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B pabore paccmarpupaercst mpobiieMa raMIIBTOHI3AIINN HETOJIOHOMHBIX CHCTEM, KaK MHTe-
IPUPYEMBIX, TaK U HEMHTEIPUPYEMBIX. DTOT BOIIPOC SIBJISIETCS BAXKHBIM TP KAI€CTBEHHOM HCCJIe-
JIOBAHUU 3TUX CHCTEM M II03BOJIAET OIPEJCIUTh BO3MOXKHBIE jauHaMmudeckue 3ddexTol. [lepBast
9aCTh PADOTHI MMOCBAIIEHA TPEJACTABICHUIO B KOH(MOPMHO raMHUJILTOHOBON (hOpMe HHTEIPUPYEMbIX
cucreM. Bo BTopoii 9acTy JJ0Ka3bIBaeTCsl CYIIeCTBOBAHIE KOH(MOPMHO FaMUIBTOHOBOIO IIPEICTAB-
JIeHWsI B OKPECTHOCTH MEPUOIMYECKOrO PelleHtsl JJIsi IPOM3BOJIbHOI (B TOM 9HC/Ie HHTEerpupye-
MOIf) cHCTeMbl, COXpaHsoIieil nHBapuanTHyo Mepy. OfIiue KOHCTPYKIMU BCIOJLY HJLTIOCTPHUDY-
IOTCd TpuMepaMn 13 HETOJIOHOMHON MEeXaHUKMN.

Kirouessie ciioBa: KoH(POPMHO TaMUJIBTOHOBA CHCTEMa, HETOJIOHOMHAS CHCTEMa, NHBAPUAHT-
Hasd Mepa, [IepuoinyecKas TPAeKTOPUs, THBAPUAHTHBII TOp, HHTEIPUpyeMas CUCTEMA

A.V.Bolsinov, A.V.Borisov, I.S. Mamaev

Hamiltonisation of non-holonomic systems
in the neighborhood of invariant manifolds

Hamiltonisation problem for non-holonomic systems, both integrable and non-integrable, is
considered. This question is important for qualitative analysis of such systems and allows one to
determine possible dynamical effects. The first part is devoted to the representation of integrable
systems in a conformally Hamiltonian form. In the second part, the existence of a conformally
Hamiltonian representation in a neighbourhood of a periodic solution is proved for an arbitrary
measure preserving system (including integrable). General consructions are always illustrated by
examples from non-holonomic mechanics.

Keywords: conformally Hamiltonian system, nonholonomic system, invariant measure,
periodic trajectory, invariant torus, integrable system
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Hacrosmas pabora mocssimena mnpobjiemMe raMuIbTOHU3AINN HErOJIOHOMHBIX CHCTEM. XO-
TEJIOCh OBl B caMoil OOIIEil MOCTAHOBKE IOMBITATHCS HANTU MPENSITCTBUS K TaMUJIBTOHU3AIUN
WJIN, HAIIPOTUB, JIOKA3ATh, 9TO TaMIJILTOHOBO IIPEJICTaB/ICHIE CyIecTByeT. Ecn paccMaTpuBaTh
CHUCTEMY B IIEJIOM, TO TAKOI'O COPTA BOIPOCHI JIOBOJIBHO CJIOZKHBL. OJIHAKO MpodJeMa TaMUIBTO-
HU3AIUN MOXKET OBITH €CTeCTBEHHBIM 00pa30M IOCTaBJIeHA B DOJIee JIOKAJIHLHOM KOHTEKCTE, T.e.
B OKDECTHOCTH IOJIOXKEHUSI PABHOBECHS, 3aMKHYTON TPAECKTOPUM UJIN MHTErPAJIBLHOIO MHOTO00-
pasusi.

B nannoit pabore MbI JIOKA3bIBAEM HECKOJIBKO PE3YJIBTATOB HA 9Ty TeMy U OOCYKIaeM Psij
IIPUMEPOB.

Onpepenenne. Tunamuueckas cucreMa & = v(x) Ha MHOroo6pasun M Ha3BIBACTCA KOH-
dopmro 2amunvmonosol, ecim Ha M cyiecTByer IyaccoHoBa crpykrypa J(x), Takas, [uro
v = MNx)JdH nns wekoropoit nojxopsimeii dyukimn H () U BCIOLY TOJIOKUTEIBHON (DyHK-

i A(x).

OTmeTuM TIpekjie BCero, YTo raMHJIbTOHOBA (U, pasyMeercs, KOH(MDOPMHO IaMHJILTOHOBA)
cucreMa 00st3aHa 00J13JIaTh IIEPBBIM WHTErPAJIOM U HHBAPUAHTHON MEPOW. DTU YCJIOBUS SB-
JIAIOTCS HEOOXOJMMBIMU I raMujibronn3anuu. [losromy Mbl OyjieM HX 3JI€Ch HIPEJIIOIAraTh.
Mpbr Takke BCIOJYy CUMTaeM, YTO WHBAPDUAHTHAS Mepa siBJISAETCS TVIAJKON U ee IJIOTHOCTb HU-
re He obparmaercss B HyJb. Mbl OyaeM OTOXKIECTBIATL Mepy ¢ auddepennuaabaoit (hopmoit
= p(x)dr; A ... A dr, MAKCIMAJILHOIO paHTA.

Hakowner, ormeTnm ertie JiBa MPOCTHIX, HO BAXKHBIX OOCTOSITE/ILCTBA, CBSA3AHHBIX C UHBAPU-
AHTHBIMU MEPaMU.
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IIpengioxkenue 1. [lyemo dunamuveckasn cucmema & = v(x) na mrozoobpasuu M™ 06-
AGIAEM UHBAPUAHMHOT MEPOT (L U nepsvmu unmezparamu f1, ..., fr. Hycmv unmeepasvran
NOBEPTHOCTD

X={fi=c1,....fu=c}

asasemes pezyasphot, m.e. dfi(x), ..., dfy(x) sunetno nesasucumv 6o écex mowkar x € X.
Toz0a ozparuvernue dunamuveckoti cucmemv, na X makoice obaadaem uneapuanmmots mepot,
Komopas 3adaemcsa (n — k)-gpopmots o, ydosaemeopsrowet mostcdecmesy

o Ndfy A ... Ndfy = .

IIpennoxenune 2. [Tycmv dunamuueckas cucmema & = v(x) na mrozoobpasuu M™ obaa-
daem uHBapuaHmMHOT MePOT [t U 04 HEE MOHCHO ONPEJEAUN® MPAHCEEPCANLHOE NOMOKY (6000we
2060ps, aokarvnoe) cevenue N~ u omobpasicenue Iyanxape ®: N"~1 — N1, Tozda omo6-
paoicenue ITyanrape maxoce obradaem unsapuarnmmot mepoti na N1 u ama mepa 3adaemcs

(n — 1)-gpopaioii C() = (v, ).
HpI/IBO,HI/IlVH)IG HIUZKE TeopeTUudIeCKue pe3yJibTaTbl MbI 6y,£[el\l NJUIIOCTPUPOBAThL Ha IIpUMEpe
ﬂByX CHUCTEM HeFOHOHOMHOﬁ MEXaHNKM:

IepBasi CHCTeMa, OIMChIBAET KadeHne 063 MPOCKAIb3bIBAHUST HEOIHOPOIHOIO yPABHOBEIICH-
HOTO Tesia o chepuIecKoil 000I0UKOM (T. €. JMHAMUYECKH HECUMMETPUIHOIO Iapa, IEHTD
MAacc KOTOPOI'O COBIIQJIAET € MeOMETPHUYECKUM HEHTPOM) 10 chepuIecKkoMy OCHOBAHUIO, ee
JUIsT KPATKOCTU OyJieM Ha3blBaThb wap Janavieuna na chepe;

BTOpAast CUCTEMA TAKIKE OMUCHIBACT KAUeHNEe HEOTHOPOTHOTO YPABHOBEIEHHOTO TeJTa o cde-
puteckoit 00071049KO# 110 chepUIecKOMY OCHOBAHUIO, HO IIPU YCJIOBUU KAK OTCYTCTBUS IIPO-
CKaJIb3bIBaHUsl, TAK U BepUYeHUsi (T.€. BpAIeHNUs] BOKPYT HOPMAJIHM B TOYKE KOHTAKTA), Ty
CUCTEeMY HA30BeM pe3unosuill wap Yanaveuna na chepe.

3AMEYAHUE. B pabore [25] 06cyKIai0TCsad BO3MOXKHbBIE PEATU3AIMU HENOJOHOMHON CBA3H, COCTOs-
el B OTCyTCTBUU BepUeHMs, He 0032 Te/IbHO CBSI3aHHbIE C PE3NHOBOI 000JIOUKOII Iapa, 00eCIeInBaioei
PABEHCTBO HYJIIO IIPOEKIINHU YIJIOBOI CKOPOCTH Ha HOPMaJIb K moBepxHocTH. IIpuBomMoe Ha3Banme jgo0cTa-
TOYHO yCJIOBHOE, OHO IIPUMEHSIETCsI ISl KPATKOrO OGO3HAUEHNUS ITOTO KJIACCa CHCTeM U BBeJeHO B [31].

[IpuBenem ypaBHEHUS JIBHKEHUST 9TUX CUCTEM U YKAXKEM MX WHBAPUAHTHYIO MEpY U Hanbo-
Jiee 0DIIME TIepBble NHTErPaJIbl, CyIIECTBYIOIIIE IPU ITPOU3BOILHBIX 3HAYEHUIX IIaPAMETPOB.

IMTap Hannsiruaa ua cdepe. Dra 3a/1a9a ¢ pa3jMIHbIX 03uIuil paccMarpusasiach B [10]
U siBJIsIeTCsl 0000IIEeHneM KJIacCcuveckoii 3aa4au Jaliblrnaa o KaueHnn 1apa 1o miockocru [19].
IlycTh nuHaAMUYECKN HECUMMETPUYIHOE YPABHOBEIIIEHHOE TBEPJIOE TEJIO CO CPEPUIECKOIl TTOBEPX-
HoCThIO (mmap YamibiruHa) KaTuTcst 6€3 IPOCKaIb3bIBAHUS 110 IOBEPXHOCTH HEIIO/BUKHOI chephl
pajiyca a; B 3aBHCUMOCTH OT 3HAKOB KPUBU3HBI BO3MOXKHbBI TpU BapuaHTa oOKara (cM. puc. 1).
Bribepem 10/IBUKHYIO CHCTEMY KOODJIMHAT, CBA3AHHYIO C IVIABHBIMH OCAMHU IlIapa, U 0DO3HAYUM
yepe3 w, m, I = diag([, I, I3), b cOOTBETCTBEHHO YIVIOBYIO CKOPOCTh, MACCy, TEH30D WHEPIIUH
1 pajnyc mapa. YTJIOBOH MOMEHT IIapa OTHOCHUTEIbHO TOUKHU KacaHus () mMeeT BU/T

M =1Iw+ Dn x (w xn), D = mb?, (1)

rJie m — BeKTOp HopMaJn K cepe B Touke KoHTakTa (cM. puc. 1). ITosnoe dazosoe mpocrpancTso
cucrembl npegcrasiser coboit T(SO(3) x S?). TlomoxKuM, 9TO TOTEHIMAIbHAS SHEPIUs ITapa
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4

)0<k<1(ab>0)
Q9

b)yk>1(a>0,b0>0,|b<a) ¢) k<0(a<0,b>0,|a <b)

Puc. 1. Cxema kauenwust mapa (0603HaYMEH CEPBIM I[BETOM) 110 HENIOABUKHOMY CHEepUIecKOMY OCHOBAHUIO

(0603HAUEHO IITPUXOBKON) IIPU PA3JIMIHBIX 3HAKAX PAJUYCOB KPUBU3HBL d, b.

3aBUCHUT JIUIIb OT IIOJIO?KEHUS €ro IEHTPa; TOrJa, UCIOIb3Ys HEN'OJOHOMHYIO CBS3b — OTCYTCTBUE
[POCKaJIb3bIBaHusl (T.€. CKOPOCTh TOYKHM KOHTAKTa PABHA HYJIIO), MOXKHO IIOJYIUTh yDABHEHUsI
JIBUPKEHUsT PEJYIIMPOBAHHON CUCTEMBI B CJIEIYIONIEH 3aMKHYTON (hbopMe:

T — ou 5 — __a
Mfow—kknx@n, n=kn X w, kia+b’ (2)

rjae U — moTeHInuasl BHENIHUX CUJI, @ — PAJyC HENOABUKHON cdepbl (3aMeTuM, YTO pPaJiinyChl
HOJIBUKHOMN U HENOIBUKHOMN cdep HeobXoiumo GpaTh ¢ COOTBETCTBYOIIUM 3HAKOM, CM. pHC. 1),
a yIJIOBasi CKOPOCTh BBIPAXKAETCsl Y€Pe3 MOMEHT € TIOMOIIbI0 cooTHoIeHust (1) o dpopmysie

w=AM + AAn,
(AM, n)
(n,n)D~! — (n,An)

A=(I+DE)!, A=

Cucrema (2) obsrajiaer nHBapranTHON Mepoit p dM dn ¢ III0THOCTHIO
-1 —1/2
pP= ((’I’L,TL)D - (’I’L,A’I’L))
u jonyckaer jiBa (0OIMX) IePBbIX HHTErpajga — reOMeTPUIeCKHUi U SHEPrHo:
Fo = (nv ’I’L) =1,
H pr—

(M,w) +U(n) = 1(M,AM) + 1DA(AM, n) + U(n).

DO —
DO [—

IIpu U = 0 u upousBoJIbHOM k UMeEeTCsI eIle OJUH UHTEerpaJl
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Pesunossril map Ha cdepe. Dra 3a/aua ObUIA BlIepBble paccMOTpeHa B pabore [32] u 6o-
Jiee nojipobHo usydena B [31, 34]. Pacemorpum, Kak u Bblllle, JIBUMKEHUE JUHAMUYECKU HECHM-
METPUYIHOIO YPABHOBEIIEHHOTO IIapa IO MOBEPXHOCTU HEMOABUXKHONW Cephl, UCIOIb3Ys T JKe
0603HAYECHUsT JIJIsi COOTBETCTBYIONIUX BEJIMYNH, 9TO U Bbimie (cM. puc. 1). Mer npemmonaraem,
9TO IPHU JABUYKEHUN MIHOBEHHAsI CKOPOCTH TOYKH KOHTAKTa U IIPOEKINS yIJIOBOI CKOPOCTH IIapa
Ha HOpMaJib K cdepe paBHbI HYJII0. DTa MO JIBUKEHUST OTJIMIAETCSI OT KJIACCUIECKON HEro-
JIOHOMHO# MoJeIn KadeHns 0e3 IPOCKAIb3bIBaHNs, B KOTOPOIl Ipeioaraercst, 970 paBHa, HYJII0
TOJIBKO CKOPOCTH TOYKU KOHTAKTa.

Kak u Bbimre, BbibepeM IOABMKHYIO CHCTEMY KOODJIMHAT, CBI3AHHYIO C IJIABHBIMH OCSIMU,
2KECTKO CBA3aHHBIMHI C IITapPOM. HpI/I 9TOM KNMHEMaTUYEeCKUe ypaBHeHI/IH, OIINCBhIBaIOIIE 9BOJIIOINIO
HOPMAJIM 70, COBHAJIAIOT C UPEAbLAyIuME (2), & JUHAMUYECKUE ypaBHEHUsI yJ00HEEe BBIUCATDH
qgepes yFHOByIO CKOPOCTH W. OKOH“I&TG.HBHO JJIgd ABHZKEHUS B IIOTCHIIMAJILHOM CHUJIOBOM IIOJIE,
3aBUCAIIEM JIUIL 0T HOpMasn U(n), moaydum

Jw:waw+)\n+knxg—Z, n=kn X w, (5)
J=1+mb’E, E = |5,

rje

(Jw x w,J7n) + (kn X a—U,Jn>
N on

-1
(n,J"'n)
Cucrema (5) obsiajlaeT MHBAPUAHTHON Mepoii
1

(n, 37 n)2k dw dn. (6)

Mepa (6) 6bL1a Haiijgena B pabore [31].
CBa3b

Fi=(w,n)=0 (7)

Takyke MOYKHO PacCMATPUBATL KAaK JIONMOJHUTE/NIbHBIN YacTHbI mHTerpas. [Ilpm stom ypasme-
Hust (5) 06J1a/1a10T TaKyKe MHTerpajaMi SHEPIUU U PeOMETPHYECKIM:

H=sJww)+U(n), Fy=(n,n)=1. (8)

D[

1. T'aMuabTOHM3AIMS B OKPECTHOCTHU JABYMEPHOIO MHBAPUAHTHOTO
MHOT000pa3us

1.1. TeopeMa O BBIIIPpAMJIEHUN BEKTOPHOI'O ITOJIA

IIpexkie Bcero ocraHOBUMCS Ha TeOpPEMe, SABJISIONIENCS, B HEKOTOPOW CTENeHH, aHaJIOrOM
TeopeMbl JIumyBuLIsi — APHOJIB/IA JIJTsT TAMUJIBTOHOBBIX CHCTEM. DTa Teopema HamboJiee 4acTo nc-
[OJIB3YETCS JIJIsl YCTAHOBJIEHUST MHTEIPUPYEMOCTH CHCTEM, O0JIaJIAIONINX WHBAPUAHTHON Mepoil
(B 9ACTHOCTH, HETOJIOHOMHBIX CHCTEM).

IlepBonauajibHble BapHAHTHI 9TOI'O yTBEPK/IEHUS, TIO3BOJISIONINE HHTEIPUPOBATE YPABHEHUS
JIBIDKEHUsI B KBaJIpATypax, UCIOJIB30BAJUCH €Ile B paboTax Jitjiepa n fIkobu, mo3ToMy B HEKO-
TOPBIX padoTax ee Ha3bIBAIOT TeopeMoil Ditepa— Akodu. Bosee Toro, B XIX Beke 310T METO!I
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(1O/1 HA3BAHHMEM MEOPUA NOCAEOHE20 MHONCUNENR) UCIIOJIL30BAJICS TaKXKe JJIsi MHTerpUpoBa-
HUsI B JIMHAMUKE TBeporo Teja (ypasHenus Diiepa—ITyaccona, Kupxroda), rjie raMuibronosa
CTPYKTYpa ypaBHeHHil Oblia ycraHoB/eHa mosxke [12, 16].

IIpuBomumast HamMu HOPMYIUPOBKA SIBJIAETCA €CTECTBEHHBIM 0000IeHneM TeopeMbl, chop-
mysmposanuoit B. B. Kosyosbim [13] u HazBannoit Teopemoii Ditepa— Akobu. Orinane 3akiiro-
YaeTcsi B TOM, UTO 3/IeCh PACCMATPUBAETCs [IPUBEJIEHNE TIOTOKA K CTAaH/IAPTHOMY BHJIy He Ha OT-
nesibHoM Tope (rie npumennma Teopema A. H. Kosimoroposa [15]), a Ha 1e/10M aHAJIMTHYECKOM
cemeticrBe TOpoB. Takoe 0000IeHME BO3MOXKHO OJrarojapsi TOMY, ITO MBI JOMOJTHUTEILHO TPe-
OyeM aHAJIUTHUIHOCTU CaMON IMHAMUYECKON CHCTEMBI, €€ IIEePBLIX MHTEIPAJIOB U MHBAPUAHTHON
MepLI.

3J1eCch MBI IPUBEJIEM TIOJTHOE JIOKA3aTEIbCTBO 3TONH TEOPEMBI, B CBSI3HU C T€M, UTO JI0KA3aTe/Ib-
CTBO TAKOT'O YTBEPKIACHUS, XOTS U KayKyIIErocs OYeBUIHLIM, HALE He IPUBEIEHO C JTOCTATOYHON
CTEIEHBIO CTPOrOCTH U TOJTHOTHI.

Teopema 1. IIycmb Ha n-MEPHOM OPUEHMUPYEMOM MH02000pasut 3a0ana OUHAMUMECKAA
cucmema & = v(x), 064a40a0ULAA HEZABUCUMBIMU UNMELPANAMY f1,. .., fn—1 U 24a0K0T UHEAPU-
arnmmoti mepoti .t Pacemompunm 1eocobyio unmezpaiviiio nosepriocmoy

X={fi=c1,..., fa2=cn 2}

Ipednonoorcum, wmo X Komnaxmua u sekmopHoe nose v Ha X He obpausaemcs 6 Hysv. To-
2da X u 6ce bau3kue unme2pasvHvle NOGEPITHOCINU ABAAIOMCA d8YMEPHbLLMU Mmopamu. TIpu smom
8 Hexomopoli okpecmuocmu X CYwecmeyom AokasbHve Koopournamst G1, G, f1, ..., fn_a, ma-
Kue, 4mo @1, ¢a — Yaa08bie KoOOPOUHAMBL HA MOPAT, U OUHAMUYECKAA CUCTNEMA NPUOOpemaem
6ud

fi*07 ¢Z*$7

ede A = Ai(fl) e .,fn,Q), ¢ = q)(¢17¢27f17 <. -)fn72)'
Ecau ucrodnas Junamuveckas cucmema, €€ uHmezpanv, U UHBAPUAHMHAA MEPQ oAU
6EULLCTNEEHHO-GHANUMUNECKUMU, MO MaKosvimu 6ydym u dgyrkuuu N\, ® u yeroevie nepemen-

Hole o1, ¢a.

Jloxazamenvcmeo. st moKa3aTenbCTBa MBI MOKAYKEM, UTO BEKTOPHOE TOJE v, TTOJIXOsI-
muM 06pa30M HOPMHUPOBAHHOE, JIOIYCKAET HE3aBUCUMOE MoJie cuMmMeTpuil u (1. e. [P (x)v, u] =0
Jyisi HekoTopoii dyuknuu P(x)), a 3areM BOCIIOJIL3yeMCsl CTaHJIAPTHBIM YTBEPXKIEHUEM O TOM,
9TO JIUTsT JIBYX KOMMYTHUPYIONIUX BEKTOPHBIX TOJIEH HA TOPE CYIECTBYIOT YIJIOBbIE TIEPEMEHHDIE,
B KOTOPBIX 3TU TOJIS BBITPAMIISIOTC.

PazobbeMm gokazaTeibcTBO Ha HECKOJILKO IIAroB.

[Ipexe Bcero ormernM, uto X SBJISETCS TOPOM WM3-3a CYIIECTBOBAHUS Ha HEM BEKTOPHO-
ro noJjist 6e3 0CoOBIX TOYEK W OpHeHTHpyeMocTH. Jlajee riaaKyo Mepy [t MOXKHO €CTECTBEHHBIM
00pa3oM OrpaHUIUTh Ha TOp X W pacCMaTpUBaTh KaK CUMILIEKTUIECKYIO CTPYKTYPY W Ha 3TOM
Tope. [Toaromy ycoBue coxpaHeHUsl MEphbl SKBUBAJIEHTHO JIOKATBHOW TaMUJILTOHOBOCTH IOTO-
Ka v Ha X. B wacTHOCTH, /IJIsT BEKTOPHOI'O TIOJIsI ¥ CYIIECTBYeT MHOIO3HAUHBII raMuibToHnas H
6e3 ocobbix Touek.? OjHo3HAYHBIM Oyjer juddepeniuan raMIIBTOHIAHA, KOTOPEI, OyLydn

! OpuerTupyemocTh MOKHO He IpeIIIOIAraTh, a CKa3aTh BMECTO 9TOT0, UTO Mepa 3a1aeTcst 1uddepeHuaibHol
n-popMoii.

?He cieyer BCKaTh aHAJIOTHA CO CTAHIAPTHOM CHTyaIeil, KOTIa TaMUIBTOHMAH sBJISETCS KOHCTAHTON Ha MH-
BapMaHTHBIX TOPaX. 37eCh H WrpaeT BCIIOMOTATEIbHYIO POJIb, U €r0 IPUPOIA COBEPIIEHHO MHAS.
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3aMKHYTOI (DOPMOIT Ha TOPE, BCEr/Ia MOXKET ObITh 3alliCcaH B BuIe’
dH = ci dxy + co dxo + df (21, 22),

rje Z1,T9 — YIVIOBbIe KOODJMHATHI HA TOpe ¢ mepuojgoM 1, a f(x1,z9) — HeKoTOpas Nepuojiy-
vyeckast byHKIWs (T. €. oJHO3HAUHAsT (DYHKIHsI HA TOPE). DKBUBAJIETHBIM 00Pa30M MOXKHO OBLIO
OBl CKa3aThb, YTO MHOTO3HAUHBIN IraMUJIBTOHHAH uMeeT Buj H = cixy + coxo + f (wl,xg). Kon-
CTAHTBI C] U Cy MOTYT OBITD OIPeIe/IeHbI ITyTeM UHTEIPUPOBAHUS C; = f%_ dH, tie v; — 6a3ucHbIi
[IUKJI, COOTBETCTBYIOIIUI YIVIOBON KOODJIWHATE X;.

PaccMOTpUM HPOU3BOJIBHYIO PUMAHOBY METPHKY ds? Ha Tope (Hampumep, dm% + dm%) U BEK-

grad H
|grad H|?

qJaTeJIbHBIM CBOI‘/’ICTBOM7 9TO ero IMOTOK COXpaHdAeT TPAaCKTOPUN BEKTOPHOI'O ITOJIA V. BouJtee TOrO,

TOpHOE 1oJIe § = DT0 BEKTOPHOE TI0JIe KOPPEKTHO OIPEIeJIeHO U 00JIaaeT TeM 3aMe-

€CJI UMETh B BHU/LY, YTO TPACKTOPUHU SIBJISIOTCS JUHUSIMU YPOBHS «MHOIO3HAYHOTO MAMUJIBTOHU-
aHa», TO [IPU CJBUTEe BJIOJbL MOTOKA & Ha BpeMsi ¢ = ¢ ypoBeHb {H = h} mepexoaur B TOYHOCTU
B yposeub {H = h + c¢}. Orciona HeMeIJIEHHO CJIelyeT, YTO BCe TPACKTOPUH SIBJISIIOTCS JIHOO
OJIHOBPEMEHHO 3aMKHYTBIMHU, JIMOO OJHOBPEMEHHO HE3aMKHYTHIMHU.

Ilo cyTu, & — 910 yKe MOYTH 10JIe CUMMETPHUIi, HO IOKa OHO COXPAHSAET HE CAMO BEKTOPHOE
10JI€ v, & JIMIIIb €r0 TPAaeKTOPUH. JJIst MOCTPOEHUsT HACTOSIIIETO TOJIsI CAMMETPHUI HaM ITOHA 1001 T-
cs MojtudpunuposaTh &, ¢JielaB BCe ero TpaeKTopun 3aMKHyThiMu. CHavajia cjiesiaeM 3aMKHyTOl
oy TpaekTopuio. Paccmorpum st 3Toro BekropHoe mose € = £ + \v, A € R. Caenyroree
yTBEp2KIeHne Ha CaMOM JieJie BIIOJIHE OYEeBUIHO U ABJIAeTCdA OJHON U3 BEepCUl U3BECTHON J1eMMBbI

Buresst [37].

Jlemma 1. Cywecmeyem A € R, maxoe, wmo no xpatinetd mepe 0dna us mpaekmoputl 6ex-
MOPHO20 NOAA E 3AMKERYMG, MPAHCEEPCANLHE BEKMOPHOMY NOAIO V U PEAAUSYEM, 20MOTONUYECKU
HempPuUEUaILHbT wuKks o 1a mope.*

Jloxasameavcmeo. PaceMoTpuM mipomssosbHyio Touky Py € T? = R?/Z% u npoxomamntyio
gepes Hee TPACKTOPUIO Yy BEKTOPHOTO MO v. 11oHIMeM ee Ha HAKPBHIBAIOILYIO ILIOCKOCTH R2.
Tam oHa siBjIsiercsi JinHUell ypoBHs ramMusibToHnana: o = {H = 0} jyist onpejiesieHHOCTH.

Eciin vy HE3aMKHYTa, TO BBIOEPEM TPOU3BOJIBHBIN MOMOTOMUYICCKN HETPUBUAJIBHBIN TTUKJT (v
Ha TOpEe; eC/IM OHA 3aMKHyTa M caMa peain3yeT HEKOTOPBI HeTPUBUABHBIN UK 3, TO B Kate-
cTBe (v BBIOEpEM IIPOM3BOJIBHBI UKL, JOHOMHUTEIb LI K 3. Ha HakpbiBatomeii miockoct R?
NUKTYy (@ OTBEYAeT CBAT Ha COOTBETCTBYIOMmil 3i1ement pemerku. llycts P) € R? — Touka,
nosrydaemasi u3 Py stuMm c¢aBurom. PaccMOTpuM TPAeKTOPHUIO BEKTOPHOTO IOJIS ¥, ITPOXOISIILY IO
uepe3 P). Ha rope sTu JBe TpaeKTopum, pasyMeeTcs, COBIAJAIOT, HO Ha HAKPLIBAIOMICH I170C-
KOCTH OHM Pa3JIMYHBI, TAK YTO Ta TPAEKTOPUSI MOXKET ObITh IIpeJicTaBieHa Kak V. = {H = c},
¢ # 0 (puc. 2).

PacemorpuM 11OoTOK BEKTOPHOTO TI0JIS E = £ + \v Ha HakpbIBalomei 1mockocTu R2. Dot
IIOTOK COXPaHZET TPACKTOPUH v 1, GoJiee TOro, CIBUT HA BpeMs ¢ = ¢ NEePEBOJIUT Yo B Y. Touka Fy
HepexouT IPU 3TOM B HEKOTOpyIo TouKy P’ € 7.. YTobbl TpaeKTopHs BEKTOPHOro mojsa &
OKa3aslach 3aMKHYTOl Ha TOpe, HeOOXOAUMO U JocTaTodHo, 4robbl P’ cosnasna ¢ Pj. fcno, uro
npu u3MeHeHHH A Touka P’ GyJleT HenpepbIBHO IIepeMemaThesl BJIOIb TPACKTOPHU Y. OT —0O

3®opwma dH, pasymeercs, BLITUCBIBACTCA ABHO 10 v 1 w. A nmento, dH (-) = w(v, ).

4Boutee TOro, €Cim TPACKTOPHE ¥ HE3AMKHYThI, TO BBIGOPOM A\ 9TOT I[UKJI (¢ MOYKHO CJIEJIATH COBEPIIEHHO IIPOH3-
BOJIbHBIM. Ec/in TpaeKTopuu v 3aMKHYTBI U CAMU PEAJIM3YIOT HEKOTOPbI HeTPUBHMAJLHDBIA IUKJI 3, TO B Ka4ecTBe
Q MOYKHO TIOJIy9UTh JIIOOO0# [UKJI, HErOMOTOIUYHBIA [3.
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Puc. 2. Tpaekropun BEKTOPHOIO IOJIA ¥ Ha Ha- Puc. 3. Ceuenne Ilyankape 1moToka BEeKTOPHOIO

KPBIBAIOMIEH IIJIOCKOCTH. oJIst ¥ 3aMKHYTO# TpaekTopueil moss &.

110 +00. Iosromy cymecrByer Takoe 3Havenue \, aro P’ cosuager ¢ P, aro u tpeGyercs. Jlemma
JIOKa3aHA.

Cremytomuit mmar B JOKa3aTeILCTBE — ITO €ITE pa3 MOIANPUITNPOBATD E Tak, 9TOOBI yKe BCe
€ro TPaeKTOPHUH CTAJU 3aMKHYTBIMUA. DTO MBI CJIEJIAEM B J[Ba Tama. Bo-TepBbIX, MOKAYXKEeM, 9TO
9TO MOYKHO CIIeIaTh B cMmbIcae O,

ITocTpoennyio 3aMKHYTYIO TPAEKTOPUIO BEKTOPHOTO TIOJIs E MBI PACCMOTPUM KaK I100aIbHOE
ceuenue [lyarnkape st moToka v. Ecin Top paspesars B/I0JIb Hee, TO OH IPEBPATUTCA B IIUINHIP,
PACCJIOGHHBINl HA TPAEKTOPUH BEKTOPHOI'O MOJIs ¥, WIAYIIUE ¢ HUXKHEIO OCHOBAHUS IUJIUHIIPA
Ha BepxHee (puc. 3). B kauecTBe eCcTeCTBEHHBIX KOODAMHAT Ha IMJIMHJPE MOXKHO BBeCTH h U t,
rie h € [0, ] — 3HavYeHne raMUJIBTOHMAHA, TApaAMETPU3YIOIIEe TPACKTOPUH BEKTOPHOIO MOJIS v,
a t — BpeMsi BJIOJIb 9TUX TPAEKTOPHil, OTCIMNTHIBAEMOE OT HUXKHEr0 OCHOBaHUs nujnHapa. O1-
MeTUM, 9TO Ha KaxKJION oT/enbHoll Tpaekropun 7y, = {H = h} napamerp t MeHsIeTCsI OT HyJisi
710 HEeKoTOpoit BesmauHbl 1'(h), KOTOPYIO MOXKHO NMOHHUMATH KaK JUIMHY y9IacTKa TPAcKTOPHH,
BaKJIFOUEHHOTO MEXKJIy HUKHUM U BEPXHMM OCHOBAHUEM IWJIMHJIPA WU, UYTO TO K€ caMoe, Bpe-
M, 3aTPAdIMBAEMOE TOUYKOH, ITOOBI ¢IesiaTh oJuH OOOPOT W BEpPHYThCA Ha cedenme llyamkape.
Besmuuna T'(h) He nocrosinua, a siBjsieTcst nepuoandeckoii dpyukimeii or h € [0, ¢].

Mpbr XoTHM «ITeperapaMeTpru30BaTh CUCTEMY» TakK, YTOOBI BpeMs OJIHOTO 000pOTa JIJisT BCEX
TOUYeK OBbLIO OJMHAKOBO 1 paBHO eaunuiie. Hoswiil mapamerp 7 = 7(t, h) onpejeanM COOTHOIIe-
HUEM

t(r) = /0 "1+ s(hy(n)) dr,

riae 1(t) — crangapTHas Criaakuparomasi pyHKius, rpaduk KOoTopoil m3obparkeH Ha puc. 4,
a s(h) Beibupaercs Tak, 4To0ObI Jist TpaeKTopun Yy, = { H = h} BBIIOJIHSIIOCH COOTHOIIEHUE

T(h) -1

1
t(l):/o 1+ s(h)y(t)dt =T(h), re. s(h):m.

Eciu € gocrarouno mano (em. puc. 4), 1o s(h) > —1. ITosromy HoBIHTErPAIBHOE BBIPAXKEHIE
CTPOT'O TOJIO?KUTEJILHO U 3aMeHa MOHOTOHHA.
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Cryazkupanue HeoOXOIMMO JIJIsE TOrO, 94TO00ObI Ieperapamerpusalus obia C'°°-riaikoii mocie
CKJIEHKM BEPXHEro U HUYKHEro OCHOBaHUN IuauHIpa. TakuM BEIOOPOM (DYHKIINKA 0O6ECIIeINBACTCH,
9TO B OKPECTHOCTH CKJIENBAEMBIX OCHOBaHUiT Mbl uMeeM d7/dt =1, u nosromy GyHKIHUIO T 110CIIE
00paTHOIO OTOXKAECTBJICHUSI OCHOBAHUI UINHIPa MOYKHO Telephb MOHUMAThH KaK HOBYIO YIJIOBYIO
KOODJIMHATY Ha HaleM Tope (Bcrojy HezaBucumyio ot Hl).

ITo mocrpoenuto 7 siByistercst C'°°-ryiaikoii, HO He Be-
[ECTBEHHO-aHAJIMTHIeCKOii. Mbl, 0HAKO, MOXKEM BbIOpaTh
HOBYIO QHAJIMTUIECKYIO YIVIOBYIO KOOPJIMHATY T TakK, UTO-
6bI oHa OblIa CKOJIb YrOAHO Oim3ka K 7 B C2-Tomosornn
(cM. IpHIIOZKeHHE), YTO 00ECIIEYNT ee HE3aBUCUMOCTH 0T H

(HIKAaKUX JIPyruX CBOMCTB T HAM He TPeOyeTcs).

Wrak, 6e3 orpanmdeHnsi OOITHOCTA MBI MOXKEM CUU-
TaTh YIVIOBYIO KOODJMHATY 7 BEIIECTBEHHO-AHAJIUTUIEC-
KOit. %IcHO, 9TO T MOXKHO aHAJIUTHIECKHM OOpa30M IIPO-
JOJIKUTH Ha Bce bmm3kne Topbl. ammisronnan H Ha Bcex
OJIM3KUX TOpax TaKyKe OIpeJesIeH M, pPa3yMeeTcs, aHa-

L

JIATUIECKAM 00pa30M 3aBUCUT OT IEPBBIX WHTErPAJIOB 0 & 1—c 1 1
fi, -+, fn. HesaBucumocrs H u 7 Ha GJU3KHX TOPax CoO-
XPaHAETCs. Puc. 4. Craxkusaiorniast QyHKITUS.

Jamee MBI MOYKEM TTOHUMATH T U H Kak JiBe «JIOKAJIb-

HbIe KOOPAUHATLI» Ha TOPaX U PACCMOTPETh KOOPAMHATHBIE BEKTOPHLbIE 1o Or u Og. OTMeTnM,
qro O, Kacaercs JyuHuUii ypoBust { H = h}, T.e. TpaeKTOpuil BEKTOPHOIO OJIsI ¥, HO U3-3a [POBe-
JICHHOM BBIIIE IIepernapaMeTpu3alul OTJINIaeTCS OT CaMOI'0 BEKTOPHOIO IOJIsSI ¥ Ha HEKOTOPLIit
[OJIOXKUTEILHBI MHOXKUTEIID, T. €. O = ® - v. Tpaexkropun moss u = 0y 3aMKHYTLI 1 TOMOTOII-
HBI [IUKJTY . By/lyan KOOpIMHATHBIME, BEKTOPHBIE TIOJIsI O U Off KOMMYTUPYIOT, T. €. U = Of —
rojie cumMerpuit jijist Y - v, 9o 1 TPeboBaIOCH.

Ocraercst BOCIOJIB30BATHCSI CJIEAYIOMINM CTAHIAPTHBIM (DAKTOM: €CJIM Ha TOpe 3aJIaHbl JIBa
KOMMYTHPYIOIIUX BEKTOPHBIX II0JIsI, TO CYIIECTBYET TaKas CHCTEMa YIJIOBBIX KOOPAMHAT, B KO-
TOPBIX 00a T10JIsT BBIIPAMIISIIOTCsT (CM. npusiozkenne). JlokazaresbeTBo (akra mpocToe: jiBa KOM-
MyTUPYIONINX BEKTOPHBIX I0JIsI 3a/1a10T JieficTBie rpyImsl R? Ha Tope. SICHO, YTO TOp SIBJISETCS
OpOHUTOIl STOrO NEHCTBUS U IIOITOMY MpEICTaB/seTcs Kak (hakTop R? MO HEKOTOPOil pelneTke.
Bribop 6a3uca pernrerku 3KBUBAJIEHTEH BBIOOPY YIVIOBBIX KOOD/IMHAT.

Teopema jokazana. [

KOMMEHTAPUI. VHTepecHBIM fABJIAETCA BOIPOC O BBIIPSAMJIEHUN BEKTOPHOI'O IIOJIS Ha TO-
pax 6e3 3amensl Bpemenu [13|. On okasbiBacTCsl BeCbMa HETPUBHAJBHBIM (JIayKe Ha OTIEILHOM
Tope) u cBsi3aH co cpoiicrBamu uucsa Bpamenus (A.H. Kosmoropos [15]). Ecim trop — peso-
HAHCHBII, T.€. BCe TPAEKTOPUHU Ha HEM 3aMKHYTBI, TO HEOOXOIUMBIM H JIOCTATOYHBIM YCJIOBHEM
BBIIIPSIMJIEHUST SIBJISIETCSI PABEHCTBO MX IIEPHOJIOB. B HErOJIOHOMHBIX CHCTeMaxX Ha Pe30HAHCHBIX
TOpax IepUObl TPAEKTOPHIl He 00sg3aHbI OBITH PABHBIMU, II09TOMY 0€3 IepernapaMeTpH3allul Bbl-
npsiMyieHnst (4, cTajio ObITh, FAMUJIBTOHOBOCTH) B 00IIeM ciydae jobuthest Heabss [8]. (B aroit
paboTe B KadecTBe IPHMEPa PACCMOTPEHBI PE30HAHCHBIE TOPHI B 3ajade O Imape Jamibruxa
U 9UCJCHHO YCTAHOBJICHO DA3Mdue B IIEPHOJAX JJIsi TPACKTOPHIl HA OHOM M TOM K€ TODE.)
Teopema KosiMoroposa yTBepzK/1a€T, 4TO BBIIPAMIIEHUE IO/ O€3 3aMeHbl BDEMEHI TeM He MeHee
BO3MOZKHO JIJIsI IIOUTH BCEX UPPAIMOHAIBHBIX UUCeJI BPAIIEHUS U JIaeT COOTBETCTBYIOIIYIO XapaK-
TEPUBAIMIO STUX YHCeJT (OHU JIOJZKHBI y/IOBJIETBOPSITH HEKOTOPOMY YCJIOBHIO JINOMDAHTOBOCTH, CM.
rakzxke [17]).
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3AMEYAHME. Vwmeercs Tak:ke mpocrefimmuii 4acTHBIH ciryuaii, orMederHbI B [24], KOria BO3MOXKHO
BBIIIPSIMJIEHHE BEKTOPHOTO 110151 0e3 3aMeHbl BpeMeHH Ha ceMeiicTBe TopoB. IIpn arom BekTOpHOE 110I€
JIOJIZKHO Y/IOBJIETBOPATH HEKOTOPOMY JIONOJHUTEIbHOMY TpeboBanuio. Takue cucrembl B [24] maspanb
MHTEerpupyeMbIMu 110 Jlarpamxky —JIn.

1.2. N'amMujbTOHU3AIMA B OKPECTHOCTH TOpa

Jlokazanmast BBIIle TeOpeMa yTBEPK/IAET, UTO TMHAMUKA CHCTEMBI, o0Jrafaorieii (n — 2)-Ms
UHTErpajlaMi U WHBAPUAHTHON MEpPOM, MOC/Ie TOAXO/ISIeil 3aMeHbl BPDEMEHN CTAHOBUTCST (hak-
THYEeCKH TAKOW »Ke, KaK y MHTerpupyeMbix 1o JInyBHJIIFO raMU/IBTOHOBBIX crucreM. llpu sTom
OKAa3bIBAETCS, UTO IIYACCOHOBY CTPYKTYPY U TaMUJBTOHHAH MOXKHO yKa3aTh HE €IUHCTBEHHBIM
criocobom. Ha camom jiejie mMeeT MecTo CJIeJyIornee yTBEPKICHHE.

B mpeamnonoxkennn mpepiiyiieit TeOpeMbl BbIJICJIUM OJINH U3 UHTEIPAJIOB, KOTOPBII MbI XO-
THM BUJIETH B KAUECTBE FAMUJIBTOHUAHA, CUCTEMBI, U3 OCTABIIUXCSA BHIOEPEM MTPOU3BOJIBHBIM 0Opa-
30M 1 — 4 QyHKIMH, KOTOpbIe Oy/IyT urparhk pojb ¢yHkiuil Kasumupa. 3adukcupyem 3TOT BbI-
60p, 0003HAYMUB UMEIOIIHIEC N — 2 HHTErPAJIOB BeKTOpHOTO toJist v yepe3 H, f, Cq, ..., Cp_4. To-
IJ[a HaIlle BEKTOPHOE II0JIe SBJISIeTCs KOH(POPMHO TaMIIBTOHOBBIM B CJIEIYIONEM TOTHOM CMBIC/IE:

Teopema 2. I[lycms evinoanens, ycaosus npedvidywetc meopemu. Toz2da 6 oxpecmio-
cmu unmezparvroti noseprrocmu X cyuiecmeyem nyacconosa cmpyxmypa J, maras, “4mo
Ci, ...,Ch_yg asamomesn ee gynruyuimu Kasumupa, a v = A\J dH, 2de A\ — nexomopas enradxas
NOAOAHCUMENDHAA PYHKUUA. B 6eUeCNEEento-anaisumusieckom caAy ae nyaccorosa cmpyxmypa J
U MHONCUMEAD X MOXHCE OYOYM BEULLCTNEEHHO-AHAAUMUYECKUMU.

SAMEYAHUE. OrmernM, uro dyHKIMsS A OyIeT, BOOOINEe TOBOPS, OTJIMYIATHLCA OT MHOKuTe s O~
73 OpebIIyIeil TeopeMbl, 1 TaMIJILTOHIAH H He COBIaJaeT ¢ MHOTO3HAYHBIM FaMUJILTOHUAHOM, OIIpe-
JIEJICHHBIM TIPU JIOKA3aTEIHCTBE MIPEIbIIYIIel TEOPEMBI.

Hoxasamenavcmeo. Mpbl, pazymeercst, Oy/1eM MOJIB30BaTbCs IPEJIbIIYINeil Teopemoit. O0o3HA~
1

4UM Yepe3 p = o™ YHCJIO BPAIleHusl BEKTOPHOTO TOJIA v. I ONpeieIeHHOCTH MBI CIUTAEM, UTO
2

Ao # 0 (MHAUE MOXKHO IIOMEHSITh A} U Ao MeCTaMHu).

Bwmecto noncka siBHO# (hOpMyJIBL J1JIsT IIyACCOHOBOM CTPYKTYPhI J B KoopjimHaTax ¢1, ¢o, H, f,
Ci, ...,Ch_4 MBI Oy/IEM HCKATh KAHOHUIECKNE KOOPIMHATHI JJIsl 3TOW ITyaCCOHOBOW CTPYKTYPbI
THIIA, TIEPEMEHHBIX JielicTBue—yroji. st sToro onpegesnnm jige OyHKIMNI

L=0L(HfC,....,Chq) u Ihy=I1L(HfCy,...,Chy),

TaKHe, 9TO Hallle BEKTOPHOE IIOJIC U IIPOIIOPIHOHAJJILHO I'aMHJIBTOHOBY BEKTOPHOMY IIOJIIO J dH,
rie
J:&bl A Or, +8¢2 A Or,. (1.1)

Bribepem B kavuecTBe [1 COBEPINEHHO TPOU3BOJILHYIO (DYHKIUIO, He3aBuCUMYI0 oT H n dyHk-
it Kasumupa C1, . .., Cp—4. Torga dyHKIUIO BpalieHust p MOXKHO 3alucaTh Kak MKy (aHa-
muriaeckyio) dyukmmio ot I, H,C, ..., Cyh_y.

Bropyto «mepemeHHyo geiicTBUS» 3aa/IUM CJISIYIOMIEH SBHOM (hOpMYJIOit:

I, = —/P(II,H,CL . .,Cn,4)d_[1.

0l

(dpyrumu ciioBamu, Iy onpejiesisiercst U3 ypaBHeHUs] —— = —p.) DTa (YHKIMs ONpejeeHa
oI

€ TOYHOCTBIO JI0 JIo0aBjeHus Tpou3BosbHol dyuknuu ot H,Cy, ..., C,_4. B qacTHOCTH, MOXKHO
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0l

cantarh, 9T0 —— # 0 (yacrHoe auddepeHnUpoBaHue MPOU3BOJAUTCS B JIOKAJBHBIX KOODJIU-

narax I, H, Cy, ...,C,_4). D10 yciaosue rapanrupyetr, aro I1, Iy, Cq, ..., C),_4 HE3aBUCHMBI,
u mosromy dopmysia (1.1) uMeer cMBICI 1 3a/1a€T HEKOTOPYIO IIyaCCOHOBY CTPYKTYpy. [lokazkem,
9TO 9TA CTPYKTYpa — MCKOMAs.

Haiinem Bektophoe nosie J dH. Bo-11epBbix, OTMETHM, YTO HA KAaYKJIOM TOPE 3TO MaMUJIbTO-
HOBO BEKTODHOE I10JI€ B IIEPEMEHHBIX (1, ()o BBIIPIMIIAETCS (Tak »Ke, KAK U BEKTOPHOE 1I0JIe ).
1o cpasy cuemyer usz toro, uro H = H(Iy,15,Cq, ...,Cp—y4), a J uMeeT KAHOHUYIECKUI BUJL.
ITosromy myrst TOro, 9TodOLI MOKA3aTh MPOMOPIMOHAILHOCTE ¥ U J dH, 1OCTATOYHO TPOBEPUTD,
YTO YHUC/Ia BPAIIEHUS TUX BEKTOPHBIX IOJICH COBIAJIAIOT.

B srom Jierko yoenuThest HEIOCPEICTBEHHBIM 110jicaeToM. JleficTBUTeIbHO,

Jag =9y, Oy

ol 0l
OTCIOTA
oH
oL
PH = ol
0l

Paccmorpum perysisipayto 3ameny nepemennbix (dbysakiun Kasumupa paccMaTpuBaroTes Ipu 3T0M
KakK IapaMeTpbl, KOTOPbIe B 3aMeHe YyYaCTHsl He IPUHIUMAIOT):

IlaH - 117]27

Marpuia fKobu 3Toil 3aMeHbl UMeeT BUI,

1 0
oH oM |
ol 0l
Matpuria obpaTHOil 3aMeHbI IMeeT BUJ
1 0
oL ol
0l, O0H

HOCKOHBKy 9TH JABE MAaTPUIIbI B3aMHO O6paTHbI7 TO MBI IIOJIyJa€eM:

OH . OH 01,
oI,  0I,0I;
Orcrona
oH
_ oL _ 0L
oI,
9T0 U TpeboBaoch. Teopema jgoKa3aHa. [ |
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1.3. IIpumepsnt

[IpowmocTpupyeM JT0Ka3aHHYIO TEOPEMy Ha IIPUMEPe MHTErPUPYEMbBIX HErOJIOHOMHBIX CH-
cTeM, B KOTOPBIX OBLIO HANJIEHO KOH(MOPMHO MAMUIJIBTOHOBO IIPEJICTABJICHIE.

IIpumep 1 (map Hamasirmaa Ha mirockoctu). Pacemorpum cucremy (2) npu k = 1
u U = 0, KoTopasi ONUCBIBAET KaueHue 0e3 NMPOCKAIb3bIBAHNS JUMHAMUYECKH HECUMMETPUIHOIO
YPABHOBEIIIEHHOI'O TIapa 10 HEMOJBUKHON TOPU30HTAIBHON II0CKOCTH. B 9TOM Ciyvae K nHTe-
rpasam (3) u (4) gobaBiisieTcst HHTErpasl IIONaIei

F2 = (M, n)

Takum 0O6pa3oM, Jijisi ITOH CHCTEMbI, COTJIACHO TeopeMe 1, MOTOK I0Cje 3aMeHbl BpeMeH!
BBLIIPSIMJISIETCST U, COTJIACHO TeopeMe 2, UMEeTCs IyacCOHOBA CTPYKTYPa, NPUBOJIAIIAS CUCTEMY
K KOH(OPMHO TaMUJILTOHOBON hopme.

B pabore [6] (cm. Takzke [24, 25]) ykasana myaccoHOBa CTPYKTypa ¢ aHHyssiTopamu (pyHK-
musivu Kasumupa) Fy, Fy, KoTopast B IepeMeHHbIX

1
L=pM, vy=mn, p=(D"'—=(n,An)) 2

BBITJIAIAT CJIC/YIOIIINUM O6p as30M:

{Li, L} = €4k <Lk - Pz(LKY)}—Z)? {Li,vi} = eijeves {7} =0;

[IpU 9TOM YPaBHEHUS JIBUZKEHUsI MIPEJICTABIAIOTCS B KOH(POPMHO TaMUJILTOHOBON (hopme

Lk = P{H, Lk}7 Yk = P{H, 7/6}7 k=1,2,3,
1 _

ITpumep 2. Paccmorpum reneps cucremy (2) upu U = 0 u k = —1; B 910M CiIydae uMeeTcst
JIOTIOJTHATEIbHBIA JIMHEHHBIN MHTErPaJl BAJIA

Fy = (jM,n), j = diag(Jg +Js—Ji,JJs+J — Jo, Jy + Jo — Jg),

TaK 49TO 3JIeCh TaKKe IPUMEHNMa, TeOpeMa | U pereHne ypaBHEHN JIBUKEHUS B ITPUHITATIE MOYKET
OBITH [TOJIy4eHO B KBaJipaTypax. OHAKO sIBHBIE KBaJIPATYPBI [IPU ITOMOIIN PA3JIE/IECHUs IEPEMEH-
HBIX yKaszaHbl jmib npu Fy = 0 [22]. Bompoc 0 $IBHOM MHTErpupoBaHUM M TaMUIBTOHU3AINM
npu Fo £ 0 J10 CUX TIOP OCTAETCST OTKPBITHIM.

VYkazkeM, Kak Ipy IOMOIIN KBajparyp [22]| cucrema npuBoguTcesi K KOHGOPMHO TaMIJIBTOHO-
Boii popme. COOTBETCTBYIOIINE PA3/IEISIIOIIIe IePEMEHHbBIE 21, Zo ONPEIEJISIIOTCS CJIeY FOIINME
COOTHOIIECHUSIMU:

2 1 detT (@i —z1)(ai — 22) o
n, = ) 2, 7k = 17273 )
G(21,22) (Ji = d) Jj Tk (ai — a;)(a; — ax) )= (12:9)
(1.2)
;T 21 Z9
M; = 220 — Jj) + ,
2 ! (1-— a;lzl)(l —atz)n (1- a;122)(1 —a; ')z
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rie
Glz1,20) =1 —d(Tr J — 2d) (21 + 22) + d(4det I — d Tr(IJT))z 22 (1.3)

ua; = ((Jj + Jy — J;)J;)~ L. Unrerpan suepruu (3) u xpajgpar Momenta (4) npejcrasisercs
B hopme

W(z9) . U(z1) .
H:(Zl—Zg) 2d€tI ( 2)22%_ ( 1)223 ’
4G*(z1, z2) | ©(21)%3 D (29)21 (1.4)
29) . 21) .
Fi = (21 — 2) 2detI ¥( 2)22% _ Y( 1)223 ’
4G*(z1, z2) | ©(21)23 D (29)27
rie
U(z) =ddet Az? — Tr(AJ)z +2, o(z) = (4detT —d Tr(AJ))z — (TrJ — 2d).
ITocste 3amennr Bpemenn
1 detJ _
dt = ———dr = \/ In,J-'n)dr 1.5
o) Jet1 " ) (1.5)
Ha ypoBHe unterpasos H = h u F| = f ypaBHeHnust JABMKECHHs [IPEICTABISIOTCA B hopMe
R R
dy _ 2V RBD -dyy v Es) (1.6)

dr  z1—2 ' dr 29 — 21

R(z) = =(z —a1)(z — a2)(z — a3) (S¥(2) + hp(2)).

Ha mmoroo6pasmn M* = {Fy = 1, F; = 0} Boibepem HezaBUCHMBIE TepeMeHHbIe 21, 29, h, f
U OIIPEJICJINM IIyacCOHOBY CTPYKTYDY (panra 4) ciemyronmmM obpasoM:

{21722}:07 {h,f}:O,

e = T2 PG, oy = -2 R

e st = 22 /PGS, ey = Y PG,
2 z

A= )p(e) — U(ai(), P() = TLRE),

B srom cityuae ypasHenust jpuzkenusi (1.6) npejcrapisiiorcs B KOH(GOPMHO TaMHUJIBTOHOBOI
dopme

% = Nz1, 22){z1, H}, H=h,
Az, 2) = W)W (z0)(21 2'2)‘

AZl Z9

KondopMHO raMuIbTOHOBO IIPEJICTABICHAE B IEPBOHAYAIBHBIX (DU3MUECKUX ME€PEMEHHBIX
(M, n) yxazano B |9)].
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2. 'amMuabTOHM3aNMA B OKPECTHOCTUA MEPUOANYECKOl TPaeKTOPUM

B srom pasmene Mbl pacCMOTPUM CHCTEMbI, KOTODBIE HE SIBJIAIOTCS HHTEIPUPYEMBIMU,
JUIsl HUX THIMYHO XaoTHYecKoe IoBejieHue. B paborax [23, 26, 27, 28| npuBeseHO HECKOJIBKO
IpUMEpOB (HErOJIOHOMHBIX ) HEMHTEIPUPYEMbBIX CUCTEM, KOTOPbIE MOTYT ObITh CBEJEHBI K IOTOKY
Ha, 9eTBIPEXMEPHOM MHOTr000pa3uu, KOTOPbI COXpaHsIeT MepPy U 00JIaIaeT IEePBBIM MHTEIPAJIOM.
JL1st KagecTBEHHOIO aHaju3a [OJIO0OHBIX CHCTEM YacTO MCHOJb3yeTcs cedenue llyankape, ¢ momo-
IO KOTOPOI'0 HA MOBEPXHOCTH YPOBHS IIEPBOI0O MHTEIPAJIa CTPOUTCS JIBYMEPHOe OTOOparkeHnue,
COXpaHsoITee oAb (B MOJAXOSIINX epeMeHHbIX ). Taknm 06pa3oM aHams3 3TOro IMOTOKA CBO-
JUTCS K U3Y9IEHUIO CeMEeCTBa, JIBYMEPHDBIX OTOOPAKEHWil, MapaMeTpu3yeMbIX 3HATEHUEM ITOCTO-
SIHHO TIepBOI0 MHTErpajia. Takoe MpeCTaB/IEHAE MO3BOJISIET UCIOJB30BATH XOPOIIO U3BECTHBIE
(4MCcIIeHHBIE) METOJIbI MCCJIeIOBAHNST Xa0ca, [IPUMEHseMble, KaK [PABUJIO, JIJIsi FAMUJIBTOHOBBIX
cucrem ¢ 1Y, u 2 crenensvu cBOGOIBI.

C apyroit croponsl, u3BecTHO [36], 4T0O BCsikOe JByMEpHOE COXpPaHSIOIIee III0Nab 0Toopa-
skeHne (TOMOTOITHOE TOKJIECTBEHHOMY) aHAJUTHIECKUM 00pa30M BKJ/IAJIBIBAETCS B TAMUJIBTOHOB
HOTOK (BO3MOXKHO, C HEOJJHO3HAYHBIM TaMIJIBTOHHAHOM ).

BozHukaeT ecTecTBEHHBIN BOIIPOC: MOIHCHO AU UCTOOHYIO CUCTNEMY HA YETNOIPETMEDHOM MHO-
2000pa3uL, NPedcmasums 8 2aMuAsLMONH060T opme, 20e nepevit unme2pan bEPEMCA 6 Kavecmaee
20MUNDTMOHUAHAT

DTOT BOIPOC COJIEpIKATEIEH, OUYEBUIHO, HE JIOKAJIBHO, a JUOO0 II00aJbHO HA BCEM MHOTO-
obpasun, ub0 B OKPECTHOCTH HEKOTOPOI'0 MHBAPUAHTHOTO IOJIMHOr00Opasus. B To ke Bpems
BbIIIIe ObLIO OTMEYEHO (CM. TakzKe [8]), 4T0 B MHTErpUPYEMbIX HEIOJIOHOMHBIX CHCTEMAX UMEIOTCSI
[PEIATCTBUS K IPEJICTABICHAIO CUCTEMbBI B TaMIJILTOHOBOM hopme 6e3 3amennsl Bpemenu. [losro-
My B JIAHHOM pa3Jiejie PACCMOTDPUM IPOOJIEMY HPEeICTaBICH s UCXOJHON cucTeMbl (Ha YeThIpex-
MEPHOM MHOI000pa3uu) B KOH(DOPMHO TaMHJIBTOHOBOI (DOpMe B OKPECTHOCTH MEPUOTIECKOrO
peIeHns.

Teopema 3. I[lycmb umeemcs JUHAMUNECKAA CUCTIEME HG YEMBLPETMEPHOM MHO2000Da-
U, 064a0010UWaA UHBAPUGHMMHOT MEPOTL [t U Nepevuim urmezpasom H. Hycmo v — samrnyman
mpaexmopus amoti cucmemoi, na komopoli dH # 0. Tozda 6 oxpecmmocmu amot mpaexmopuu
DACCMAMPUBLEMA CUCTNEMA ABAALMCA KOHPOPMHO 2aMUABTOHOGOT C NYACCOHOBOT CMPYKMYPOT
parea 4.

Joxazamensbcmeo TakyKe HUCIOJIB3YET PsJi TEXHUIECKUX yTBep:Kaenuii. Pukcupyem TOUKY
Ha TPAEKTOPHH Y, PACCMOTPHUM €€ YeThIPEXMEPHYIO OKPECTHOCTD. 1lepBhIil mar 1oka3aTeIbcTBa —
9TO BBeJICHUE YJIOOHBIX KOOD/JIMHAT B 9TOH OKPECTHOCTH.

flcHO, 9TO ¢ TOIOJIOrUYECKOW TOYKN 3PEHHS OKPECTHOCTb TPACKTOPUU -y MPEJICTABISIET CO-
60l TIpsiMOe TTPOU3BEIEHUE TPEXMEPHOIO JINCKA Ha OKPYKHOCTH. QUeBHJIHO, YTO IMTOTOK HA ITOI
OKPECTHOCTHA MOYKET OBITH CMOJIETUPOBAH CJICIYIONIIM 00pa3oM. PaccMoTpuM cHaYaa IMUIAHIP
D3 xR ¢ koopuHATAMH (p,q, h) Ha nucke D3 (mpuuem h — 9T0 3HAUEHUE epBoro uuTerpaga H)
" KoopjuHaToit ¢ Ha mpsiMoii R. 3areM 0TOXKJIECTBUM Ha HEM TOYKH C KOOP/IMHATAMU

(p,q,h,t) uw (®(p,q,h),t+ f(p,q,h)), (2.1)

rme ®: D3 — D3 — tpexmepnoe orobpazkenue Ilyamkape, a f(p,q,h) — Bpems BO3BpaleHus
TPACKTOPHUH, CTAPTOBABIIEH U3 TOUKU (P, q,h), PACHOTIOKEHHON Ha TpexmepHoMm cedennn [ly-

ankape {t = 0} (cMm. puc. 5). B paccMmarpuBaeMbIX JIOKaJbHBIX KOODJMHATAX BEKTOPHOE II0JIE
0

3allUCbIBaeTCdA B BUJIC UV — ——

ot
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h = const

(@(p,q:1).f(p,q,1))

Puc. 5. Cxemaruueckoe n300parkenue yemuipermeproti OKPECTHOCTU IEPUOINIECKON TPACKTOPUN Y U HJI-
JIIOCTPAIUsT MPETMEPH020 oTobparkeHus [lyaHkape, OIMCAHHOIO B JIOKA3ATEILCTBE (IPAHUIA OKPECTHO-

¢y, n300parKeHHas B BUJE TOPA, B OOIIEM CJIydae HeMHBAPUAHTHA OTHOCUTEIHHO IOTOKA).

Urak, B OKpPECTHOCTH Mbl BBeJIM KOOPAUHATHL (P, q, h,t). OHHU, pasymeercs, yI0BJIETBOPSIOT
HEKOTOPOMY YCJIOBUIO TIEPUOUIHOCTH. DTO YCJIOBUE KAK Pa3 U BBIPAXKAETCS MPABUJIOM OTOMK-
necrsiennst (2.1).

Tor dakT, 4To cucreMa MMeeT TEPBBIA WHTErpas H, TpUBOJAUT K TOMY, 9TO TPEXMEpPHOE
orobpaxkenue llyankape 3anucoiBaercst B BUIE

p=0(p,q,h),
q=14q(p,q,h),
h=h,

rie (p,q, h) = ®(p,q, h) — KoopauHaThl 0Opasa ToUYKM Hpu orobpaxkeHun IlyaHkape.
Coxpanenue Mepbl IIPUBOJUT K TOMY, UTO IIPH KaxKI0M (DUKCHpOBAaHHOM h JByMepHOE 0T00-

paxkenne Ilyankape cOXpaHsIeT ILIONAh Ha KaskKJIOM JIByMepHOM ceuenun {h = const,t = 0}.

Bes orpannuenus oGIHOCTH, MbI MOYKEM CUMTATh, YTO P, — KAHOHHMYECKHE KOOPIMHATHI, a

p=pp.q,h), q=4q(p,q,h)

— ceMeiicTBO cuMILIeKTuIecknx auddeomopdusmos, rje h urpaer posb napamverpa. Moxuo
CKa3aTh TEM CAMBIM, 9TO HAIA JIMHAMUYIECKAS CUCTEMAa B OKPECTHOCTU PACCMATPUBAEMON Tpa-
€KTOPUM IOJTHOCTBIO XapPaKTEPU3YETCs ITUM CEeMEHCTBOM CHMILIEKTUIECKHX OToOparkenmii Py,
u ere (nosoxkuTesibHOi) dbyukumei f(p, g, h), KoTopasi, BIPOYeM, MOXKET MEHSIThCsI COBEPIIIEHHO
POU3BOJIBHBIM 00PA30M IIPU 3aMEHe apaMerpa Ha TPAeKTOpusiX (I09TOMY B UTOre OHA HUKAKOIL
PO TIPU HAINMUX IIOCTPOCHUSIX UTPATh HE JIOJIXKHA, PA3 MBI HHTEPECYeMCsI TaMUJILTOHOBOCTHIO
€ TOYHOCTBIO JI0 KOH(MDOPMHOIro MHOXKHUTE s ). OTMETHM, YTO DU U3MEHEHUHU [apaMeTpa t Ha Tpa-
eKTOPUSIX KOOPJUHATHI (P, ¢, h) OCTAIOTCS IPEXKHUM.

Wrak, MBI UMeEEM XOPOIIYIO MOJIEJIb, OMUCHIBAIONLYO TOBEJIEHUE CUCTEMbl B OKPECTHOCTH
paccMaTpUBAEMON TIEPUOIUIECKON TPAEKTOPUN C YKE BBEJICHHBIMU JIOKAJIHLHBIMIA KOOP/IMHATAM.

JlokazaTeabeTBO TEOPEMbI COCTOUT B sIBHOM IIOCTPOEHUY IIyaCCOHOBOI CTPYKTYphI (TOUHEee,
CUMILIEKTHYIECKO (POPMBI) U HCIIOJIL3YeT €Ile OJHO TeXHUIECKOe YTBEDIKIIeHNUE.

Jlemma 2. [Tycmw umeemca cemeticmeo cumniexmudeckux omobpasicenud ®p: D? — D?:

p=0pPq.h), q¢=qp.qh)
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2de (p,q) — wanonuueckue xoopdunamul. Tozda mostcno npodoadicums amo omobpasicenue 0o
YEMBLPETMEPHO20 CUMNACKIMUMECK020 0Mobpasicenus 6uda

p=pp.q,h), q=4qp,q,h),

- - (2.2)
h=h, t=t+q¢(p,qh).

Jpyeumu caosamu, cywecmeyem zaadkas (anasumuveckas ) Gynkuyus ¢, makas, wmo (2.2) —
CUMNACKIMUYECKOE 0TOOPANCEHUE 8 CMBICAE CUMNAEKMUYECKOT cmpykmypor w = dpAdq + dhAdt.

Mozxno chopmymupoBaTh Oojiee 00IIee YTBEPKICHIE:

JIemMma 3. ITycmo umeemcs cemeticmeo cumnaexmudeckux omobpascenuti @y, : R —R2"
2nadko 3asucswee om napamempa h.

Tozda MmooicHo pacwupums 9mo omobpasicenue 00 YeMbPETMEPHO20 CUMNAEKMUYECKO20
omobpasicernua npocmpancmea R*T2 = R2% (1) x R2(h,t) 6 caedyrowem cmuicae: cyuecmeyem
anadkasn gynryus d(x,h), x € R?", h € R, makaa, wmo omobpasicerue

% = <I>h(:c),

- ~ (2.3)
h=h, T{=t+ ¢z, h)

6ydem CuMNACKMUNMECKUM 6 CMBLCAE eCTRECMEENHOT cumnaekmuueckol cmpykmyps ) = w +
+ dh A dt na npocmpancmee R?2"+2 = R?"(x) x R?(h, ).

Jlokazameavcmeo cocTouT B TOM, YTOOBI BIICATD JAuddepeninaibaoe ypaBaerue Ha ¢(x, h)
1 yOeIuThCsl, 9TO OHO Beerma uMeeT perteHnsi. OT CUMIIIEK THIECKO CTPYKTYPhI YI00HO IIPU 3TOM
nepeiitn k ckobke Ilyaccona. I[TockobKy 110 TIepeMEHHBIM € pacCMaTpUBaeMoe Ipeodpa3sOBaHUe
SBJISIETCS CUMILIEKTHIECKUM 110 ITOCTPOEHUIO, TO HETPY/IHO BUJIETH, UTO HEOOXOINMOE H JIOCTa-
TOYHOE YCJIOBUE CUMILIEKTUIHOCTH MpeobpasoBanus (2.3) NpUHUMAET BU/L

{Tp, 1} =0,

rie Ty = ZTg(x, h) obo3HaTaeT OjHY U3 KOODIMHATHBIX (DYHKIMH, 3a/af0MUX CeMeiicTBO 1Ipeos-
pazoBanunit ®y,.
Ecion Mb1 06o3naunm yepes { , }o ucxoznyio ckooky Ilyaccona, onpe/iejieHHY 0 Ha IPOCTPaH-
crBe R?"(x), TO 9T COOTHONIEHNS MOXKHO MEPEHNCATH B BUJIC
~ 0Ty,
Tk, 9o + = = 0.
{Fe b + 5
HerpyaHo BUETH, 9TO BTOPOIl UJIEH B 9TOM PABEHCTBE IIPEJICTABIsSIET CODOI MPOU3BOIHYO (DyHK-
LUU X}, BIOJIb HEKOTOPOI'O BEKTOPHOIO IO &€, KOTOPOE OLPEIEsSeTcs U3 PABEHCTBA

0Fp i

Oh = &(7x) = 20;5 %
Orcrona

o _ § 020 0Tk
§ zk:(‘)%k Oh

_d
Eids

njm, 9TO TO 2Ke caMoe,

E:0®;1(®h+6($))'
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Wrak, muddepenimaibnoe ypaBHenne Ha QYHKIIAIO ¢ TMEET BHU]T

{Zk, oo + &(Tk) = 0. (2.4)

Ho »T0 ycioBue B TOYHOCTH O3HAYAET, YTO BEKTOPHOE 1Oje £ TaMHJIBTOHOBO, & (DYHKIUS ¢
CJIy?KUT €ro TaMIJIbTOHHAaHOM. Takum 06pa3oM, pasperuMocThb ypasHeHus (2.4) SKBUBaJICHTHA
raMUJIBTOHOBOCTH BEKTOPHOro 1oJisi €. Ho ero raMuibTOHOBOCTH CJIeJyeT U3 CJIEJIYIOIIEro XO-
poro uzBectHoro dakra |2, 35]. Eciau 3amano cemeiictBo cumiiekTudeckux orobpazkenuit W,
(B mamaoM cirydae W, = @;1 o @p4.), Takoe, aro Yo = id, To ero mpomsBoOgHAS IO MApaAMETPy
B HyJIe $IBJISIETCSI TAMUJIBTOHOBBIM BEKTODHBIM IOJIEM (MbI HE JIeJIaeM 3/1eCh PA3JIMIus MEXK Ly
JIOKAJTbHOM M TJI06AJIbHON TaMUIBTOHOBOCTBIO, TIOCKOJIBKY BCE pacCMaTpUBaeMble OKDECTHOCTH
SIBJIAIOTCS OJIHOCBSI3HBIMHE). JIemMMa jmoka3ana.

Tereps /151 3aBepIIEHUST HAIIETO JIOKA3ATEIBCTBA HYKHO TOIXO/ISIIIIM 00pa30M U3MEHUTD
nmapaMerp Ha TPaeKTOpHAX, T.e. BpeMs t. YlcHO, UTO m3MeHeHHe mapamerpa t ¢ TOUKH 3PEHUSI
orobpazkenust (2.1) npuBoauT Jjuib K udmenenuto yuknuu f(p, q, h). Bosee Toro, jgerko sugers,
9TO 9Ty (PYHKIIUIO MOXKHO CJIeJIaTh COBEPIIEHHO ITPOU3BOJIBHON. B 1acTHOCTH, TIepenapamMeTpusa-
el Mbl MOYKeM JIOOUThCsT TOrO, YTO OHa OyzeT pasHa ¢(p, q, h), T.e. orobpazkenue (2.1) craner
CUMILIEKTUIECKAM OTHOCHTEJIBHO CHMILIEKTHIECKONH CTPYKTYPBI, 3allUCAHHON B KAHOHUIECKOM
Bujic w = dp A dq + dh A dt. OrmeruM, 9TO HYKHYIO HAM IeperapaMeTpU3aIiio HEeCI0KHO
CJIeJIaTh AHAJIMTUIECKON (1oJpobHee CM. MPHJIOYKEHHUE).

Tenieps ocraeTcst JIMIb TOCMOTPETHh HA ITOJIYYEHHBIN PE3Y/IbTAT C HECKOJBKO WHON TOUKM
3penusi. B OKpecTHOCTH paccMaTpuBaeMOil 3aMKHYTOH TPACKTOPUE MBI IMEEM HEKOTOPYIO CUCTE-
My KoopiuHAT (p,q,h,t), olpe/ejieHHy 0 110 MOJYJII0 peobpasoBanust (2.1), KoTopoe siBjsieTcst
HE YeM WHBIM, KaK JeThIpeXMEPHBbIM oToOparkenueM l[lyankape jijisi Haleil mepuonaeckoit Tpa-
ektopun. [TockoIbKY 9TO 0TOOparkeHme CUMILIEKTHYIecKoe, TO w = dp A dq + dh A dt 3amaer
KOPPEKTHO OIPEJICJICHHYI0 CUMILIEKTUIECKYIO CTPYKTYPY B HaIlleli OKPECTHOCTH.

Ocraercst JIMIb 3aMEeTUTH, YTO BEKTOPHOE IoJsie v (Mbl COXpaHsieM IpexkHee 0DO3HAUeHUe

JJId TIeperrapaMeTpu3oBaHHOI'O HOJIH) nmMeeT BHI E’ 9TO COBIIaJacT C IraMUJIBTOHOBBIM BEKTOD-

HbIM TI0J1eM yHKIuu H = h, aro u TpeboBasiocs. Teopema jokazana. [ ]

ITpumep 3 (raMuIBTOHOBOCTH PE3MHOBOrO mIapa Ha cdepe). B jganHom ciyuae B Ka-
YecTBe IIpUMepa PACCMOTPUM PE3UHOBBIN 1ap Ha cdepe, onucbiBaeMblii cucremoii (5), npu U = 0
(orMeTuM, 9TO J1JIst OOBIYHOIO Tapa (2), BOSHUKAIOT HPEIsATCTBIS TAMUJIBTOHU3AINE B OKPECTHO-
CTH TIEPHOJIMYECKIX OPOUT, 06Cy K 1aeMble HuzKe, cM. pazzen 4). [Ipu arom cucrema (5) jonyckaer
[IPOCTENTINE TEPUOTUICCKUE PEIIeHUs BUJIA

o: ny =cosp(t), n; =sinp(t), np =0, w; =w; =0, wg = wo, 25
p(t) = kwot + o, Po,wo — const. '

Huddepenmains narerpasnos (7) u (8), HanpuMep, Jisi PEIIEHNs] 03 OIPEIEISIIOTCS CIIeLy-
IOIIAM 0OPa30M:

dFy = 2cospdny + 2sin pdne, dF; = wgdns + cos p dwy + sin ¢ dwa,
dH = ngo dwg

U OYEBUJIHO SIBJISAIOTCS JIMHEHHO He3aBucuMbiMu. CiieoBaTesibHO, perierust (2.5) HEeBBIPOXKICH-
ubl (T.e. dH ormmuHo OT HyJs 0 MoIyIo juddepennunanos dFy, dFy). U nefictBuresbHO, Kak
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nokasaHo B [24], cymecrByer myaccoHoBa cTpyKTypa ¢ anHyiasropamu Fp, Fy, npuBojsmmast cu-
cremy (5) K KOH(MDOPMHO raMHJIBLTOHOBOI hopme.
Hawubostee mpocTo cooTBETCTBYIONIAS IIyaCCOHOBA CTPYKTYPa BLITVISIUT B CJIEIYIOMINX Iepe-

MEHHBIX: )
M = @(n,J_ln)%J%w, v = (n,J_ln)iéJién;
P 9TOM
{Mi, My} = —eijeMy,  {Mivj} = —gijpme {7071 =0, (2.6)
a raMUJILTOHUAHOM $IBJISIETCSl UHTerpaJl sueprun (8)
H = %(Jw,w) = %dlj,] (v, Iv)* M2, (2.7)

Ipu 3TOM

1 1
. B 1—— . _ 1——
Mi= (v, 37y) 2{M;, H}, 4= (v, 37 y) 2 {y H}.

Ckobka (2.6) siBasiercst ckoOkoit JIu—ITyaccona (ko)anrebpsr e(3). @yukuun (M ,~), (v,7y) as-
ssoTes ee pyHkiusamu Kasumupa.

3AMEYAHME. Kak nokaszano B [24], ara cucrema npu k = 1 usomopdHA MHTErpUPyeMOi crucTeMe
Becenosoii [11], KoHGOPMHO TaMHUIBTOHOBO TIPEJICTABIIEHIE KOTOPOii OBLIO BIIEpBbIE yKa3aHo B [33].

3. F&.MHJ’IBTOHHS&HHH B OKPE€CTHOCTH IIOJIO2KE€HH s paBHOBECHIA

Bompoc o kpurepun KouHpOPMHOIT raMIIBTOHOBOCTH B OKPECTHOCTH OJIOYKEHIST PABHOBECHST
SABJISIETCSI, TIO-BUJIMMOMY, JIOCTATOYHO CJIOXKHBIM W JI0 CUX ITOp He perreH. [IpuBenem 3mech psif
3aMEYaHMil, OTHOCSIIUXCS K 9TO# 1mpobieme.

JIerko BUJIETD, 9TO B 9TOM CJIydae MMEETCs CJIeAyIOoIee 0YeBHIHOEe HeOOXOMIMMOe YCIOBUE.

IIpennoxxenne 3. [lycmv xy — nenodsusichas mouka eexmopnozo noas v(x). Ecau v
ABAAEMCA KOHPOPMHO 2AMUADIMOHOBHIM 8 OKPECTNHOCTIU IMOT, MOYUKU, NPUYEM COOMBEMCMEY-
owas nyacconosa cmpykmypa J umeem 6 dannotl mouxe pame 2k, Mo AUMEAPUIAUUA IMO20
B8EKMOPHO20 NOAA uMmeem He boaee 2k Henyaesvir cobcmeerHbr 3HAUeHUTl, NPUYEM MU COO-
CMBENHDBLE 3HAYEHUA BCINPEYAIOMCA NAPAMU N, — .

Joxasamenvbcmeo 3TOro yTBEPKJICHUS OYEBU/IHO.
JIerko mocTpouTh HpUMep JAMHAMHYCCKON cicTeMbl Ha M* ¢ nnBapuanTHO# Mepoii i JAByMs
WHTEerpalaMu, JIJIT KOTOPO YKa3aHHOE YCJIOBUE He BBITIOJTHSIETCH.

IIpumep 4. Ilycrs v(x) = (21,222, 23, —424). DTO BEKTOPHOE OJI€ COXPAHSET MEPY [ =
= dz1 N dxy A drs N dry 1 mMeeT JABa MOJIMHOMUAILHBIX HMHTErpaja fi = x‘ll$4 u fo = xox324.
IIpemtoxenne 3 MOKA3LIBACT, ITO KOH(POPMHO TAMIILTOHOBLIM 3TO BEKTOPHOE ITOJIC HE SIBJISICTCS.

KoMMEHTAPUI. llpensarcTBus K CyNIeCTBOBAHUIO WHBAPUAHTHONW MEPBI JIJI HETOJIOHOM-
HBIX CHCTeM BOJIM3M HENOJBUKHOI Toukn paccemorpenbl B. B. Kossosbiv [14] (ipu sTom 3aBejio-
MO HE CyIIeCTByeT KOH(OPMHO raMH/IBTOHOBa IpejcTasienns). OH yKaszas npocTeiilee yeaoBue

Ha COOCTBEHHBbIE YMCJIA A; MATPUIbI JIMHeapu3almu Bujga »  A; = 0, siBjsiroreecsi HEOOXO/ 1~
i
MBIM JIJIsI CYIIECTBOBAHUSI MEPbI € aHAJIUTHIECKOI IUIOTHOCTBIO (3TO ycsioBue Gosiee ciaboe, dem

B npejyioxkernn 3). OJIHAKO OHO, MO-BUMMOMY, HE SIBJISIETCsI JOCTATOYHBIM: Tak, B pabore |27]
yKa3aH psiJi HErOJOHOMHBIX CHCTeM (HAIPUMED, YPABHOBEIIEHHBIE SJIIUIICOM/IbI, JINHAMUIECKUE
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U reoMeTpHrYecKre OCU KOTOPBIX COBIIQJIAIOT), JIJIS KOTOPBIX yciaoBue y . A; = 0 BbinosHeHo. Tem

(2
He MeHee, Jjis HUX JI0 CHX I[IOP He HailJIeHbI HU Mepa, HU TeM 0OoJsiee KOH(MOPMHO TaMUILTOHO-
BO TipejicTaByieHne. B pabore |7 ykasaHbl yCIoBHsl, IPU KOTOPBIX y KATSIIEr0oCsi HEOJIHOPOIHOIO
SJUIMIICOUJIa OTCYTCTBYET UHBapUAHTHAs MeEpa.

KOMMEHTAPUII. IlpensitcTBus K TaMUIBTOHU3AINE BOIU3N OJIOKEHIST DABHOBECHST MOXK-
HO U3ydaTh TaKXKe B UHTEIPUPYEMbIX (HEIOJIOHOMHBIX) cucTeMax. Tak, B 3ajade Payca, onuce-
BaOIIel KaueHue JMHAMUIECKH CHMMETPHYHOIO Iapa CO CMEIIEHHBIM [EHTPOM MAcC 10 TOPHU-
30HTAJIBHOI IJIOCKOCTHU, CYIIECTBYET MOJIOKEeHNe DaBHOBECHs! (Jjisi IPUBEJIEHHON CUCTEMbI) TH-
na GOKyC — 9TO PAaBHOMEPHOE BPAIIEHNE BOKPYT' BEPTUKAIM, KOTOPOE SABJISACTCS HEYCTONIUBBIM
[IPU MAJIBIX YIJIOBBIX CKOPOCTsIX BpamieHust (anasor ycsiosust Manesckoro). Kak mnokazano B [24],
B 9TOM Cjlydae BOJIM3H HEOCODOIO TOpa CHCTEMa MOXKET OBITh MaMUJIBTOHH30BaHa 6e3 3aMEHbI
BPEMEHH, UTO CBSI3aHO C CYIIECTBOBAHMEM JIMHEHHBIX MHTEIPAJIOB, aHAJIOTMYHBIX IIMKJITIECKUM.
OsHAaKO 9Ta IyaccOHOBa CTPYKTYpa HE MOXKET OBITh aHAJINTHYECKH IIPOJIOJIZKEHa BO Bee dazo-
BOE MPOCTPAHCTBO, BKJIIOYAIONIEE MOJIOKeHHe paBHOBecust [29]. Dra cucreMa sIBJISETCS MpUMe-
POM IIPENSATCTBUIl, CBSI3aHHBIX C HEIaMHUJILTOHOBON MOHOJIPOMUEIl MHTErpUPYeMbIX HErOJOHOM-
ubIx cucreM [30].

DTO HPEensiTCTBHE C TOMOJOTMYECKONH TOUYKM 3PEHHsl CYIECTBEHHO OTJIMIAETCS OT MPHBO-
JIIMOIO HAMM HUKe B npumepe 7. B npumepe 7 mMeercst «IaMHJIBTOHOBO» CJIOEHHE HA TOPBI
C «HEraMIJIBTOHOBBIM» IOBEJICHHEM TPAeKTOPHil Ha CJIOsX, B TO BpeMs Kak B 3ajade Payca
«HEraMUJIBTOHOBBIM» OKa3bIBACTCs Y2KE CaMO CJIoeHne Ha Topbl (cM. [29]).

KOMMEHTAPUIA. st npyroii 3ajaau Payca (o6cyzknaemoii B [23]), koropast cBsizana ¢ aHa-
JIN30M YCTOMYMBOCTH MEPMAHEHTHOIO BPAIICHUS OJHOPOIHOTO Iapa Ha BEPIIUHE SJUIHITHICCKO-
ro napaboJionjia B IoJie TsKecTH (Kak M JjIsi HerOJIOHOMHO# 3a1aun Skobu [28]), xordbopM-
HO IraMHJIBTOHOBO HPEJCTABICHUE TaKzKe IO0Ka HemssecTHO. OHako, nmpuMmensss Teopemy Mose-
pa O CyIIECTBOBAHUN MHBAPUAHTHBIX KPUBBIX OTOOPaXKEHHsI KOJIbIA, COXPAHSIONIErO IIONIA/Ib,
MOYKHO yKa3aTh JIOCTATOYHOE YCJIOBHE YCTONYMBOCTH 9TUX BPAIICHUI U PACITUPUTD TEM CAMBIM
KAM-reopuio Ha ciaydail KOHCEPBATUBHBIX CUCTEM, O0JIaIaI0NUX WHBAPUAHTHONW MEpOii.

4. HpeHHTCTBI/IH raMmJIbTOHMU3a N1

PaccmoTpum Terepb BOIIPOC 0 BO3MOYKHBIX IPEISTCTBUAX K [IPEJICTABJICHUIO CUCTEMbI B KOH-
bOpMHO raMUIBTOHOBOI (hopMe.

IToMumMoO yKa3aHHBIX BBIIIE MPEISITCTBUI, B OKPECTHOCTU MOJIOZKEHUI DABHOBECUS] B HETO-
JIOHOMHBIX CHCTEMaX MOTYT BCTPEYAThCs] BBIPOXKJIEHHBIE MEPUOIUIECKIE OPOUTHI, KOTOPbIE TaK-
JKe TPEIATCTBYIOT MPEJICTABICHUIO CUCTEMbI B KOH(DOPMHO raMujibToHOBON hopme. Huzke mbl
yKaykeM TaKKe IVI00aJIbHBIE MPEISiTCTBUsI, KOTOPbIE HOCAT TOMOJOruYecKuii xapakrep. O IHAKO
B ITOJTHOI Mepe 9TOT BOIPOC ellle MPAKTHIeCKd HE M3y JeH.

4.1. BpIpoXK/1eHHbI€ TEePUO/INIEeCKNEe OPOUTHI

Bynem mosrarath, 9To Ha n-mMepHOM MHOTOOOpasun M 3a1aHa COXpaHsIONasi MHBAPUAHT-
HYIO MEpPY CHUCTeMa
x =v(x), (4.1)

KOTOpasi Takzke 00J1a1aeT HabOPOM IEPBBIX MUHTEIPAJIOB f1, ..., f, YIOBIETBOPSIOIINX yCJIOBHIO
n —k+ 1= 2m — derHoe 4ucJo.
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3AMEYAHME. Kaxk npasuio, B nmeromumxcst npumepax (eM. [24, 25]) Ha mecruMepHOM MHOroo6pa-
sun M 3amama cmerenMa ¢ TpeMs MepBBIMI HWHTETpAJaMHI f1, fo, f3 1 HHBAPHAHTHOMH MepOiL.

IIpocreiitiee npernsitcTBre, KOoriga W3 UHTErPajoB fi, ..., fir 3aBeOMO HEBO3MOXKHO 0Opa-
soBarh (ynkipn Kasummpa u ramusbroHuan Jyisi cucreMbl (4.1), onuChIBaeTCs CJIe Iy IONM
obpaszomM.

IIpenuioxkenue 4. FEcau cywecmeyem pewenue cucmemv, Y(t), He asasoweecs Heno-
deudichoti moukotl, Komopoe YdosAemBoOPAEM, YCAOBUIO

rank(dfl, e dfk)"y(t) <k, (4.2)

mozda 6 okpecmuocmu Y(t) He cywecmeyem KOCOCUMMEMPUUHOZ0 NPEOCTNABACHUSA CUCTIEMb
euda

z=wv(x)=J(x)dH(z), H(z)=H(fi(x),..., fr(x)), (4.3)
¢ Kococummempuneckot mampuuet J(x) = —JIT(x), daa womopot rankJ(x) = n — k + 1
u Ker J(x) npunadaesrcum aunetinot oborowre dfy, ..., dfy.

Jlokasameavcmeo CBOAUTCsI K IPOBEPKE TOrO, YTO IpU ycsioBuu (4.2) U 1Ipu IPOU3BOIHHOM
Boibope J(x) u H(x), yaoBieTBopsionux ¢chopMyJITMPOBAHHBIM YCJIOBUSIM, CIPABE/JINBO COOTHO-
HeHue

T. €. ’y(t) He MOXKeT ObITh peIleHneM, OTJINIHBIM OT HEMOABUKHOW TOUKH. [ |

3AMEYAHUE. B JaHHOM yTBEp:KJIEHUM UCKJIIOYAETCS JIUIb TAKOH CIydail, KOrja TUneprjioCKOCTh
Ker J(z) mo/mkna Beioy KacaThes TOoBepxHOCTH yposHst dbynkimit Kazmvupa M2?™ = {F(fi(z),.. .,
fe(@)=c1,..., Fe—1(f1(@),..., fr(x)) = cx—1}. [Ipu 910M BOIPOC O BOZMOKHOCTU KOH(DOPMHO I'aMUIIb-
TOHOBA TIPeJICTaBJIeHtsl ¢ TeH30poM J(2) 6osiee BBICOKOTO MJIM HU3KOTO PAHIa OCTAETCST OTKDPBITHIM.

IIpumep 5. Ilpu U = 0 ypaBuenust aBuzKenus (2) JOMYCKAIOT TPU CeMeiCTBA 3aMKHY ThIX
TPAeKTOPHil, 33/1aBAEMbIX COOTHOITEHUSMA

op:n; =sing, nj=cosp, np=0 M=M;=0, My=c, i#j#k#1i. (4.4)
Jtst meprnoguIeckoil TPAEKTOPUN 03 HAXOINM
dFy =2cospdny + 2sinpdng, dFy =2cdMs, dH = azcdMs.

Takum obpasom, B ganuoMm ciaydae rank(dFy,dFy,dH)|,, = 2, cleoBaTe/IbHO, COITIACHO
IpeJIIoXKeHu o 4,

8 OKPECTIHOCINU NEPUOOUMECKUT PeweHUll O, HEB03MONHCHO npedcmasums cucmemy (2) 6 KoH-
PopMH0 2aMUNBMOH060T popme, 20e pynryuy Kasumupa u 2aMUNDMOHUAH ABAAOMCA PYHK-
YUAMYU NEPEUT urHmezpanos (3).

3AMEYAHME. B 10 ke Bpemsi cuctema (2) MPeCTaBIsieTcst B KOCOCUMMETPUIECKON (hopme ciie ry-
TOIIIM 00pAa30M:

T — OH y= ko0
M_MX8M’ n=oTnx g (4.5)

upuyeM nHTerpasbl Fy, Fy sBistores anHyastopamu coorsercrBytoreii marputpt J (M, n). Tem He Menee,
kak Mbl BuguM, byakmus A(M,n)|,, = 0, cienoBarenbHO, HA NepuOANIecKUX pemteHusx (4.4) 3To
IIPEJICTABIIEHUE UMEEM CUHRYAADPHOCTND.

Kpowme Toro, jjisi KOCOCUMMETPUIECKOTO 1pejcTaBienus (4.5) He U3BeCTeH IPUBOJISIIUI MHOKUTEIb
(r.e. rakag byuxius K(M,n), auro KJ ynosiersopser toxuecrsy Akobu). CienoBaresibHO, BOIPOC
0 KOH(OPMHO} raMUIIBTOHOBOCTI CHCTEMBI BJIAJIH OT TIEPUOJNIECKHUX perteHnit (4.4) TakyKe He pereH.
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4.2. T'mobasbHBIE TPENATCTBUS

Ecu craButh Bompoc 1/106a/1bHO, T. €. IBITATHC TPOBECTH TAMUIBTOHI3AIINIO TUHAMUI€CKON
CHCTEMBI B IIEJIOM Ha MHOroobpasmu M?, 70 HeTpy/IHO IOHSATE, YTO MPEHATCTBHS CYMIECTBYIOT.
IIpuBenem mpocToit mpuMep, MOKA3LIBAIONINN, KAKOI'O TUIIA OHU MOTYT ObITh.

Ilpumep 6. B kauecrse M* paccmorpum uersipexmepuyio chepy S* = {x% 4+ x% =

=1} C R®.

Pacemorpum BekToproe nojie € = (Axg, —Ax1, pxg, —uxs, 0).

JIerko BUETH, UTO 9TO BEKTOPHOE I0Jie 00JIa/1aeT WHBAPUAHTHON MepOil, WHIYIIMPOBAHHON
Ha cdepe crangapTHOi dopmoit obbema dry A ... A drs U JByMsi TepPBBIMU HHTEIDAJIAMEI T3
uz?+ w%

JIoKaJIbHO 9TO BEKTOPHOE MOJIe JIEPKO TaMUJIBTOHH3YeTCsl (Jayke Ge3 3aMeHbl BPEMEHN),
HO MOJIXO/ISAIEH T106aIBHON CUMIIEKTHIECKOH CTPYKTYPEI Ha S* He cyIecTByeT mIpocTo moTomy,
41O HeThIpexMepHas cdepa S He gBIFETCA CHMILIEKTHHeCKIM MHOTOOOpasneM [21].

MoyKHO TIpUBECTH MPUMED, MOKA3BIBAIOIIUI, ITO MPEHSATCTBUS K I'aMUJIBTOHU3AINN CYIIIe-
CTBYIOT Jlazke B OKPECTHOCTH JIByMEPHOI'O <«MHTErpabHOr0 MHOroobpasusi» X = {H = hg, f =
= fo}, HO B TOM cityuae, korga X umeer ocoberHocTu. Vjies Takoro npumepa UCHOJIb3YeT OJIHO
HE COBCEM OYEBUJIHOE CBONCTBO MHTEIPUPYEMOIl TaMUIBTOHOBO CHCTEMBI.

Tunuunoe ocoboe HHTErpaJIbHOE MHOIOOOPA3UE MIPEJICTABIISIET CO-

Goit sekapToBo npoussejeHne Hekoroporo rpada K (cM. puc. 6)

Ha OKPYZKHOCTH (CcM., Hanpumep, [4]). Beprmubl rpada coorsercrBy-

10T IEPUOINIECKAM TPACKTOPHSIM CHCTEMBI, a (OTKPBITEIE) pebpa — ce-

napaTpucHbiM MHOTo0OpasusiM. [loBeieHne raMujIbTOHOBA BEKTOPHOT'O

[OJIsE Ha CEapaTpPUCHOM MHOI00Opa3uu, SIBJISIIOIIEMCs C TOMOJIOITIe-

CKOIl TOYKHU 3PEHUsi KOJIBIIOM, MOXKET OBITH TPeX PAa3JIMIHBIX THIIOB. Puc. 6.
JInbo Bce TpaekTOpUHU 3aMKHYTBI, JTUOO OHU SIBJISIIOTCS ACUMIITOTHIE-

CKUMH 110 OTHOIIEHHUIO K I'PAHWHBIM OKPYKHOCTSIM KOJIbIIa, KOTOPbIE, B CBOIO OYEPe/h, MOTYT
ObITh OPHEHTUPOBAHBI OJIMHAKOBBIM WJIH IIPOTUBOIOJIOKHBIM 00pa3oM (CM. PHCYHOK 7).

(a) (b) (c)
Pue. 7.

Pacemorpum nocsesmioo curyarmio (puc. 7c). Ee mecioxkmo peannszoBaTh Ha 0COO0M CJI0€
tima X ~ K x S', rne K — rpad ¢ AByMsI BEpIIHMHAME H 9eTBIPbMs pebpaMiu, H300pazkeHHbII
Ha puc. 6 (B kuure [4| on HasbBaercst Cy). Ocobble TpaeKTOPUH, OTBeYAOIINe BepInHaM rpada,
Oy/lyT NpPH 9TOM OPUEHTHPOBAHBI IIPOTUBONOJIOKHBIM 00pasom. Mssecrno (em. [4], Ipemioxe-
are 3.10), 94TO eciu B MHTErPUPYEMOIli CHCTeMe BCTPeTUIIach 0cobasi MHTErPaabHasl IOBEPXHOCTD
TAKOI'0 THIIA, TO OHA SIBJIFETCS HEYCTOMYMBOM, T.e. paclajaeTcd Ha JBe Oojee IMPOoCTbie MHTe-
rpaJjibHbIE TIOBEPXHOCTH IIPU CKOJIb YIOJIHO MaJIOM M3MEHEHUN YPOBHS 3Hepruu cucreMbl. OIHAKO
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€CJIn alIpuopun HUKAKOW CUMILIEKTUIECKON CTPYKTYPBI HET, TO HaM HUYITO HE MENIaeT IMOCTPOUTDH
BEKTOPHOE I10JIE€ CJIE/TYIOINM o6pa30M.

ITpumep 7. Cuadajia paccMOTPUM HACTOSIIIYIO WHTETPUPYEMYIO TaMUJIBTOHOBY CUCTEMY
¢ ocoboii muTerpaspHoii moepxHocThI0 X ~ K x S! ¢ raMmiIbTOHOBBIM BEKTODHBIM IOJIEM,
OIIMCAHHBIM BhbIlIE (T.e. KaK Ha puc. 7c¢). Ilpumep 1mocTpoeHns: MHTErpupyemMoii CUCTeMbl ¢ Ta-
KOIl JIMHAMMKO(I HA 0CODOM cjioe MOXKHO Haiitu B [4]. Sadukcupyem cooTBETCTBYIONIMIA YPOBEHD
ravmyisronmana Q2 = {H = hg} n orpammumm ma Q° mame BekToprOe Tosie v. IIpo moBee-
HIE 9TOr0 BEKTOPHOTO 10Jist BHe Q2 BooGIe 3a6y/1emM. Tereps paccMoTpuM HOBOE MHOrOOGpasme
Mt = Q3 x (—¢,¢). llyers t € (—¢,€) — MomoOMHUTENBHAS KoopuHaTa. IIpogomkmv ra M*
eCTeCTBEHHBIM 00pa30M JIONOJIHUTEbHBIH uHTerpan f u dyukuuto H, nonaras f(x,t) = f(x),
H(z,t) =t,tnex € Q3 t € (—¢,¢). Bekroproe osie v mposiosxkaetcsa ¢ Q3 ma M* = Q3 x(—¢,¢)
TPUBHAIBLHLIM 00pPa30M TaK, 4ToGBI IPU KazkaoM ¢ ono Kacajioch QF = Q3 x {t} u npocro cos-
Ta/IaJ10 C WCXOHBIM BEKTOPHBIM IOJIeM TIPH €CTeCTBeHHOM oToecThiermn QfF ¢ Q3. JIpyrmvm
cJioBaMu, TIOBeJieHHe v Ha BceX ypoBHsIX {H = hg} COBEPIIEHHO HMJIEHTUYHO (JJIsi MCXOJHOIO
raMUJIBTOHOBA BEKTOPHOTO IMOJIsT 9TO OBIJIO HE Tak, MOCKOJLKY 0cobast TOBEPXHOCTH X obs3ana
Oblia paciajarbes Ha jBe 6osee npocrble!).

[Tocrpoennoe BekTOpHOE TOJIE 061a1aeT JABYMsl nHTerpaiaMu f u H u, Kpome TOro, coxpa-
HeeT ecTecTBeHHYIO Mepy A dt Ha M2, e 1 — Mepa na Q3. KOTOpPasi COXPAHSIACH HCXOIHBIM
BEKTOPHBIM TIOJIEM.

FaMUIBTOHN30BATh 9TO BEKTOPHOE IOJIE HEJIb3sl, MOCKOJIbKY IPU KaxJoMm ¢t € (—&,&) oco-
OBIIl CJIO MO TIOCTPOEHUIO COJEPIKUT CENapaTpUCHOE MHOTOOOpasne ¢ JUHAMUKON, MOKa3aHHON
Ha puc. 7¢, M He pacnajaercs Ipu u3MeHeHun H, 9To B Cilydae raMHJILTOHOBLIX CHCTEM HEBO3-
mozkHO (cM. 4], Ilpemnoxkenne 3.10).

5. OTKpbBITbIE BOIIPOCHI

B saksrouenme ykaxkeM HEKOTOPBIE OTKPBITBIE BOIIPOCHI, KOTOPBIE MOI'YT OBITH PEIICHBI
[IpU TTOMOIIH METOJIOB, PAa3BUBAEMbIX B 9TOI paboTe.

o IlycTh MMeeTCs IMHAMUYECKAS CHCTEMa HA YeThIPeXMEPHOM MHOroobpasmn M?, obnamaro-
mast IByMsl HE3aBUCUMbIMU WHTerpajavMu H u f n nHBapuanTHON Mepoit u. Torma Ha 1mo-
Bepxnoct yposus Q2 = {H = const} BO3HHKaeT cJI0CHME Ha TOPBI C OCOBEHHOCTMME, KOTO-
poe B ciaydae OOIEero MoJIOyKeHUsT JTO/IKHO, KaK U B TAMUIBTOHOBOM CJIytae, OIMUCHIBATHCS
naBapuanTom Pomenko—umanra, T.e. Tak Ha3BIBAEMOIT MeueHON MoJieKyI1oii [4, 18].

Bosuukaer ecrecTBennbiit BOIpoc 0 KOHMOPMHO# raMIIbBTOHOBOCTH TaKOI'O BEKTOPHOTO TI0-
JIsl B OKPECTHOCTH <«H309HEPreTHUeCKOro» MHOroobpasuss Q3 . e. Ha «Mojeky/es. Ouucan-
HBII BBIIIE TpUMeEp 7 WILIIOCTPUPYET BO3MOXKHBIE MPEISITCTBUS FAMUIBTOHU3AIMH. BepHo
JIW, IYTO OTCYTCTBHUE CENAPATPUCHBIX MHOTOOOPA3Uil, TIOKA3AHHBIX HA PHUC. 7C, TADAHTHPYET
KOH(OPMHYIO TaMUJIBTOHOBOCTD CHCTEMBI !

DTOT BOIPOC MPEJICTABJISETCS BIIOJIHE PA3PEITUMBIM, TTOCKOJIBKY UMEETCs XOPOIIIO PA3BUTAaSs
Teopusi OpOUTAIBHON KiaccuduKalu Ha M309HEPreTHIecKuX MOBEpXHOCTSX |3, 5|, Koro-

past oJIpOOHO OIUCHIBAET MTOBEJIEHIE TPAEKTOPUIl MHTErPUPYEMBIX TaMIJIBTOHOBBIX CHCTEM
na Q3.

e B IPUJIOZKEHNAX BO3SHUKAIOT CUTyalluM, KOI'Jla BEKTOPHOE IIOJIE Ha M4 06J1a/1aeT JABYM<I
HE3aBUCUMBIMU MHTETr'paJJlaMMi, HO O CYIIECTBOBaAHUN I/IHBapI/IaHTHOﬁ MEpbl HUYEr'o HE U3-
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BecTHO [24|. C 4mcTO TEOopeTHuecKoil TOYKU 3peHWUsl, IOCTPOUTH HPUMEPHI TAKOTO THUIIA
6e3 nHBapuaHTOil Mepbl (U, CIeI0BATEIbHO, HE SBJISIONUECs KOH(MOPMHO TaMIJIBTOHOBbI-
MH) JIOBOJIBHO HPOCTO. JloCTaTouHO ¢jiesiarTh Tak, 4ToObl Ha WHBAPMAHTHOM TODE C PAIUo-
HAJILHBIM YUCJIOM BPAINEHUsI MOSIBUJICS TIPEJe/IbHBII UK. VIHTEpecHO ObLIO Obl BBISICHUTD,
BCTPEYaIOTCA JIM TAKOTO PO/ia IPUMEPHI B peaJbHbIX MEXaHUYECKUX CHCTEeMax.

ITpunoxxenne

B nmokazarenbcrBax OCHOBHBIX T€OpEM 3TOH pabOThI UCIOJIB30BAJINCH YIIOMUHAHUS HEKOTO-
PBIX «CTaHJIAPTHBIX (DAKTOB UMD MEPEHITUAIBHON NeOMETPUU U TOIOJIOTUN». 3J1€Ch Mbl IPUBEJIEM
ux crporue (popMyJTHPOBKH.

Tak, B j10Ka3aTEILCTBE TEOPEMBI | TOBOPUTCS O TOM, UTO TJIAJKYIO YIVIOBYIO KOOD/MHATY
T MOXKHO AIPOKCUMUPOBATH AHAJUTUYICCKON YTJIOBOW KOOPJAMHATON T. DTO UYACTHBINA CJIydUaii
CJIEJIyIOIIEr0 COBEPIIIEHHO ODINEero yTBEp:KIeHUs 00 aIllPOKCUMAINH I IKUX (DYHKIUNH aHajIu-
THICCKUMU Ha KOMITAKTHBIX MHOTOOOPA3UIX.

Teopema. Ilycmo f: M — R — C®-2nadkan pynxyua na euwecmeenio-aHaisumuieckom
KOMNAKMHoM MmHozoobpasuu M. Tozda cywecmeyem eew,ecmeenno-aHaAUMUYECKAA HYHKUUA
g: M — R, xomopas annpoxcumupyem f emecme co scemu npoudsodrvimu 0o nopsadxa k exao-
YUMEADLHO ¢ MOYHOCMBI0 D0 11006020 Haneped 3adannozo € > 0.

3AMEYAHUE. Eciim M — 0KpPy»KHOCTb, TO allllpoKcuMalys jgaercs psjoM Pypee. B ciaydae mpo-
MU3BOJILHOI'O MHOT000pasust anajaoroMm psiga Pypbe siB/IseTCsi, HAIPUMED, PA3JIOKEHUE M0 COOCTBEHHBIM
dyukuuam oneparopa Jlamiaca—Beabrpamu (em. noxpobuee [20]).

Bropoe cranmapraOe yTBep:KIIeHNE SBJISETCS OJHUM M3 IIANOB B JOKA3aTE/ILCTBE TEOPEMBbI
Juysusuist (em., Hanpumep, [1]), 1 HO3TOMY MBI IPUBOJIUM €ro 6e3 JI0Ka3aTeIbCTBa.

JIemma. [Tycmov na mope 3adarvl 066 AUHETHO HE3ABUCUMBE 6 KaHCOOT MOYKE KOMMY-
MUPYIOUUT BEKMOPHBLT NOAA, MO200 NG MOPE CYWECTNEYIOM Y2A06ble KOOPOUHAMDVL, 6 KOMOPHIL
MU BEKMOPHBIE NOAA BUNPAMAAIOMCA (M. €. npedemasasomea 6 gopme 1 = w1, P2 = wa,
w; = const).

Ananozunrvim obpazom, ecau zadano cemetiemeo mopos T? x D" ™2 u dea kommymupyro-
WUT BEKMOPHVLT NOAA, KOMOPULE KACAIOMCA TOPOE U AUHETHO HE3ABUCUMDL 6 KadtcAol mouke,
Mo Y2406ble KOOPOUHANVL, 6 KOMOPHLL NOAA GONPAMAAIOMCA, MOACHO 6HIOPAUTNY COZAACOBAHHBIM
00pasom cpasy Ha 6Cex Mopax 00HOBPeMENHO. B 6euecmeenno-anaiumuseckot cumyayuy smu
Y2060le KOOPOUHAMLL aKHCe OYOYMm GEULLCTNEENHO-AHANUMULECKUMU.

B zaksmouenne npusegem 10Ka3aTeIbCTBO TOTO, UTO IIEpEIapaMeTPU3aInio BPEMEHH B TEO-
peMe 3 MOXKHO cjiejlaTh aHaauTudecKoil. OHO OCHOBBIBAETCS Ha CJIELYIONIEM YTBEPKICHUML.

Jlemma. Paccmompum 6eusecmeento-aGHaumuteckyo QuHamMuseckyro cucmemy & = v(x)
¢ 3amrnymotl mpaexmopuet u ee omobpasicenue Ilyanxape, 3adanroe na Hexomopot aHaiuMU-
Yeckol mpanceepcasvroti naousadke. Mootcno anaiumudeckum 006Pa3oM NEPENAPAMEMPUIOBAND
cucmemy max, 4mobv, 8pems 6036PAUWEHUA HG NAOWAIKY OblA0 PasHO eduruue Cpa3y Of 6Cex
mpaexmoputi 00HOBPEMENHO.

Tenepn nosyuaercst cienyoree: jobyo dyukmo f(p,q,h) (koropast 3ajaer BpeMsi BO3-
BpAIlleHNsI) B CHJLY 9TOM JIEeMMbI MOXKHO aHAJIUTHYECKOI IeperapaMerpusanyeii cjeaaTb paBHON
equnuie. Torma obparHast rmepenapaMeTpusalust OyJIeT U3 €JIMHUIBI TPOU3BOIUTD JIFOOYIO HAalle-
pea 3agannyto dyHkimo. Takum o6pa3oM, IpuMeHsisi 3Ty JieMMy JBa pas3a (cuadana us f(p, q, h)
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HOJIyYUM EJIMHUILY, & II0TOM W3 eJUMHUIBI HoayIuM @(p, g, h)), MBI HOJIydaeM Hy»KHYIO HAM aHa-
JIUTUYECKYIO IlepelapaMepu3alinio.

Zoxazamesvcmeo aemmos. [T0CKOIBKY MBI pacCMATPUBAEM HMEPUOINICCKYIO TPAEKTOPUIO, TO
B €€ OKPECTHOCTHU MOYKHO BBECTHU aHAJIMTHYIECKYIO YIJIOBYIO KOODAUHATY T (Ta ¥Ke caMast ujest, ITo
B TeopeMe 1), KoTopasi mpu 06Xoje BJ0JIb TpaeKTopun Mensiercs: Ha equnuity. Cedennst 7 = const
TpaHCBepCaAbHBL TOTOKY. [109TOMY KOOpJUHATEL P, ¢, b, T SBJISIIOTCS XOPOIIUMHU JIOKAJIBHBIMEA KO-
OpJIMHATaMH BJOJIb TPAEKTOPHH.

BekTopHroe moJie J; B 9T0i1 cucTeMe KOOPIUMHAT U UCXOLHOE BEKTOPHOE 1MoJie ¥ = Oy KOJLINHE-
apHbI U aHAJUTUYHBI, 3TO B TOYHOCTU O3HAYAET, YTO OJTHO IOJIYYaETCs U3 JPYroro aHAJIUTUYECKON
nepernapamMerpusanueil (UM, 4To TO XkKe caMoe, aHAJTUTUIECKUM KOH(MOPMHBIM MHOKHUTEJIEM ).

Takum obpazom, 3Ta JieMMa cpady CJIe/yeT U3 TOrO, 9TO B OKPECTHOCTH JIIOOO0H 3aMKHYTOI
AHAJIMTUIECKON KPUBOW MOYXKHO 33J1aTh aHAJMTUYIECKYIO YIJIOBYIO KOOpanHaTy. JleMma jgokasaHa.

ABTOpPBI BbIparKaroT MPU3HATETHLHOCTD 34 MOJIE3HBIE 3aMEUAHUsT U OOCY¥KJIEHUS PE3yILTATOR
paboror B. B. Kozmosy, A. U. Heftmrrary.

Pabora Beimostaena nipu nopiepkke I'panra [Ipasurenscrea PO 1 rocy1apcTBEHHON 101
JIEPYKKHU HAYIHBIX HCCJICIOBAHNN, TTPOBOJMMBIX 10/, PYKOBOJICTBOM BEJIYIIUX YIEHBIX B POCCHUIi-
ckux obpasoBaresbhbix yupexjerusx BIIO (mor. Ne 11.G34.31.0039), PenepasibHoii 1esieBoii
nporpammMbl «HaydHble n HaydHO-IIeArOrnIecKue Kajpbl WHHOBaINuoHHONW Poccun» (kox mpo-
exta 2009-1.5-503-004-019). Pabora A.B.BoscnnoBa BbIIOIHEHA P HOJIEPKKE ITPOIPAMMEI
«Benymue nayunbie mkosb» (rpant HITI-660.2008.1).
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