô�ÝaÞaàaÙaÉ�É%×�ÕaÔ�Ý¼Ñ�Ì�Ò

V (x) = x∗Qx− r2.
Ú�Ñ�«rÜäÒ © Ï{Øm�aÕaÖaÙ¼Ø�ËgÖF	W¬

V o
min(t, x) = 2x∗Qφ

(
t, x, u−(t, x)

)
,

«rÜ[Ë
u−(t, x)

Ô
Ü[Ñ�Ì�È[ËgÚ�ÌOÑ�Ö�×aËgÚ8ÔOÏpÈ[Ñ�Ì�ÙaÉ ØWÙaÝaÙ¼ØWÔ�Ø�Ò

min
u∈U

x∗Qφ
(
t, x, u

)
= x∗Qφ

(
t, x, u−(t, x)

)
,

ÙFÕ¼Ñ�¯{ÚOÑ�ØWÔKË{ÏpÈ¼ÙFÝ[Ò�¨�Ü¼Ô�ÚOÏr×KÊaÙ¼ÏpÈ[Ñ
γ > r,

ß%Ô�ÝaÞaàaÙa×
α(t)

ÙKÞ�Ñ�Ý¼ÏgÚ�ÒJÝaÚ�Ò
β
ÛäÚ�ÒJÞaÙ¼Ë�Û]ÊaÚOÑÅÕaÖaÙKÌOÏ{Ë�¤

xÙ@��Ñ�ÞaÖ¼Ë{ÏgÚ�Ý¼Ñ�ÏgÚ�Ù
Aγ = {x ∈ Rn : x∗Qx 6 γ2} ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò A = {x ∈ Rn : x∗Qx 6 r2} ÙKÌOÏ{Ë�¤ tÌ�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼Ñ�Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ

min
u∈U

x∗Qφ
(
t, x, u

)
6 α(t)(x∗Qx− β),

© 	�����¼�¬
ÚOÑaÛaÞ�ÒJÞ#Ý¼Ë{ÏpÈ[ÑXâ5Ý¼Ñ8Ô�ã�ËpÜ¼ÙaÚ�áOÏr×]ÛaÝ¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ © 	�� ¼�¬ÀÚOË{Ñ�Ö¼Ë{ØWÍ�»�Ì�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼Ñ5ÜaÈ¼×½ß%Ô�ÝaÞaàaÙaÙ

w(t, z) = 2α(t)(z + r2 − β).

¾%Ñ�¯{ÚOÑ�ØWÔ½ËpÜ¼ÙaÝ¼ÏgÚ�ÌOËgÝaÝ¼Ñ�Ë+Ö¼Ë7£�ËgÝaÙ¼Ë3�
Ò
ÜäÒ{ÊaÙ
ż = w(t, z), z(0) = 0,

Ù¼Ø�Ë{ËgÚ�Ì�Ù�Ü

z(t) = (β − r2)
(

1− exp
(
2

∫ t

0
α(s)ds

))
.

\ È[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼ÑaÛRÌÐÏgÙ�È¼ÔKÚOË{Ñ�Ö¼Ë{ØWÍè»�Û ü7ø��TúLõ�ö�îTì��TñOü7ñTìë��ø��Tì�õ�úOü © 	�����¼�¬ L�ðQì´ù��BMLë�ï�ûÞù�ì
0�ì t0 > 0
í3ñTì'û¢ü7ø"ð(õ�ì A(t0)

.
= [t0,∞) × A ø"ðQï�ðQúTø"ðQú�+/ü7ø"ë�ú\ø��Tï
z�ìtúTñOõ�ï�÷ZúTï�ñTðQñTìNì�ðQñTì�ø"úTð(ü�����ñTì!��î�÷9ïWõ5�

�BMOü#í3ì�ÿ³ø"úTø"ð(ü#í3ö © 	����X��¬ õNì�ù�ñTì�ísú/ôNù�õ5�
H³ø�����+9ïWü"õ�k
1) ü7ø��Tú r2 > β ú lim

ϑ→∞
1

ϑ
mes

{
t ∈ [0, ϑ] :

∫ t

0
α(s)ds 6 0

}
= 1 �

2) ü7ø��Tú r2 < β ú lim
ϑ→∞

1

ϑ
mes

{
t ∈ [0, ϑ] :

∫ t

0
α(s)ds > 0

}
= 1 P

� ø��Túû¢ü r2 = β, ðQìví3ñTì'û¢ü7ø"ð(õ�ì A(t0) ø��Tï
z�ìNúTñOõ�ï�÷ZúTï�ñTðQñTìQî�÷Zú\õ�ø�üNH t0 > 0.

�®���þ�D�.âSq�� �^á�Yp� ���Ëäµ�Sw � ��ç$é;��w �hw�ç$é+�!� �QäGw�ç$é+�
¾%Ñ(�
Ò
ÜäÒJÝ¼Ñ�¨#ÚOÑ�Õ¼ÑJÈ[Ñ�«{ÙaÊ¼Ë{ÏgÞ�Ñ�¨3Ü¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞ�Ñ�¨KÏgÙ¼ÏgÚOË{Ø�Ë

(Σ, ht)
Ù#Ô�ÕaÖ[ÒJÌ�È¼×aË{Ø�Ñ�¨ÐÏgÙ¼ÏgÚOË{Ø�Ë

ẋ =

∫

U
f(htσ, x, u)ηt(du), u ∈ U ∈ comp(Rm),

© Í����'¬

Õ¼Ñ�ÏgÚ�Ö¼Ñ�Ù¼ØÐÚOÑ�Õ¼ÑJÈ[Ñ�«{ÙaÊ¼Ë{ÏgÞaÔ�É Ü¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞaÔ�ÉîÏgÙ¼ÏgÚOË{ØWÔ
(Ω0, g

t),
ÏpÈ¼Ô�â�Ò�ª�Ô�É Ö[Ò�Ï7£�ÙaÖ¼ËgÝaÙ¼Ë{ØÐÏgÙ¼ÏgÚOË{ØWÍ

(Σ, ht).
\ ¯{ÚOÑ�¨#à¼ËpÈ¼á�É ã�Ô
Ü[Ë{Ø ÕaÖ¼ËpÜ¼Õ¼ÑJÈäÒ�«gÒJÚ�á¼Û[ÊaÚOÑ5Ì�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼Ñ8ÏpÈ[ËpÜ¼Ô�ÉBª�Ë{Ë%ÔOÏpÈ[Ñ�Ì�Ù¼Ë��

���
	�M[^[P���y]H^¡�Ò�¨�Ü[ËgÚOÏr×+Ý¼ËgÕaÖ¼ËgÖaÍmÌ�Ý[ÒJ×�ß%Ô�ÝaÞaàaÙa×
M : Σ→ comp(Rn)

ÛXÚ�ÒJÞ�ÒJ×]Û
ÊaÚOÑ¯ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ
Ω0 = {ω = (σ,X) ∈ Σ × comp(Rn) : X ⊆ M(σ)} Õ¼ÑJÈ[ÑXâ5ÙaÚOËpÈ¼á�Ý¼ÑÐÙaÝaÌ�ÒJÖaÙ[ÒJÝaÚ�Ý¼Ñ#Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼ÑÕ¼Ñ�ÚOÑ�Þ�Ò

gt = (htσ,A(t, ω)),
«rÜ[Ë

A(t, ω) Û ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ�Ü[Ñ�ÏgÚ�Ùaâ5Ù¼Ø�Ñ�ÏgÚ�Ù3ÏgÙ¼ÏgÚOË{ØWÍ © Í����'¬p�

j(k+lNm(j(k;n(j(oqpsrtm(j(ovuwm(x(oNy0zE{9{9|TyZ};~"�@yO��z@y���~�zE�/���ZzE�9�



zE�1� �^�'�t�'�.�9�������9�;�����^�T�T�����/���

¡�ÒJÕ¼Ñ�ØWÝaÙ¼ØmÛJÊaÚOÑ�ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ
Ω0
Ý[Ò��{ÍmÌ�Ò�ËgÚOÏr× îTì��Tì'ûÞúTð(ü�����ñTì�úTñOõ�ï�÷ZúTï�ñTðQñTö$í ÛXË{ÏpÈ¼Ù+ÜaÈ¼×+ÌOÏ{Ë�¤

ω ∈ Ω0
ÙÅÌOÏ{Ë�¤

t > 0
Ù¼Ø�Ë{ËgÚ�Ø�Ë{ÏgÚOÑ�Ì�Þ�È¼É�Ê¼ËgÝaÙ¼Ë

gtω ∈ Ω0.
  ¯{ÚOÑ�Ø=ÏpÈ¼Ô�Ê[Ò�Ë%ã�Ô
Ü[Ë{ØL«XÑ�ÌOÑ�ÖaÙaÚ�á�Ú�ÒJÞaâ�Ë�Û

ÊaÚOÑ�ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ
Ω0
Õ¼ÑJÈ[ÑXâ5ÙaÚOËpÈ¼á�Ý¼Ñ8ÙaÝaÌ�ÒJÖaÙ[ÒJÝaÚ�Ý¼Ñ-Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ8ÏgÙ¼ÏgÚOË{ØWÍ © Í����'¬p�

��ÏpÈ[Ñ�Ì�Ùa× Õ¼ÑJÈ[ÑXâ5ÙaÚOËpÈ¼á�Ý¼Ñ�¨ ÙaÝaÌ�ÒJÖaÙ[ÒJÝaÚ�Ý¼Ñ�ÏgÚ�Ù Ï{Øm�B¹ ¼�Û��X'º��;  Ü[Ñ�Õ¼ÑJÈ¼Ý¼ËgÝaÙ¼Ë3Þ ¯{Ú�Ù¼Ø�ÔOÏpÈ[Ñ�Ì�Ùa×aØ
ÕaÖaÙaÌOËpÜ[Ë{Ø ÕaÖ¼Ñ�ÏgÚOÑ�ËKÏpÈ[ËpÜ[ÏgÚ�Ì�Ù¼ËKÚOË{Ñ�Ö¼Ë{ØWÍ �3Ñ�Õ¼ÑJÈ[ÑXâ5ÙaÚOËpÈ¼á�Ý¼Ñ�¨ ÙaÝaÌ�ÒJÖaÙ[ÒJÝaÚ�Ý¼Ñ�ÏgÚ�Ù ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò

Ω0Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ-ÏgÙ¼ÏgÚOË{ØWÍ © Í����'¬p�
Ñ 	D��N`��@�^[P��Ó� Û�@���M=9��B:&? �äXH÷� ��ø"ðS�æõ�ö�îTì��TñOü7ñTö ��ø��Tì�õ�úBM 1 ú 2, M : Σ → comp(Rn)

ñOü7î�÷�ü�÷Zö�õ�ñTï�M ó ��ñTë��TúBM*LOí3ñTì'û¢ü7ø"ð(õ�ì X ∈ comp
(
M(σ)

) úNø���g(ü7ø"ð(õ5����ð·îTì��Tì'ûÞúTð(ü�����ñTì�üÌ+9úTø��Tì
ε ú ñOü7î�÷�ü�÷Zö�õ�ñTö�ü³ø"ë�ï��BM�÷ZñTö�ü ó ��ñTë��TúTú V (σ, x) ú w(σ, z) îOü�÷�ü#í®ü7ñTñTö�H (σ, x) ∈ Σ × M ε(σ)
ú (σ, z) ∈ Σ× R, 0�ù�ü

M ε(σ)
.
= {x ∈ Rn : ρRn

(
x,M(σ)

)
6 ε}

ðQï�ë�úOü�L`+9ðQìNõ�ö�îTì��TñOü7ñTö�ø��Oü7ù5���XgQúOü®ù�õ�ïh��ø��Tì�õ�úBM.P
1.
O �BMLë�ï�ûÞù�ì
0�ì σ ∈ Σ õ�ü�÷�H@ñOü"ü%÷�ü/�(ü7ñTúOü z∗(t, σ) ô�ï�ù�ï
+9ú ż = w(htσ, z), z(0) = 0, t > 0,

ì�î�÷�ü7ù�ü��Oü7ñTìQî�÷Zú³õ�ø�üNH t > 0 ú z∗(t, σ) 6 0.
2. V (σ, x) 6 0 î�÷Zú x ∈ M(σ), V (σ, x) > 0 î�÷Zú x ∈ N ε(σ)

.
= M ε(σ) \M(σ) úLù��BM¶õ�ø�üNH

(σ, x) ∈ Σ×N ε ú\õ�ø�üNH u ∈ U ú9í®ü"ü7ðËí®ü7ø"ðQìQñOü�÷9ïWõ�ü7ñTø"ð(õ�ì
V o
(
σ, x; f(σ, x, u)

)
6 w

(
σ, V (σ, x)

)
,

0�ù�ü V o(σ, x; q) = lim sup
(t,y,ε)→(0,x,0)

V (ht+εσ, y + εq
)
− V (htσ, y

)

ε
.

� ì
0�ù�ïQù��BMÂë�ï�ûÞù�ì
0�ì σ ∈ Σ í3ñTì'û¢ü7ø"ð(õ�ìqù�ì�ø"ðQú@ûÞú9í3ì�ø"ðQú A(t, σ,X) ø���g(ü7ø"ð(õ5�Eü7ðèñTïQîTì������
ì�ø"ú R+ ú´í3ñTì'û¢ü7ø"ð(õ�ì Ω0 îTì��Tì'ûÞúTð(ü�����ñTì(úTñOõ�ï�÷ZúTï�ñTðQñTìQì�ðQñTì�ø"úTð(ü�����ñTìQø"úTø"ð(ü#í3ö © Í����'¬ P

¾%Ñ�ÏgÞ�ÑJÈ¼á�ÞaÔ=ØWÍ ÕaÖ¼ËpÜ¼Õ¼ÑJÈäÒ�«gÒ�Ë{ØmÛ�ÊaÚOÑKÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�ÌOÑ
Σ
Þ�Ñ�ØWÕ[ÒJÞaÚ�Ý¼ÑaÛZÒKß%Ô�ÝaÞaàaÙa×

σ → M(σ)Ý¼ËgÕaÖ¼ËgÖaÍmÌ�Ý[Ò�ÛUÚOÑÅÏgÔ�â�ËgÝaÙ¼Ë�Õ¼Ñ�ÚOÑ�Þ�Ò
gt
Ý[Ò

Ω0
Ñ�ã�Ö[Ò��{ÔOËgÚ½ÚOÑ�Õ¼ÑJÈ[Ñ�«{ÙaÊ¼Ë{ÏgÞaÔ�É Ü¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞaÔ�É ÏgÙ¼ÏgÚOË{ØWÔ

(Ω0, g
t)
ÏEÞ�Ñ�ØWÕ[ÒJÞaÚ�ÝaÍÎØ ß+Ò��XÑ�Ì�ÍÎØ=ÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�ÌOÑ�Ø

Ω0.��Ò
È[Ë{Ë�ÛmÚOÑ�ÊaÞ�Ò
σ
ß+Ò��XÑ�ÌOÑ�«XÑ=ÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�Ì�Ò

Σ
Ý[Ò��{ÍmÌ�Ò�ËgÚOÏr× ñOü/z����WûÞù�ï
�Xg(ü7ÿ © CT:�CE8.H�CT=@57<�PGC@Y

" :�PGCED�¬ZÑ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ�Õ¼Ñ�ÚOÑ�Þ�Ò ht © Ï{Øm�Z¹ »aÛ�«rÈ��r��ÛO½ä�'º&¬pÛ�Ë{ÏpÈ¼Ù-ÜaÈ¼×�È¼ÉEã�Ñ�«XÑ ε > 0
Ù8È¼ÉEã�Ñ�«XÑ

ϑ > 0
Ý[Ò�¨/X

Ü¼Ô�ÚOÏr×½Ú�ÒJÞ�Ñ�¨3Ø�Ñ�Ø�ËgÝaÚ8Ì�Ö¼Ë{Ø�ËgÝaÙ
t > ϑ Ù½Ú�ÒJÞ�ÒJ×#ÚOÑ�ÊaÞ�Ò σ0,

ÊaÚOÑ
ρ

Σ
(σ0, σ)<ε

Ù
ρ

Σ
(htσ0, σ)<ε.

ÚRÒJÞ
Þ�ÒJÞ

Σ
Þ�Ñ�ØWÕ[ÒJÞaÚ�Ý¼ÑaÛ[ÚOÑ í3ñTì'û¢ü7ø"ð(õ�ì Σnw ñOü/z����WûÞù�ï
�XgQú�H\ðQì5+/ü7ëÅñOü7î���ø"ðQìIL�ë�ì�í3îTï�ë�ðQñTì(ú³úTñOõ�ï
�

÷ZúTï�ñTðQñTì Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ8Õ¼Ñ�ÚOÑ�Þ�Ò ht.
_ >�9���N`�a	D��QRP��(á]Hµ¾EÔOÏgÚ�á

ω = (σ,X) ∈ Σnw × comp(M(σ)).
§ÐÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ#Ü[Ñ�ÏgÚ�Ùaâ5Ù¼Ø�Ñ�ÏgÚ�Ù

A(t, ω)
ÏgÙ¼ÏgÚOË{ØWÍ © »����'¬-ã�Ô
Ü[Ë{Ø Ý[Ò��{ÍmÌ�ÒJÚ�á ñOü/z����WûÞù�ï
�XgQú9í ÛmË{ÏpÈ¼Ù ÜaÈ¼× È¼ÉEã�Í.¤ ε > 0

Ù
ϑ > 0Ý[Ò�¨�Ü¼Ô�ÚOÏr× ÚOÑ�ÊaÞ�Ò

ω0 = (σ0, X0),
Ô
Ü[Ñ�Ì�È[ËgÚ�ÌOÑ�Ö�×�ÉBª5ÒJ× ÔOÏpÈ[Ñ�Ì�Ùa×aØ

ρ
Σ

(σ0, σ) < ε, dist(X0, X) < εÙ�Ø�Ñ�Ø�ËgÝaÚ�Ì�Ö¼Ë{Ø�ËgÝaÙ
t > ϑ Û�Ú�ÒJÞaÙ¼Ë�Û�ÊaÚOÑ dist(A(t, ω0), X) < ε.

¸ÀÔ
Ü[Ë{Ø³«XÑ�ÌOÑ�ÖaÙaÚ�á�Ú�ÒJÞaâ�Ë�ÛOÊaÚOÑEÚOÑ�ÊaÞ�Ò
ω×�Ì�È¼×aËgÚOÏr× ñOü/z����WûÞù�ï
�Xg(ü7ÿ ÛaÙ#Ï{Ñ�ÌOÑ�ÞaÔ�ÕaÝ¼Ñ�ÏgÚ�á8ÌOÏ{Ë�¤ÅÝ¼Ë{ãJÈ¼Ô�â�ÜäÒJÉBª�Ù/¤½ÚOÑ�Ê¼ËgÞÐÑ�ã�Ñ��{Ý[Ò{ÊaÙ¼Ø Ωnw.Y���M=9��B:�SÓy]HÒ� ø��Tú¶õ�ö�îTì��TñOü7ñTö[��ø��Tì�õ�úBM �$#R� L�ðQìtí3ñTì'û¢ü7ø"ð(õ�ì Ωnw ñOü/z����WûÞù�ï
�XgQú�H¶ðQì5�

+/ü7ëaL%ø"ì�ù�ü�÷OûÞï
gQú�H@øNMwõ Ω0, ñOü7î���ø"ðQì�Pxi.ñTìë�ì�í3îTï�ë�ðQñTìú¶úTñOõ�ï�÷ZúTï�ñTðQñTìÂì�ðQñTì�ø"úTð(ü�����ñTì´îTì�ðQì5�
ë�ï gt. %4�Oü7ù�ì�õ�ï�ð(ü�����ñTìIL�ù��BM\ë�ï�ûÞù�ì
0�ì σ ∈ Σnw ñTï�ÿTù�ü7ðQøNM\ë�ì�í3îTï�ë�ðQñTì�ü3îTì�ù"í3ñTì'û¢ü7ø"ð(õ�ì Xnw(σ)
î�÷Zì�ø"ð�÷9ï�ñTø"ð(õ�ï comp

(
M(σ)

) LqðQï�ë�ì�ü�L�+9ðQìæõ�øNMTë�ì�í�� X ∈ Xnw(σ) ì�ð(õ�ü/+9ïWü7ð ñOü/z����WûÞù�ï
�Xg(ü"ü
í3ñTì'û¢ü7ø"ð(õ�ì(ù�ì�ø"ðQú@ûÞú9í3ì�ø"ðQú A(t, ω) ø"úTø"ð(ü#í3ö © »����'¬ P

O ì�ë�ï'ô�ï�ð(ü�����ø"ð(õ�ì�P Æ%�KÑ�ÕaÖ¼ËpÜ[ËpÈ[ËgÝaÙa×¢¼�ÏpÈ[ËpÜ¼ÔOËgÚJÛÀÊaÚOÑ@ÕaÖaÙ ß%ÙaÞ�ÏgÙaÖ¼Ñ�Ì�ÒJÝaÝ¼Ñ�Ø
ω ∈ Ω0

ØWÝ¼Ñ�X
â�Ë{ÏgÚ�ÌOÑ=Ü[Ñ�ÏgÚ�Ùaâ5Ù¼Ø�Ñ�ÏgÚ�Ù

A(t, ω)
ã�Ô
Ü[ËgÚ Ý¼Ë{ãJÈ¼Ô�â�ÜäÒJÉBª�Ù¼Ø Ì ÚOÑ�Ø Ù ÚOÑJÈ¼á�Þ�Ñ Ì=ÚOÑ�Ø ÏpÈ¼Ô�Ê[Ò�Ë�ÛÎË{ÏpÈ¼Ù

ÚOÑ�ÊaÞ�Ò
ω
×�Ì�È¼×aËgÚOÏr×-Ý¼Ë{ãJÈ¼Ô�â�ÜäÒJÉBª�Ë7¨#Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ5Õ¼Ñ�ÚOÑ�Þ�Ò

gt,
Ñ�ÕaÖ¼ËpÜ[ËpÈ[ËgÝaÝ¼Ñ�«XÑ5Ö[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ�Ø

gtω =
=
(
htσ,A(t, ω)

)
.
¾%Ñ�ÏgÞ�ÑJÈ¼á�ÞaÔ

Ω0
Þ�Ñ�ØWÕ[ÒJÞaÚ�Ý¼ÑaÛUÚOÑaÛ[Þ�ÒJÞ3Ü[Ñ�Þ�Ò��
ÒJÝ¼Ñ-Ì\¹ »�ÛO«rÈ��r��Û$½ä�'º�ÛäØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ

Ωnw

j(k+lNm(j(k;n(j(oqpsrtm(j(ovuwm(x(oNy1zE{9{9|Ty�};~"�@yO��z@yZ��~BzE�/���ZzE�9�



Ï+Ð � Ð ��Ñ Ð ��ÒOÓ'Ñ'�/��ÓÅÔ���Õ9�E� Ð Ó�ÕZ��Ñ Ð ���/�LÖv���E×·Ó'Ñ Ð �E�Ø����Ñ Ð �1×·�ZÖv��Ñ Ð � zE�/�

Ý¼Ë{ãJÈ¼Ô�â�ÜäÒJÉBª�Ù/¤îÚOÑ�Ê¼ËgÞ Ü¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞ�Ñ�¨ ÏgÙ¼ÏgÚOË{ØWÍ
(Ω0, g

t)
Ý¼ËgÕaÔOÏgÚOÑaÛÀÞ�Ñ�ØWÕ[ÒJÞaÚ�Ý¼Ñ@ÙîÙaÝaÌ�ÒJÖaÙ[ÒJÝaÚ�Ý¼Ñ

Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ Õ¼Ñ�ÚOÑ�Þ�Ò
gt.

¾%Ñ�ÏgÞ�ÑJÈ¼á�ÞaÔîÌOÏr×�Þ�Ñ�ËKÕ¼Ñ{Ü[ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ
Ω1

ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò
Ω0

ÕaÖ¼ËpÜ[ÏgÚ�ÒJÌ�Ù¼Ø�Ñ
Ì�Ì�Ù�Ü[Ë

Ω1 = {(σ,X) ∈ Ω0 : σ ∈ Σ1, X∈ X1(σ)}, ÚOÑ5ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ Ωnw
Ù¼Ø�Ë{ËgÚ�Ú�Ô-â�Ë�ÏgÚ�ÖaÔ�ÞaÚ�Ô�ÖaÔ

Ωnw = {(σ,X) ∈ Ω0 : σ ∈ Σnw, X∈ Xnw(σ)},
«rÜ[Ë

Σnw Û Õ¼Ñ{Ü[ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ�Ý¼Ë{ãJÈ¼Ô�â�ÜäÒJÉBª�Ù/¤�ÚOÑ�Ê¼ËgÞ Õ¼Ñ�ÚOÑ�Þ�Ò
ht
© Ñ�Ý¼Ñ3Þ�Ñ�ØWÕ[ÒJÞaÚ�Ý¼ÑE¬p����Ò
È[Ë{Ë�ÛRÌ3ÏgÙ�È¼Ô

Þ�Ñ�ØWÕ[ÒJÞaÚ�Ý¼Ñ�ÏgÚ�Ù
Ωnw,

Õ¼Ñ{Ü[ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ
Xnw(σ)

ÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�Ì�Ò
comp

(
M(σ)

) ÚOÑXâ�Ë5Þ�Ñ�ØWÕ[ÒJÞaÚ�Ý¼Ñ#ÕaÖaÙ
Þ�ÒJâ�Ü[Ñ�Ø

σ.

�! �"$#&%� '&4)´¾EÔOÏgÚ�á
Σ Û Ñ�ÞaÖaÔ�â5Ý¼Ñ�ÏgÚ�áÅÖ[Ò
Ü¼ÙaÔOÏXÒ8ËpÜ¼ÙaÝaÙaà[Ò�Û

σ Û Ô9«rÈ[Ñ�Ì�ÒJ×ÐÞ�Ñ�Ñ�ÖOÜ¼ÙaÝ[ÒJÚ�Ò�Û]Õ¼Ñ�ÚOÑ�Þ
htσ = t+ σ (mod 2π).

êWÒ�Ï{Ï{Ø�Ñ�Ú�ÖaÙ¼ØîÔ�ÕaÖ[ÒJÌ�È¼×aË{ØWÔ�É ÏgÙ¼ÏgÚOË{ØWÔ

ẋ = −x+ (cos(t+ σ) + 1)u, (t, x) ∈ R+ ×R, u ∈ U = [−1, 1].
© Í�� »�¬

¾%Ñ8Ü¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞ�Ñ�¨�ÏgÙ¼ÏgÚOË{Ø�Ë
(Σ, ht)

ÙKÏgÙ¼ÏgÚOË{Ø�Ë © Í�� »�¬ÎÕ¼Ñ�ÏgÚ�Ö¼Ñ�Ù¼Ø ÚOÑ�Õ¼ÑJÈ[Ñ�«{ÙaÊ¼Ë{ÏgÞaÔ�É�Ü¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞaÔ�É
ÏgÙ¼ÏgÚOË{ØWÔ

(Ω0, g
t),
ÏpÈ¼Ô�â�Ò�ª�Ô�É Ö[Ò�Ï7£�ÙaÖ¼ËgÝaÙ¼Ë{Ø�ÏgÙ¼ÏgÚOË{ØWÍ

(Σ, ht).
¡%Ë{ÏpÈ[ÑXâ5Ý¼Ñ�ÕaÖ¼Ñ�ÌOËgÖaÙaÚ�á¼ÛZÊaÚOÑKÜaÈ¼×

ß%Ô�ÝaÞaàaÙaÙ
M(σ) = m(σ)U,

«rÜ[Ë
m(σ) =

1√
2

sin
(
σ+

π

4

)
+1,

Ì�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼Ñ¯ÔOÏpÈ[Ñ�Ì�Ù¼ËÀ��� \ È[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼ÑaÛ
ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ

Ω0 =
{
ω = (σ,X) : σ ∈ Σ, X ∈ comp(M

(
σ)
)}

Õ¼ÑJÈ[ÑXâ5ÙaÚOËpÈ¼á�Ý¼Ñ+ÙaÝaÌ�ÒJÖaÙ[ÒJÝaÚ�Ý¼Ñ�Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ%Ü¼Ì�Ùaâ�ËgÝaÙ@¨
t→ gtω =

(
htσ,A(t, ω)

)
,
«rÜ[ËmØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ

Ü[Ñ�ÏgÚ�Ùaâ5Ù¼Ø�Ñ�ÏgÚ�Ù
A(t, ω)

ÏgÙ¼ÏgÚOË{ØWÍ © Í�� »�¬ÀÙ¼Ø�Ë{ËgÚ�Ì�Ù�Ü

A(t, ω) = e−tX +
1√
2

{(
sin
(
t+ σ +

π

4
) +
√

2
)
u− e−t

(
sin
(
σ +

π

4

)
+
√

2
)
u : u ∈ U

}
.

¾%Ñ�ÏgÞ�ÑJÈ¼á�ÞaÔ
h2πσ = σ

ÜaÈ¼×5È¼ÉEã�Ñ�«XÑ
σ ∈ Σ,

ÚOÑ�ÌOÏ{ËmÚOÑ�ÊaÞaÙÅØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò
Σ
×�Ì�È¼×�É�ÚOÏr×8Ý¼Ë{ãJÈ¼Ô�â�ÜäÒJÉBª�Ù/X

ØWÙ8Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ�Õ¼Ñ�ÚOÑ�Þ�Ò
ht.

Á¯Ý[Ò
È¼Ù@�{ÙaÖaÔ�×5Õ¼Ñ�ÌOËpÜ[ËgÝaÙ¼Ë¯ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò
A(t, ω)

ÕaÖaÙ
t→∞, Õ¼ÑJÈ¼Ô�Ê[Ò�Ë{ØmÛÊaÚOÑ+ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ�Ý¼Ë{ãJÈ¼Ô�â�ÜäÒJÉBª�Ù/¤�ÚOÑ�Ê¼ËgÞ

Ωnw
Ï{Ñ{Ü[ËgÖ�â5ÙaÚ�ÌOÏ{Ë¯ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò+Ì�Ù�ÜäÒ

Σ× [−a, a],
«rÜ[Ë

a Û
È¼ÉEã�Ñ�Ë%ÊaÙ¼ÏpÈ[ÑaÛaÕaÖaÙaÝ[Ò
ÜaÈ[Ëgâ�Ò�ª�Ë{Ë�Ñ�Ú�Ö¼Ë7�{ÞaÔ [

1− 1√
2
, 1 +

1√
2

]
.

¾EÔOÏgÚ�á
Ωw

.
= Ω0 \ Ωnw Û ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ z����WûÞù�ï
�XgQú�H ÚOÑ�Ê¼ËgÞ½Ü¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞ�Ñ�¨KÏgÙ¼ÏgÚOË{ØWÍ (Ω0, g

t).Ú�Ñ�ÊaÞ�Ò
ω
×�Ì�È¼×aËgÚOÏr×-ãJÈ¼Ô�â�ÜäÒJÉBª�Ë7¨ÂÛ�Ë{ÏpÈ¼Ù-ÏgÔ9ª�Ë{ÏgÚ�Ì�Ô�É�Ú�Ú�ÒJÞaÙ¼Ë

ε > 0
Ù
ϑ > 0,

ÊaÚOÑ%ÜaÈ¼×5È¼ÉEã�Ñ�¨8ÚOÑ�ÊaÞaÙ
ω0 = (σ0, X0),

Ô
Ü[Ñ�Ì�È[ËgÚ�ÌOÑ�Ö�×�ÉBª�Ë7¨#ÔOÏpÈ[Ñ�Ì�Ùa×aØ
ρ

Σ
(σ0, σ) < ε, dist(X0, X) < ε

Ù-ÜaÈ¼×8È¼ÉEã�Ñ�«XÑ
t > ϑÌ�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼Ñ�Õ¼Ñ5ÞaÖ[Ò�¨aÝ¼Ë7¨ÐØ�ËgÖ¼Ë�Ñ{Ü¼Ý¼Ñ�Ù@�%Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�Ì

ρ
Σ

(htσ0, σ) > ε, dist(A(t, ω0), X) > ε.¾EÔOÏgÚ�á
Xnw Û Ñ�ã)(ÂËpÜ¼ÙaÝ¼ËgÝaÙ¼Ë#Þ�Ñ�ØWÕ[ÒJÞaÚ�ÝaÍ.¤ Õ¼Ñ{Ü[ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì

Xnw(σ) ∈ comp
(
M(σ)

) Õ¼ÑKÌOÏ{Ë{Ø
σ ∈ Σ.

 ÀÌOËpÜ[Ë{Ø(Ö[Ò�Ï{ÏgÚOÑX×�ÝaÙa×
% (X,Xnw) = min

X0∈Xnw
dist(X,X0), %(σ,Σnw) = min

σ0∈Σnw
ρ

Σ
(σ, σ0),

%(ω,Ωnw) = max
{
%(σ,Σnw), %(X,Xnw)

} Ù Ñ�ã�Ñ��{Ý[Ò{ÊaÙ¼Ø�Ê¼ËgÖ¼Ë7�
Ωε
nw

Ñ�Ú�ÞaÖaÍmÚ�Ô�É
ε
X�Ñ�ÞaÖ¼Ë{ÏgÚ�Ý¼Ñ�ÏgÚ�á

ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò
Ωnw : Ωε

nw =
{
ω ∈ Ω0 : %(ω,Ωnw) < ε

}
. ý¹ »�Û�Ï��r�O	'e�ºÎÕ¼Ñ�Þ�Ò��
ÒJÝ¼ÑaÛ�ÊaÚOÑFË{ÏpÈ¼Ù Ì�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼ÑFÔOÏpÈ[Ñ�Ì�Ù¼ËÐ��ÛWÚOÑ3ÜaÈ¼×@È¼ÉEã�Ñ�«XÑ

ε > 0
Ù=ÌOÏr×�Þ�Ñ�¨

ÚOÑ�ÊaÞaÙ
ω ∈ Ω0

Þ�ÒJâ�Ü[Ñ�Ë#ãJÈ¼Ô�â�ÜäÒJÉBª�Ë{Ë-Ü¼Ì�Ùaâ�ËgÝaÙ¼Ë
t → gtω

ÕaÖ¼Ñ�ÚOËgÞ�Ò�ËgÚ�ÚOÑJÈ¼á�Þ�ÑFÞ�Ñ�Ý¼ËgÊaÝ¼Ñ�Ë½Ì�Ö¼Ë{ØW×
Ì�Ý¼Ë�ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò

Ωε
nw.

\ È[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼ÑaÛUÑ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý[ÒJ×#Ê[Ò�ÏgÚOÑ�Ú�Ò�ÕaÖ¼Ë{ã�ÍmÌ�ÒJÝaÙa×½Ü¼Ì�Ùaâ�ËgÝaÙa×
t→ gtωÌ8ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOË

Ωε
nw

Ö[ÒJÌ�Ý[Ò5ËpÜ¼ÙaÝaÙaà¼Ë�Ó

freq(ω,Ωε
nw)

.
= lim
ϑ→∞

1

ϑ

∫ ϑ

0
χ

Ωεnw
(gtω) dt = 1,

«rÜ[Ë
χ
E
Û ¤�ÒJÖ[ÒJÞaÚOËgÖaÙ¼ÏgÚ�ÙaÊ¼Ë{ÏgÞ�ÒJ×Kß%Ô�ÝaÞaàaÙa×½ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò

E.

j(k+lNm(j(k;n(j(oqpsrtm(j(ovuwm(x(oNy0zE{9{9|TyZ};~"�@yO��z@y���~�zE�/���ZzE�9�
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Y���M=9��B:�SÕ�ÂH�� ��ø"ðS�³õ�ö�îTì��TñOü7ñTöÓ��ø��Tì�õ�úBM �$#�� P � ì
0�ù�ïÅù��BMd���Xz�ì
0�ì ε > 0 úµõ�øNMTë�ì�ÿµðQì5+9ë�ú
ω ∈ Ω0 ñTï�ÿTù�ü7ðQøNM(ðQï�ë�ì�ü ϑ> 0 L.+9ðQì�ù��BM^õ�ø�üNH t>ϑ õ�ö�îTì��TñOü7ñTì�ñOü�÷9ïWõ�ü7ñTø"ð(õ�ì %(A(t, ω),Xnw)<ε.

O ì�ë�ï'ô�ï�ð(ü�����ø"ð(õ�ì�P ��È¼× È¼ÉEã�Ñ�«XÑ
ε > 0

ÙîÌOÏr×�Þ�Ñ�«XÑ
ω ∈ Ω0

Ý[Ò�¨�Ü[ËgÚOÏr× Ú�ÒJÞ�Ñ�Ë
ϑ > 0

ÛZÊaÚOÑ
Þ�ÒJâ�Ü[Ñ�Ë-ãJÈ¼Ô�â�ÜäÒJÉBª�Ë{Ë5Ü¼Ì�Ùaâ�ËgÝaÙ¼Ë

t → gtω
ÕaÖ¼Ñ�ÚOËgÞ�Ò�ËgÚKÚOÑJÈ¼á�Þ�ÑÐÞ�Ñ�Ý¼ËgÊaÝ¼Ñ�Ë8Ì�Ö¼Ë{ØW×]ÛÂÝ¼Ë�ÕaÖ¼ËgÌ�Í�£5ÒJÉ�X

ª�Ë{Ë
ϑ,
Ì�Ý¼ËEØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò

Ωε
nw;

ÏpÈ[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼ÑaÛaÕaÖaÙ
t > ϑ Ú�Ö[Ò�ËgÞaÚOÑ�ÖaÙa×-Ü¼Ì�Ùaâ�ËgÝaÙa× gtω Ï{Ñ{Ü[ËgÖ�â5ÙaÚOÏr×ÌFØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOË

Ωε
nw.

Ú�Ñ�«rÜäÒ3ÜaÈ¼×
gtω

Ì�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼ÑFÝ¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ
%(gtω,Ωnw) < ε ^ ÏpÈ[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼ÑaÛ

%(A(t, ω),Xnw) < ε
ÕaÖaÙ

t > ϑ.

*®�÷u �q�q�Qäæá.â3V��QåJ��UQ���qé+à ßqàq�qé$ã+� ���q�vã
¾%ÑJÈ[ÑXâ5ÙaÚOËpÈ¼á�Ý¼Ñ�ÙaÝaÌ�ÒJÖaÙ[ÒJÝaÚ�Ý¼Ñ�ËB�
Ò�ØWÞaÝaÔ�ÚOÑ�Ë�ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ

Ωc(ω)
Ý[Ò��{ÍmÌ�Ò�ËgÚOÏr× �Oü7ñTð�÷Zì�í�î�÷ZúTð�M��

û¢ü7ñTúBM Ü¼Ì�Ùaâ�ËgÝaÙa× gtω ÕaÖaÙ t → +∞, Ë{ÏpÈ¼ÙKÜaÈ¼×3È¼ÉEã�Ñ�«XÑ ε > 0
Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý[ÒJ×�Ê[Ò�ÏgÚOÑ�Ú�Ò½ÕaÖ¼Ë{ã�Í.X

Ì�ÒJÝaÙa×#Ü¼Ì�Ùaâ�ËgÝaÙa×
t → gtω

Ì-Ñ�Ú�ÞaÖaÍmÚOÑ�¨
ε
X�Ñ�ÞaÖ¼Ë{ÏgÚ�Ý¼Ñ�ÏgÚ�Ù

Ωε
c(ω)

¯{ÚOÑ�«XÑ-ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò-Ö[ÒJÌ�Ý[Ò�ËpÜ¼ÙaÝaÙaà¼Ë��
Î�ÏpÈ¼Ù�ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ

Ωc(ω)
Ý¼Ë5Ï{Ñ{Ü[ËgÖ�â5ÙaÚKÏ{Ñ�ã�ÏgÚ�ÌOËgÝaÝ¼Ñ�«XÑ#Õ¼Ñ{Ü[ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò�ÛRÚ�ÒJÞaâ�Ë5×�Ì�È¼×�ÉBª�Ë7«XÑ�Ïr×Fà¼ËgÝ/X

Ú�Ö¼Ñ�Ø ÕaÖaÙaÚ
×�â�ËgÝaÙa×]ÛÀÚOÑ
Ωc(ω)

Ý[Ò��{ÍmÌ�Ò�ËgÚOÏr× í3úTñTú9í3ï�����ñTö$í��Oü7ñTð�÷Zì�í î�÷ZúTð�M@û¢ü7ñTúBM Ü¼Ì�Ùaâ�ËgÝaÙa×
t→ gtω

Ù#Ñ�ã�Ñ��{Ý[Ò{Ê[Ò�ËgÚOÏr×
Ωmc(ω) ^ ÚOÑ�«rÜäÒ

freq(ω, ε)
.
= lim
ϑ→∞

1

ϑ

∫ ϑ

0
χ

Ωεmc
(gtω) dt = lim

ϑ→∞
mes{t ∈ [0, ϑ] : gtω ∈ Ωε

mc(ω)}
ϑ

= 1.

\ È[ËpÜ¼Ô�ÉBª5ÒJ×½ÚOË{Ñ�Ö¼Ë{Ø�Ò�×�Ì�È¼×aËgÚOÏr×½Ü[Ñ�Õ¼ÑJÈ¼Ý¼ËgÝaÙ¼Ë{Ø ÚOË{Ñ�Ö¼Ë{ØWÍÀ»W»�Ö[Ò�ã�Ñ�Ú�Íþ¹ »�Û/«rÈ��r��Û�½Z¼'º��
Y���M=9��B:�S ÚUH�� ø��Tú·õ�ö�îTì��TñOü7ñTö���ø��Tì�õ�úBM 1

#
3, ðQìwù��BM·ë�ï�ûÞù�ì
0�ì ω = (σ,X) ∈ Ω0 ø����

g(ü7ø"ð(õ5�Eü7ð í3úTñTú9í3ï�����ñTö�ÿp�Oü7ñTð�÷·î�÷ZúTð�M@û¢ü7ñTúBM Ωmc(ω) ù�õ�ú@û¢ü7ñTúBM t→ gtω î�÷Zú t→ + ∞.
%4�Oü7ù�ì�õ�ï�ð(ü�����ñTìILÂù��BMT���Xz�ì
0�ì ε > 0 ú õ�øNMTë�ì�ÿèðQì5+9ë�ú ω ∈ Ω0 ø���g(ü7ø"ð(õ5�Eü7ð í3ñTì'û¢ü7ø"ð(õ�ì
Xmc(ω) ∈ comp(M(σ)) L+ðQï�ë�ì�ü�L`+9ðQì

freq ∗(ω, ε)
.
= lim

ϑ→∞
mes{t ∈ [0, ϑ] : dist

(
A(t, ω),Xmc(ω)

)
< ε}

ϑ
= 1.

O ì�ë�ï'ô�ï�ð(ü�����ø"ð(õ�ì�P ¾EÔOÏgÚ�á Oε(ω)
.
= {ω0 ∈ Ω0 : ρ

Ω
(ω0, ω) < 1} Û Ñ�Ú�ÞaÖaÍmÚ�ÒJ×�Ñ�ÞaÖ¼Ë{ÏgÚ�Ý¼Ñ�ÏgÚ�á

Ö[Ò
Ü¼ÙaÔOÏXÒ
ε
ÚOÑ�ÊaÞaÙ

ω ∈ Ω0.
¾%Ñ�ÏgÞ�ÑJÈ¼á�ÞaÔ½ÜaÈ¼×½Þ�ÒJâ�Ü[Ñ�«XÑ

ω ∈ Ω0
Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý[ÒJ×ÐÊ[Ò�ÏgÚOÑ�Ú�Ò

freq(ω,Ω0)ÕaÖ¼Ë{ã�ÍmÌ�ÒJÝaÙa×-Ü¼Ì�Ùaâ�ËgÝaÙa×
gtω

Ì�ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOË
Ω0
Ö[ÒJÌ�Ý[Ò�ËpÜ¼ÙaÝaÙaà¼Ë�Û�ÚOÑ�ÏgÔ9ª�Ë{ÏgÚ�Ì�Ô�É�Ú�Ñ�ÞaÖ¼Ë{ÏgÚ�Ý¼Ñ�ÏgÚ�Ù#ËpÜ¼Ù/X

ÝaÙaÊaÝ¼Ñ�«XÑ½Ö[Ò
Ü¼ÙaÔOÏXÒ�ÛäÜaÈ¼×KÞ�Ñ�ÚOÑ�ÖaÍ.¤FÑ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý[ÒJ×�Ê[Ò�ÏgÚOÑ�Ú�ÒÅÕaÖ¼Ë{ã�ÍmÌ�ÒJÝaÙa×KÜ¼Ì�Ùaâ�ËgÝaÙa×
gtω

Õ¼ÑJÈ[ÑXâ5Ù/X
ÚOËpÈ¼á�Ý[ÒJ×]��¾EÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�ÌOÑ

Ω0,
ÌÅÏgÙ�È¼Ô#Þ�Ñ�ØWÕ[ÒJÞaÚ�Ý¼Ñ�ÏgÚ�ÙÂÛÂØ�ÑXâ5Ý¼Ñ-Õ¼Ñ�ÞaÖaÍmÚ�áÅÞ�Ñ�Ý¼ËgÊaÝaÍÎØ ÊaÙ¼ÏpÈ[Ñ�Ø Ú�ÒJÞaÙ/¤

Ñ�ÞaÖ¼Ë{ÏgÚ�Ý¼Ñ�ÏgÚOË7¨ O1(ω1), . . . ,O1(ωk).
��È¼×Ðß%ÙaÞ�ÏgÙaÖ¼Ñ�Ì�ÒJÝaÝ¼Ñ�«XÑ

ω ∈ Ω0
Ñ�ã�Ñ��{Ý[Ò{ÊaÙ¼ØîÊ¼ËgÖ¼Ë7�

S1(ω)
Ñ�ã)(�X

ËpÜ¼ÙaÝ¼ËgÝaÙ¼ËN¯{Ú�Ù/¤�Ñ�ÞaÖ¼Ë{ÏgÚ�Ý¼Ñ�ÏgÚOË7¨@ÙFÕ¼Ñ�ÏgÚ�Ö¼Ñ�Ù¼Ø¢�
Ò�ØWÍmÞ�ÒJÝaÙ¼Ë
S1(ω)

ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò
S1(ω),

ÚOÑ�«rÜäÒÅÜaÈ¼×FÑ�Ú�X
Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý¼Ñ�¨=Ê[Ò�ÏgÚOÑ�Ú�Í ÕaÖ¼Ë{ã�ÍmÌ�ÒJÝaÙa×@Ü¼Ì�Ùaâ�ËgÝaÙa×

gtω
ÌKØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOË

S1(ω)
Ì�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼ÑKÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ

freq
(
S1(ω)

)
= 1.�%Ñ�ØWÕ[ÒJÞaÚ�Ý¼Ñ�Ë-ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ

S1(ω)
Ø�ÑXâ5Ý¼ÑÐÕ¼Ñ�ÞaÖaÍmÚ�áÐÞ�Ñ�Ý¼ËgÊaÝaÍÎØ ÊaÙ¼ÏpÈ[Ñ�Ø Ñ�Ú�ÞaÖaÍmÚ�Í.¤�Ñ�ÞaÖ¼Ë{ÏgÚ�Ý¼Ñ�X

ÏgÚOË7¨ Ö[Ò
Ü¼ÙaÔOÏXÒ
1/2

Ù ÏgÖ¼ËpÜ¼Ù@ÝaÙ/¤@Ñ�ÚOÑ�ã�Ö[ÒJÚ�áKÚOË�ÛÂÜaÈ¼×@Þ�Ñ�ÚOÑ�ÖaÍ.¤ Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý[ÒJ× Ê[Ò�ÏgÚOÑ�Ú�ÒÐÕaÖ¼Ë{ã�ÍmÌ�Ò'X
ÝaÙa× Ü¼Ì�Ùaâ�ËgÝaÙa×

gtω
Ý¼Ë½Ö[ÒJÌ�Ý[ÒKÝaÔ
È¼É���¾EÔOÏgÚ�á

S2(ω) Û Ñ�ã)(ÂËpÜ¼ÙaÝ¼ËgÝaÙ¼Ë¯{Ú�Ù/¤ Ñ�ÞaÖ¼Ë{ÏgÚ�Ý¼Ñ�ÏgÚOË7¨ÂÛZÚOÑ�«rÜäÒ
freq

(
S2(ω)

)
= 1.

Á¯Ý[Ò
È[Ñ�«{ÙaÊaÝ¼Ñ8Ñ�ÕaÖ¼ËpÜ[ËpÈ¼×aË{Ø ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò
Sk(ω)

Þ�ÒJÞÐÑ�ã)(ÂËpÜ¼ÙaÝ¼ËgÝaÙ¼Ë+Þ�Ñ�Ý¼ËgÊaÝ¼Ñ�«XÑ�ÊaÙ¼Ï�X
ÈäÒ�Ñ�ÞaÖ¼Ë{ÏgÚ�Ý¼Ñ�ÏgÚOË7¨�Ö[Ò
Ü¼ÙaÔOÏXÒ

1/2k−1,
ÜaÈ¼×+Þ�Ñ�ÚOÑ�ÖaÍ.¤5Ñ�Ú�Ý¼Ñ�ÏgÙaÚOËpÈ¼á�Ý[ÒJ×5Ê[Ò�ÏgÚOÑ�Ú�ÒEÕaÖ¼Ë{ã�ÍmÌ�ÒJÝaÙa×�Ü¼Ì�Ùaâ�ËgÝaÙa×

gtω
Õ¼ÑJÈ[ÑXâ5ÙaÚOËpÈ¼á�Ý[ÒJ×]ÛäÏpÈ[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼ÑaÛ

freq
(
Sk(ω)

)
= 1.ÚRÒJÞaÙ¼ØîÑ�ã�Ö[Ò��XÑ�ØmÛ[ØWÍ Õ¼Ñ�ÏgÚ�Ö¼Ñ�Ù�È¼ÙÐÕ¼Ñ�ÏpÈ[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼Ñ�ÏgÚ�áÅÌ�È[ÑXâ�ËgÝaÝaÍ.¤ÐÞ�Ñ�ØWÕ[ÒJÞaÚ�ÝaÍ.¤ÐØWÝ¼ÑXâ�Ë{ÏgÚ�Ì¼Ó

S1(ω) ⊂ Ω0, Sk+1(ω) ⊂ Sk(ω), k = 1, 2 . . . .

j(k+lNm(j(k;n(j(oqpsrtm(j(ovuwm(x(oNy1zE{9{9|Ty�};~"�@yO��z@yZ��~BzE�/���ZzE�9�



Ï+Ð � Ð ��Ñ Ð ��ÒOÓ'Ñ'�/��ÓÅÔ���Õ9�E� Ð Ó�ÕZ��Ñ Ð ���/�LÖv���E×·Ó'Ñ Ð �E�Ø����Ñ Ð �1×·�ZÖv��Ñ Ð � zE�/Ù

��Ñ�Þ�ÒJâ�Ë{ØmÛ]ÊaÚOÑ-Õ¼ËgÖ¼Ë{Ï{ËgÊ¼ËgÝaÙ¼Ë�ÜäÒJÝaÝaÍ.¤KØWÝ¼ÑXâ�Ë{ÏgÚ�Ì © Þ�Ñ�ÚOÑ�Ö¼Ñ�Ë�Ý¼ËgÕaÔOÏgÚOÑÅÙKÞ�Ñ�ØWÕ[ÒJÞaÚ�Ý¼ÑE¬�×�Ì�È¼×aËgÚOÏr×KØWÙ/X
ÝaÙ¼ØWÙ¼Ø�Ò
È¼á�ÝaÍÎØ à¼ËgÝaÚ�Ö¼Ñ�Ø ÕaÖaÙaÚ
×�â�ËgÝaÙa×]ÛUÚOÑ-Ë{ÏgÚ�á

Ωmc(ω) =
∞⋂
k=1

Sk(ω).
² ÚOØ�ËgÚ�Ù¼ØmÛäÊaÚOÑ�ÜaÈ¼×�
Ò
ÜäÒJÝ/X

Ý¼Ñ�«XÑ
ε > 0

Ý[Ò�¨�Ü[ËgÚOÏr×�Ý¼Ñ�Ø�ËgÖ�Ú�ÒJÞ�Ñ�¨
k
ÛUÊaÚOÑ

Sk(ω) ⊂ Ωε
mc(ω),

Õ¼Ñ�¯{ÚOÑ�ØWÔKÌ�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼ÑÐÝ¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ
freq(ω, ε) > freq

(
Sk(ω)

)
= 1.¾%Ñ�Þ�ÒJâ�Ë{ØmÛÁÊaÚOÑ�Ë{ÏpÈ¼Ù ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ

Ωmc(ω)
×�Ì�È¼×aËgÚOÏr× ØWÙaÝaÙ¼Ø�Ò
È¼á�ÝaÍÎØ à¼ËgÝaÚ�Ö¼Ñ�Ø�ÕaÖaÙaÚ
×�â�ËgÝaÙa×

ÜaÈ¼× Ý¼ËgÞ�Ñ�ÚOÑ�Ö¼Ñ�¨ ÚOÑ�ÊaÞaÙ
ω ∈ Ω0,

ÚOÑ=Ñ�Ý¼Ñ Ú�ÒJÞaâ�Ë�ØWÙaÝaÙ¼Ø�Ò
È¼á�ÝaÍ�¨ à¼ËgÝaÚ�Ö ÕaÖaÙaÚ
×�â�ËgÝaÙa× ÜaÈ¼×
gϑ0ωÕaÖaÙ È¼ÉEã�Ñ�Ø

ϑ0 > 0,
ÚOÑ Ë{ÏgÚ�áw¯{ÚOÑ=ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑîÕ¼ÑJÈ[ÑXâ5ÙaÚOËpÈ¼á�Ý¼ÑîÙaÝaÌ�ÒJÖaÙ[ÒJÝaÚ�Ý¼Ña�m��Ë7¨¼ÏgÚ�Ì�ÙaÚOËpÈ¼á�Ý¼ÑaÛ

Ë{ÏpÈ¼ÙÐÜaÈ¼×
ω ∈ Ω0

Ì�ÍmÕ¼ÑJÈ¼Ý¼ËgÝ¼Ñ-Ö[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ
freq(ω, ε) = 1,

ÚOÑ�Ê[Ò�ÏgÚOÑ�Ú�Ò8Õ¼Ñ�Õ[Ò
ÜäÒJÝaÙa×ÐÜ¼Ì�Ùaâ�ËgÝaÙa×
gϑ0ωÌ8ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ

Ωε
mc(ω)

Ö[ÒJÌ�Ý[Ò�ÕaÖ¼ËpÜ[ËpÈ¼Ô

freq(gϑ0ω, ε) = lim
ϑ→∞

mes{t ∈ [ϑ0, ϑ] : gtω ∈ Ωε
mc(ω)}

ϑ− ϑ0
=

= lim
ϑ→∞

ϑ

ϑ− ϑ0
· lim
ϑ→∞

mes{t ∈ [0, ϑ] : gtω ∈ Ωε
mc(ω)}

ϑ
= freq(ω, ε) = 1.

Á¯Ý[Ò
È[Ñ�«{ÙaÊaÝ¼ÑN¹ »aÛ�«rÈ��r��Û�½Z¼'ºUØ�ÑXâ5Ý¼Ñ%Õ¼Ñ�Þ�Ò��
ÒJÚ�á¼ÛOÊaÚOÑ%ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ
Ωmc(ω)

Ø�ÑXâ5Ý¼Ñ�Ñ�ÕaÖ¼ËpÜ[ËpÈ¼ÙaÚ�á+Þ�ÒJÞ
ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ�ÚOÑ�Ê¼ËgÞ

ω0 ∈ Ω0,
Ì�Þ�Ñ�ÚOÑ�ÖaÍ.¤�ÜaÈ¼×+È¼ÉEã�Ñ�«XÑ

ε > 0
Ê[Ò�ÏgÚOÑ�Ú�Ò�Õ¼Ñ�Õ[Ò
ÜäÒJÝaÙa×�Ü¼Ì�Ùaâ�ËgÝaÙa×

t→ gtωÌ
ε
X�Ñ�ÞaÖ¼Ë{ÏgÚ�Ý¼Ñ�ÏgÚ�á8ÚOÑ�ÊaÞaÙ

ω0
Õ¼ÑJÈ[ÑXâ5ÙaÚOËpÈ¼á�Ý[Ò�Ó

freq(Oε(ω0)) > 0 ;
© ����'¬

ÏpÈ[ËpÜ[Ñ�Ì�ÒJÚOËpÈ¼á�Ý¼ÑaÛ�ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ
Ωmc(ω)

Ý¼Ë;�
ÒJÌ�Ù¼ÏgÙaÚ�Ñ�ÚEÌ�ÍÎã�Ñ�Ö[Ò�Õ¼Ñ�ÏgÚ�Ö¼Ñ�ËgÝaÝ¼Ñ�¨�ÏgÙ¼ÏgÚOË{ØWÍ Ñ�ÞaÖ¼Ë{ÏgÚ�Ý¼Ñ�ÏgÚOË7¨Â�
¾%Ñ�Þ�ÒJâ�Ë{ØmÛ�ÊaÚOÑ

Ωmc(ω)
×�Ì�È¼×aËgÚOÏr×�ØWÙaÝaÙ¼Ø�Ò
È¼á�ÝaÍÎØ à¼ËgÝaÚ�Ö¼Ñ�Ø ÕaÖaÙaÚ
×�â�ËgÝaÙa×�Ü¼Ì�Ùaâ�ËgÝaÙa×]�U��Ñ�ÕaÔEX

ÏgÚ�Ù¼ØmÛÁÊaÚOÑ ÏgÔ9ª�Ë{ÏgÚ�Ì�ÔOËgÚ=Þ�Ñ�ØWÕ[ÒJÞaÚ�Ý¼Ñ�Ë�Ï{Ñ�ã�ÏgÚ�ÌOËgÝaÝ¼Ñ�ËFÕ¼Ñ{Ü[ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ
Ω̃mc(ω)

ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò
Ωmc(ω),×�Ì�È¼×�ÉBª�Ë{Ë{Ïr×Fà¼ËgÝaÚ�Ö¼Ñ�Ø ÕaÖaÙaÚ
×�â�ËgÝaÙa×FÜ¼Ì�Ùaâ�ËgÝaÙa×]�$Ú�Ñ�«rÜäÒ½ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ

Ωmc(ω) \ Ω̃mc(ω)
Ý¼ËgÕaÔOÏgÚOÑ½Ù

Ë{ÏpÈ¼Ù�ÚOÑ�ÊaÞ�Ò
ω0
ÕaÖaÙaÝ[Ò
ÜaÈ[Ëgâ5ÙaÚ

Ωmc(ω)\Ω̃mc(ω),
ÚOÑ
%(ω0, Ω̃mc(ω)) = α > 0.

 ÀÍÎã�ËgÖ¼Ë{Ø
ε < α/2,

ÚOÑ�X
«rÜäÒ+ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò

Ω̃ε
mc(ω)

Ù Oε(ω0)
Ù¼Ø�ËgÉ�Ú+ÕaÔOÏgÚOÑ�Ë¯Õ¼ËgÖ¼Ë{Ï{ËgÊ¼ËgÝaÙ¼Ë�ÛaÒ3¯{ÚOÑ�ÕaÖ¼Ñ�Ú�ÙaÌOÑ�Ö¼ËgÊaÙaÚ�Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�Ì�Ô

© ����'¬ÀÙÐÑ�ÕaÖ¼ËpÜ[ËpÈ[ËgÝaÙaÉ ØWÙaÝaÙ¼Ø�Ò
È¼á�Ý¼Ñ�«XÑ�à¼ËgÝaÚ�Ö[Ò5ÕaÖaÙaÚ
×�â�ËgÝaÙa×]�
¾EÔOÏgÚ�á

Σmc(σ) Û ØWÙaÝaÙ¼Ø�Ò
È¼á�ÝaÍ�¨ à¼ËgÝaÚ�Ö ÕaÖaÙaÚ
×�â�ËgÝaÙa×îÜ¼Ì�Ùaâ�ËgÝaÙa×
t → htσ,

ÚOÑ�«rÜäÒ@ØWÝ¼ÑXâ�Ë�X
ÏgÚ�ÌOÑ

Ωmc(ω)
Ù¼Ø�Ë{ËgÚ ÏgÚ�ÖaÔ�ÞaÚ�Ô�ÖaÔ

Ωmc(ω) = {ω0 ∈ Ω0 : σ0 ∈ Σmc(σ), X0 = Xmc(ω)}, «rÜ[Ë
Xmc(ω) Û Ý¼ËgÞ�Ñ�ÚOÑ�Ö¼Ñ�ËÅÕ¼Ñ{Ü[ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ�ÕaÖ¼Ñ�ÏgÚ�Ö[ÒJÝ¼ÏgÚ�Ì�Ò

comp(M(σ)).
¾%Ñ�ÏgÞ�ÑJÈ¼á�ÞaÔ@Ù@�ÅÝ¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�Ì�Ò

%(gtω,Ωmc(ω)) < ε
ÏpÈ[ËpÜ¼ÔOËgÚ-Ý¼ËgÖ[ÒJÌOËgÝ¼ÏgÚ�ÌOÑ

dist(A(t, ω),Xmc(ω)) < ε
Ù

Ωmc(ω) Û ØWÙaÝaÙ¼Ø�Ò
È¼á�ÝaÍ�¨
à¼ËgÝaÚ�ÖFÕaÖaÙaÚ
×�â�ËgÝaÙa×FÜ¼Ì�Ùaâ�ËgÝaÙa×

t → gtω,
ÚOÑ

freq ∗(ω, ε) > freq(ω, ε) = 1,
Ñ�Ú�ÞaÔ
ÜäÒ-Õ¼ÑJÈ¼Ô�Ê[Ò�Ë{Ø Õ¼Ñ�X

ÏpÈ[ËpÜ¼Ý¼Ë{Ë�Ô�Ú�ÌOËgÖ�â�Ü[ËgÝaÙ¼Ë�ÚOË{Ñ�Ö¼Ë{ØWÍ��
�! �"$#&%� A'$,4)´êWÒ�Ï{Ï{Ø�Ñ�Ú�ÖaÙ¼Ø Ü¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞaÔ�É(ÏgÙ¼ÏgÚOË{ØWÔ

(Σ, ht),
«rÜ[Ë

Σ Û Ñ�ÞaÖaÔ�â5Ý¼Ñ�ÏgÚ�á-Ö[Ò
Ü¼ÙaÔOÏXÒ
ËpÜ¼ÙaÝaÙaà[Ò�Û

σ Û Ô9«rÈ[Ñ�Ì�ÒJ×½Þ�Ñ�Ñ�ÖOÜ¼ÙaÝ[ÒJÚ�Ò�Û
htσ = t+ σ (mod 2π)

ÛaÙ#Ô�ÕaÖ[ÒJÌ�È¼×aË{ØWÔ�ÉðÏgÙ¼ÏgÚOË{ØWÔ




ẋ1 = −x2 −
x1 − cos(t+ σ)

2
+
x1 − cos(t+ σ)

2
u,

ẋ2 = x1 −
x2 − sin(t+ σ)

2
+
x2 − sin(t+ σ)

2
u,

© �� »�¬

«rÜ[Ë
u ∈ [−1, 1].

¾%Ñ�ÏgÙ¼ÏgÚOË{Ø�Ë
(Σ, ht)

ÙÐÏgÙ¼ÏgÚOË{Ø�Ë © �� »�¬ÁÕ¼Ñ�ÏgÚ�Ö¼Ñ�Ù¼ØîÚOÑ�Õ¼ÑJÈ[Ñ�«{ÙaÊ¼Ë{ÏgÞaÔ�ÉðÜ¼ÙaÝ[Ò�ØWÙaÊ¼Ë{ÏgÞaÔ�É
ÏgÙ¼ÏgÚOË{ØWÔ

(Ω0, g
t),
ÏpÈ¼Ô�â�Ò�ª�Ô�ÉîÖ[Ò�Ï7£�ÙaÖ¼ËgÝaÙ¼Ë{ØFÏgÙ¼ÏgÚOË{ØWÍ

(Σ, ht).
¾EÔOÏgÚ�á

M ⊂ R2 Û �
Ò�ØWÞaÝaÔ�Ú�Í�¨�ÞaÖaÔ9«Ö[Ò
Ü¼ÙaÔOÏXÒ^»�ÏEà¼ËgÝaÚ�Ö¼Ñ�Ø Ì5Ý[Ò{Ê[Ò
È[Ë�Þ�Ñ�Ñ�ÖOÜ¼ÙaÝ[ÒJÚJÛ
Ω0 = Σ× comp(M), gtω = (htσ,A(t, ω)).êWÒ�Ï{Ï{Ø�Ñ�Ú�ÖaÙ¼ØîØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ

X,
Ï{Ñ{Ü[ËgÖ�â�Ò�ª�Ë{Ë{Ïr×ÐÌ

comp(M).
² ã�Ñ��{Ý[Ò{ÊaÙ¼Ø

% = %(x) =
√
x2

1 + x2
2,

d1(X) = min
x∈X

%(x), d2(X) = max
x∈X

%(x).
¾EÖaÙ

u = 1
ÌOÏ{ËÅÙaÝaÚOË7«{Ö[Ò
È¼á�ÝaÍÎË½ÞaÖaÙaÌ�ÍÎË#ÏgÙ¼ÏgÚOË{ØWÍ © �� »�¬

j(k+lNm(j(k;n(j(oqpsrtm(j(ovuwm(x(oNy0zE{9{9|TyZ};~"�@yO��z@y���~�zE�/���ZzE�9�



zE�9� �^�'�t�'�.�9�������9�;�����^�T�T�����/���

×�Ì�È¼×�É�ÚOÏr×ÐÑ�ÞaÖaÔ�â5Ý¼Ñ�ÏgÚ
×aØWÙ ^ ÕaÖaÙ u = −1
ØWÝ¼ÑXâ�Ë{ÏgÚ�ÌOÑ-ÙaÝaÚOË7«{Ö[Ò
È¼á�ÝaÍ.¤ÐÞaÖaÙaÌ�Í.¤ÐÏ{Ñ�ÏgÚOÑ�ÙaÚ8Ù@��Ñ�ÞaÖaÔ�âQX

Ý¼Ñ�ÏgÚ�Ù
% = 1

ÙÐÏgÕaÙaÖ[Ò
È[Ë7¨ÂÛaÞ�Ñ�ÚOÑ�ÖaÍÎË+ÕaÖaÙ
t→ +∞ Ý[Ò�Ø�ÒJÚ�ÍmÌ�ÒJÉ�ÚOÏr×ÐÝ[Ò�ÕaÖ¼ËpÜ[ËpÈ¼á�ÝaÍ�¨3àaÙaÞ�È

% = 1.² ÕaÙ@£�Ë{Ø ØWÝ¼ÑXâ�Ë{ÏgÚ�Ì�Ò
Ωmc(ω)

ÜaÈ¼×ÅÖ[Ò��gÈ¼ÙaÊaÝaÍ.¤
ω = (σ,X) ∈ Ω0.

Î�ÏpÈ¼Ù
d2(X) 6 1,

ÚOÑ

Ωmc(ω) = Σ×M1,
«rÜ[Ë

M1 = {x ∈M : d1(X) 6 % 6 1};
Ë{ÏpÈ¼Ù

d1(X) 6 1, d2(X) > 1,
ÚOÑ

Ωmc(ω) = Σ ×M2,
«rÜ[Ë

M2 = {x ∈ M : d1(X) 6 % 6 d2(X)};Ë{ÏpÈ¼Ù
d1(X) > 1,

ÚOÑ
Ωmc(ω) = Σ×M3,

«rÜ[Ë
M3 = {x ∈M : 1 6 % 6 d2(X)}.

 ÀÍmÖ[ÒJâ�Ò�Ë{Ø�ãJÈäÒ�«XÑ{ÜäÒJÖaÝ¼Ñ�ÏgÚ�áÊÁ��.-ä��è%ËgÝaà¼Ñ�Ì�Ô �
Ò=Ï{Ñ{Ü[ËgÖ�â�ÒJÚOËpÈ¼á�Ý¼Ñ�Ë Ñ�ã�ÏgÔ�â�Ü[ËgÝaÙ¼ËFÖ¼Ë7�{Ô
È¼á
Ú�ÒJÚOÑ�Ì
¯{ÚOÑ�¨ÅÖ[Ò�ã�Ñ�Ú�Í�Û/Ä%Ò
È¼ÙaÞaÔ/-]ÔOÏ{Ë7¨aÝ¼Ñ�Ì�Ô-ÙtÉ���Æ5�O��ÒJÝaÙ�È[Ñ�Ì�ÔOÛaÑ�ã�Ö[ÒJÚ�ÙaÌW£�Ù¼Ø Ý[Ò�£�Ë�Ì�ÝaÙ¼Ø�ÒJÝaÙ¼ËEÝ[Ò+Ö�×�Ü½ÕaÖ¼Ñ�X
ã�ËpÈ[Ñ�Ì�Ì5Ü[Ñ�Þ�Ò��
ÒJÚOËpÈ¼áOÏgÚ�ÌOË+ÚOË{Ñ�Ö¼Ë{Ø �%Ù»��

0 ßq�Qç�wXW âQ�qé;��àQá�é�q%àQå
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T 7 T M\YQ S QUT C 7 B�@�S RX]AG QUT C Q 9 @^S_PQ W O�@�B RX]AG Q B : B 9 R B PQ @ R 5 Qa`F`Nb BIB�½)?c@<M8O�½ °)d Q 5 ½ Ç ° ÃUeIÍ û
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