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1. BBenenue

[Tonck n anajan3 yCcTOMYIMBOCTHA CTAIIMOHAPHBIX BUXPEBLIX KOH(MUIYypAIUil — KIACCHIECKas
npobJiema, KoTopoil, Haunuasi ¢ paborbl JIxk. /Ixk. Tomcona [32|, mocesileHO MHOXKECTBO pas-
JIMIHBIX WCC/Ie/oBannii. BriepBoie 3a/1ady O JBUYKEHUU TOYEUHLIX BUXPEH B KPyre paccMOTpes
A. T'punxur B 1877 romy [21], ¢ momorpio MeTosia 3epKajbHbIX OTPAsKEHUH OH UCCIIE0BAT JBH-
JKeHIe OJIHOIO U JIBYyX BUXpeil BHyTpu Kpyrosoii obsnactu. B 1931 romy T. Xasesiok B pabore [24]
[IPOJIOJI2KIIT UCCJICJIOBAHUE YCTOMIMBOCTH CTAITMOHAPHBIX KOH(MUTYPAIUl BUXPEH BHYTPU KPYTa.
OH mocTaBU/I U PErmi BOIPOC O JIMHEHHON yCTONYINBOCTH MOJIMTOHAJIBHBIX KOH(MUTY DA BUX-
peil paBHBIX WHTEHCUBHOCTEl BHYTPH KpPYyroBOil 0b6jacTu. DTo HcciieoBanne 0b600IaeT aHaIus3
YCTOWYIUBOCTY AHAJIOTUYIHBIX KOH(UTYpaIuil BUXpeil Ha IJI0CKOCTH, BbitotHeHHbIN JI2K. [Tk, Tom-
COHOM.

N3 obmmux paboT 110 JIBUKEHUIO TOYCIHBIX BUXPEH B YKUJKOCTH, OIPDAHUYEHHON abCOJIFOTHO
[JIaJIKMMU CTEHKAMHU, CJIe/[yeT TakyKe OTMeTHTh pabory Jluna [28], B KOTOPOIi, B 4aCTHOCTH, [TOKa~
3aHO, UTO YPaBHEHUsS JIBUXKEHUs BUXPEH BHYTPHU U BHE KPYTOBOI'O IMIJIMHIPA SIBISIOTCS TaMUIb-
TOHOBBIMHE C TOM Ke CKOOKOIi, YTO 1 B 0TCyTCTBUE TUIHHpa. Cpeiu COBpEMEHHBIX MCCJIeIOBAHN
JIBUZKEHUsT BUXDeil BHYTpU Kpyra ormeruM paborsl [8, 23, 26, 27, 30].

B pa6ore [3| npeioxkeno npu anamse yCToRIrBOCTH HCIOJIb30BATh OudypKaINOHHbIE J[1a-
rpaMMBbl CHCTEMBI. K COXKaJIeHUIO, STOT METOJI HE MTOJIY YU/ JIOJZKHOTO PACIIPOCTPAHEHNST, XOTsI OH
TECHO CBsi3aH ¢ TonojiorndecknM anaan3oM |1, 6, 13]. C momormpo MeTojioB, pasBUThIX B paboTax
[1, 2, 4], MBI ByjieM IPUMEHSATH TOHOJIOMMYECKUHl MOJIXO0/ /ISl OMCKA U aHAJIN3a YCTONUINBOCTI
OTHOCUTEJILHBIX PABHOBECHIL JIJIsi CUCTEMBI TPEX BUXPEl paBHOI MHTEHCUBHOCTU B KPYTOBOU 00-
JIACTH.

2. YpaBHeHUs ABU>KE€HUS U PeAyKIASA MO0 CUMMETPUN

2.1. TamunapTOoHOBa POPMYJIUPOBKA

Pacemorpum memkenne N = 3 Buxpeil B uea/IbHON HEC2KUMAEMON YKUJIKOCTH, OI'DAHIICH-
HOIT abCOJIIOTHO IVIQJIKUMU CT€HKaMu B (hopMe KPYroBoro nmjnHjpa pajamyca R. 3amnucbiBas
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KOODJIMHATHI BUXDEil (Tk,yr) B KOMILUIEKCHON dopme zp = xj + iy, k = 1,..., N, ypaBHeHus
JIBUZKEHUST MOYKHO IIPEJICTABUTh B CylejytorieM Buje (cM., Hampumep [2]):
N N
| ¥ Uz
=g % et > , (2.1)

2 >
: = R* — 2,25

rge I'; — nATEHCHBHOCTH BHXpEIi.
Ypasaenust (2.1) MOXKHO HPEJICTABATH B TaMHUIBTOHOBOI (opme 28]

i = {H,zr}, on=1{H,yr}, {vx,yj}= —Pik%' (2.2)
C TAMILTBTOHUAHOM
1 al 1 al
2 _
H——E;Fkl“jln\zk—zj\+E;kajln\]{ — ZkZj| (2.3)
<J XJ

DTy BeJUIUHY MBI OyjIeM TaKyKe Ha3bIBATb SHEPIHUeil CUCTEeMbl BUXPEIl.
[TpuBesiem 37eCh BUJI TAaMUJIBTOHHAHA B HMOJISPHBIX KOOPJAMHATAX (T'k, k), ONPEIessieMbIX
COOTHOIIIEHUEM 2}, = T€"Pk KOTOPBIM MBI OYJIEM TIOJIb30BATHCS B JIAJIbHEHIIIEM:

rﬁ + 7“]2- — 2rgrj cos(r — ¢j)

N N
__ 1 E: A LZ 2 2 .2
H——Ek kaj ln R4 )+47Tk 1Pk1D(R Tk;)' (24)
<j =

HpeJICTaB.HeHI/Ie CHACTEMBI B TaMUJIBTOHOBOM (bopMe IIO3BOJIAET HCIIOJIB30BaTh JIJId ITOMCKa OTHO-

+ r,%r? - 2R27‘k7‘j cos(r — ¢j

CHUTEJIbHBIX PABHOBECHIT U aHA/IN3a UX YCTONYUBOCTH TOHOJIOMMYECKIE METO/IbI aHAJIN3a TaMUIIb-
TOHOBBIX cucTeM, Bocxogsiue k C.Cwmeitny [13] u nosyunsime jgasibHeiiinee paspuTue B psijie
pabor [6, 14, 20]; B JaHHOM HCC/ICIOBAHUU MBI OyjileM B OCHOBHOM OIMPATHCS Ha PE3YJIBTATHI
paborsr [1].

2.2. Ilepsblii uHTErpaJ I U peayKIUs

YpaBHenusi jBurKenusi Buxpeii (2.1) J0IyCKaIT OJMH JIONOJHUTENbHbIH [IePBBIi MHTErPaJ
JBUZKEHUSA — MOMEHM, 3a6UTPEHHOCTNY

N
1 Z —
I= 5 — szkzk. (2.5)

Cy1mecTBOBaIIE TOr0 HHTEIPAJIA SBJISIETCS CJIC/ICTBHEM UHBAPUAHTHOCTH YDABHEHUIT [[BIKCHHSI
OTHOCHUTEJIBHO [OBOPOTOB BOKDYT IEHTpa Kpyra. OTMETHM, 4TO OTJIMYHE OT CHCTEMbI Ha IIJI0C-
KOCTU B JIAHHOIl 3a/iade OTCYTCTBYIOT JIMHEHHBIE 1O Zzj HHTErPajbl, TaK KaK WHBAPHAHTHOCTD
OTHOCHUTEJIBHO TPAHC/ANNI HPONAJaeT IPH J00ABICHUN IDAHUIbLL. DTO, B YACTHOCTH, IIPUBO-
JIAT K TOMY, ITO CHCTEMa TPeX BUXpeil HemHTerpupyema. Mlnrerpupyemble CHCTEMBI TPEX BUXpEil
Ha IUIOCKOCTU M JIBYyX BHXDeil B KPYIOBOM LIJIHHJPE IIOAPOOHO 00Cy2KaatoTcs B KHure [2| (xao-
THYECKIE PEIICHHs B OPPAHNYEHHON 3aj1ade U3ydeHsl B [5]).

JI71s1 KaduecTBEHHOrO aHAIN3a ITOl CHCTEMbI, HAXOXK ICHHsT OTHOCHTE/ILHBIX PABHOBECHIL U aHa-
JIM3a MX YCTOIYMBOCTU BBIIOJIHUM PEJYKIMHIO [0 CUMMETPHUI; JIJIs 9TOrO HepeiijileM K HOBBIM Iie-
peMeHHBbIM pi, Y, k =1,...,3, I = p3 110 opmynam

1 =@1— 3, PY2=p2— w3, P3=p3,
p1 = Flr%/2, P2 = FQT’%/Z I = (Fﬁ“% + PQT’% + PgT’%)/Q,

(2.6)
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riae Yy € (—m,7), k = 1,...,3,— yrioBble nepementble (cM. puc. 1), a obiacTu onpe/iejeHust
[IEPEMEHHBIX p1, P2, I HAXOISATCS U3 COOTHOIICHUI

2(1 — p1 — p2)

2 2
0< PR 0<2 R o< -
3

2
T, T, < R". (2.7)

MozkHo IIOKa3aTh, 9TO HOBbIE KOOPDJANHATDHI ABJIAIOTCA KaHOHMYICCKUMI:

{p1, 1} = {p2, 2} = {1, 93} =1,

ocTaJIbHbIE CKOOKM paBHBI HYJIIO. B cilydae MHTEHCUBHOCTEH pa3HbIX
3HAKOB OJIHA U3 BEJIMYUH p1, P2 OTPUIATEIILHA.

Tax Kax B JaHHOI paboTe Mbl paCCMaTPUBAEM JIMIIb PABHBIE HMH-
TEHCUBHOCTH, TO BCIOIY B JaJIbHElIeM 0e3 orpanndeHus OOIHOCTU
OyJeM IoJIaraThb

I'n=Iy=I35=1, R=1.
Puc. 1. Onpenesnerne orHo-

CUTEJIbHBIX YIJVIOBBIX IIepe-
MEHHBIX V. MeHTa (2.5) 3aJa10TCs SIBHO CJIELYIOMIIM 06pa3oM:

[Tpu sTom obsiacTu U3MeHeHHsl epeMeHHbIX (2.6) u uHTerpaja Mo-

0<pr<1/2, 0<I<3/2, —w<tp<m k=1,...,3.

Beipasus u3 (2.6) koopauHaThl BUXpEii

1 =1 +U3, w2 =12 +Y3, @3 =13,

(2.8)
r1=2p1, T2=+2p2, 713=1+/2(I —p1— p2)
U IOJICTABUB UX B FaMUIbTOHMAH (2.4), mosydum
H=—2m2+ L[In(l —2p1) +In(1 = 2p2) + In(1 = 2(1 = p1 — p2))] -
1 p1+ p2 — 2y/prpz cos(Pr — P2) I —p1—2y/p2(I — p1r — p2) cos o
v In In +
m 1+ 4p1p2 - 4\/ P1pP2 COSWl - ¢2) 1+ 4[)2(] — p1 — pg) —4 pQ(I —p1— p2) COS’l/)Q
I —pa—24/p1(I — p1 — p2) cosn
+1n .
L+4pi(I = p1r — p2) — 4/ p1(I — p1 — p2) cos by
(2.9)

Takum obpaszom, dyukius lamuibrona we 3aucut ot 3, T.e. H = H(I, p1, p2,11,19) u nepe-
MeHHas Y3 — nukimdeckas. Cjie/oBaTe/IbHO, YPABHEHUS JBUKEHUSI, OIMUCHIBAIOIIIE SBOJIIOIUIO
[IEPEMEHHBIX 1, P2, Y1, W2, OTJICIAIOTCI U MPEJICTAB/IAIOTCA B KAHOHUIECKON hopme

_ aH(I7p17p27¢171/}2) _8H(LP17P27¢17¢2)

; . Uy = . k=12 2.10
Dk 90, Uy o (2.10)

Wrak, MbI BBIIOJHUIN PEJIYKIIMIO UCXOHONW CUCTEMBI K MAMUJIBTOHOBON CHUCTEME C JIBYMsI CTelle-
HsMu cBobobl (2.10), mapamerpudecku 3aBucsiieii or 1.

ITo m3BectubiM pemtenusm pg(t), Yi(t), k = 1,2, cucremsr (2.10) 3aBucumocts 3(t) Haxo-
JUTCS TTPU TIOMOIIU KBaJIPATYy Pl

ity = 2L 0,0, 0,0, 42) o)
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Kak m3BecTHO, paccMaTpuBaeMble OTHOCUTEILHBIE PABHOBECHSI, M. €. NEPUOOUMECKUE Peuie-
nus cucmemos (2.1), SIBISIIOTCS HEIOABIZKHBIME TOYKAMU NpUBEeHHOf cucreMsl (2.10) u, cie-
JIOBATEJILHO OIPEIEIISIOTC KPUTUIECKUMI ToYKaMu raMmumibronnana (2.9). Ilpu stom «ycroiian-
BOCTB 110 Paycy» Jyist OTHOCHTEIBHBIX PABHOBECHI MCXOJIHON CHCTEMbI SKBUBAJICHTHA «yCTONYN-
BOCTH 110 JISIIIyHOBY » J1JIsl IPUBEIEHHON CHCTEMBI.

3. U3BecTHble cTanmoHapHble KOH(MUTYPAIU U UX YCTOWYIMBOCTD
WsBecTHb! 1Be cTanmoHapHbie KOHMUIYPAINA TPeX BUXPel B KPyroBoil ob1acTu:
— pasnocmoporrul, mpeyzosvhuk (momconosckas Kongueypayus) (puc. 2a);

— CUMMEMPUYHAA KOAMUHEAPHAH KoHpuzypayus (puc. 2b).

a) TomcoHoBckass — T' b) xonnuHeapHas
cummerpuynas — C

s

Puc. 2. UzBectHble cranmnonapubie KOHGUTYpaIlnn TpexX BUXPeil B KpyTe.

[Tojo6Hble KOHMUIYpauK CyIecTBYIOT U B 00meii 3agade N OJMHAKOBBIX BHUXpel (pas-
HOCTOPOHHMUI TIOJINTOH ¥ CUMMETPUYHAsI OTHOCUTEJBHO IEHTPA KOJIMHeapHasi KOH(MDUIYPaIsi ).
Pesynbrarel mo ux ycroiiumpocTH cojepxKarcs B paborax |7, 8, 24]|. B paGore [8] ormeueno,
9TO B C/Iydae TPeX BUXPEH MMeeTcsl N30JMPOBAHHOE 3HAYEHHE HapaMeTpa, IPU KOTOPOM TOMCO-
HOBCKasl KOH(PUTYPAIHS TepsieT YCTONIMBOCTh. PacCMOTPUM YCTOWIHBOCTE 3TUX KOH(MUTYPAITUil
C TOYKHU 3PEHUsI TOIMOJOINYIECKOr0 IOJIX0Ia 1 ONQYPKAIMOHHOIO aHaIN3a.

B cooTBeTCTBHU € TOMOJIOIMYECKUM MOIXOI0M [1], TIpexkie Bcero Ha INIOCKOCTH 3HAYEHMUT
nepBbIX HHTErpasos I, H HeobXoauMo OCTPOUTh OudyPKaIMOHHYIO JarpaMMy CHCTEMbI, Ha KO-
TOPOI paccMaTpuBaeMble CeMeCTBa KPUTHIECKUX TOUEK COOTBETCTBYIOT OU(YPKAIMOHHBIM KPH-
BbIM. M3j102KHM GoJiee MoApoOHO MCIOJIb30BaHre OudypPKAIMOHHON JuarpaMMbl B aHAJIM3€E YCTOM-
YUBOCTH.

3AMEYAHUE 4. Budypkanuonuyio quarpamMmy B HEKOTOPHIX pafoTax HA3bIBAIOT TAKXKE JIUAIDAM-
moit Cwmeitna [14] win auarpammoit sHeprun—MoMeHTa [17] B 3aBUCHMOCTH OT OOJIACTH HCCJIETOBAHUIA.
Hexoropbie aBropbl (cM., nampumep, [17]) meron ananusa ycroituusoctu Ha OCHOBE OudYPKAIMOHHOM
JuarpaMMbl TaKzKe Ha3bIBalOT METOJJIOM SHEPIruu—MOMEHTa.

SAMEYAHUE 5. Ompejiesieare U METO/T IIOCTPOEHIs OndypPKAIMOHHON THAarPDAMMbI CUCTEMBI Oy LyT
SICHBI M3 M3JI02KEHHOI'O HUXKe aHAJIHM3a, II09TOMY MbI He Oy/IeM OCTaHaBJIMBATLCH 3/1eCh Ha (DOPMaJIbHBIX
OIIPCICTICHAAX.
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3.1. Tunsl KPpUTUYE€CKUX TOYEK U UX YCTOﬁqHBOCTb

HamomHuM OCHOBHBIE TIPUHITAITBI aHAJIU3a YCTOMYIMBOCTH HEITOJBUYKHBIX TOYEK TaMHUJIBTO-
HOBBIX cucTeM. [ljIs1 3a/1aHHON HEMOIBUKHONW TOYKM z) €CTECTBEHHBIM 00pa30M BO3HUKAET JIBE

MaTpHUIIbI:
_|| OH .. )
[ ] B == — MaTpulla KBa/[paTUIHOU YaCTU 'aMHJIbTOHUAHA;
821'(92’]'
0z,
L] A = a— = JB — MaTpHulla JIMHEAPU3allul BEKTOPHOI'O IIOJIsI B OKPECTHOCTH
>
J 20 z=z0

HEIO/IBUKHON TOYKH, rJe J — KOCOCUMMETPHIECKas MATPUIA ITYACCOHOBOW CTPYKTYPHI.

B cBs31 ¢ 9TUM ¢ HENOJBUXKHBIMUA TOYKAMHU CHCTEMbI CBSI3aHBI JIBA MHBAPUAHTA, UT'PAIOIINE
KJTIOYEBYIO POJIb TIPU MCCJIEIOBAHUHI yCTONYMBOCTH:

1) umndekxc KBaJpaTUIHON YACTH PaMUJIBTOHUAHA, T. €. CUMMeTpHUIecKoii 4 X 4-marpurpt B (060-
sHaYuM ero ind), Koropslii npuanMaet 3Hadenus 0, 1, 2, 3, 4, 9T0 COOTBETCTBYET KOJIUIECTBY
OTPUIATE/ILHBIX COOCTBEHHBIX TUCET MATPUIILI B

2) mun 0coboli Mo4KY B 3aBUCHMOCTH OT COOCTBEHHBIX UHCET Al, ..., A4 JIMHEAPU3AINN BEK-
TOPHOTO T0Jist (T. €. MATPUILl A ), KOTODbIH IPUHUMAET OJ[HO U3 CJIEYIONINX 3HAUCHUIA:

yenmp-uenmp (A1 2 = £iA, X34 = +iB),
— cedao—uyenwmp (A2 = 1A, A\34 = £B),
cedno—cedno (A2 = £A, A\34 = +£B),

— goryc—doryc (M\1234 = £A+iB),

rae A, B — BellecTBEeHHLIE UHCIIA.

Nnyexe kBajgparndoii yactu H CBsI3aH ¢ yCTONIMBOCTBIO HEIOJBUKHBIX TOYEK U UX TUIIOM
caeyromum obpasom [10]:

1) ecim B HEHOJBHUKHON TOUKe MHJIEKC KBaAparnanoii dactu H ind = 0 niw ind = 4, To meno-
JIBHZKHAS TOYKA YCTOIYIMBA U SIBJISETCS TOYKON THIIA IEHTP—IEHTD (docmamoutoe ycaiosue
yemotuusocmu,);

2) eci B HENOJBUKHO TOYKe MHJEKC KBaJparndHoii yacru H nederHoe vucisio (ind = 1,3),
TO HEMOJBUKHASI TOYKA HEYCTONUNBA U SBJISIETCs TOUKOiT Tria ceyio—1ieHTp (docmamoynoe
YCA0BUE NEYCMOTIUBOCTIU);

3) ecam B HENMOABMKHON TOUKe ind = 2, TO OHA yCTONYIMBA, TOJIHKO €CJIN SIBJISETCS HEHOIBUK-
HOI TOYKON THHa MeHTp—IeHTp. [Ipn 5TOM yCTOHYINBOCTDL yCTAHAB/IUBAETCS ITPHU TOMOIIN
KAM-reopembl 1 TpebyeT BBINOJIHEHUsI HEKOTOPBIX JOMOJHUTEILHBIX yestouit [10, 12].

Taxum 06pa3omM, BO MHOTUX CJIydasX JIjIs aHAIN3a YCTONYINBOCTH HEIOIBUKHDBIX TOYEK J10-
CTATOYHO BBIYUC/IUTL WHAEKC KBaJIpaTWIHONW YacTu H, W JIMIIL ecIu OH paBeH 2, HEOOXOIUMO
YTOYHHUTD TUIT TOYKU, aHAJTU3UPYsT COOCTBEHHDBIE UUC/IA A, ..., A4 MATpUILl A.

Kak mpaBuio, cobCTBeHHBIE YnCIa A1, ..., A4 JUHEAPU3AINN BEKTOPHOIO IOJs, T.€. KOPHHU
XapaKTePUCTHIECKOTO TOJTHHOMA,

x(A\) = det(A — AE) = A\* 4+ a)\? + b, (3.1)
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SIBJISIIOTCsI CJIOKHBIMU (DYHKIUSIME [IAPAMETPOB CHCTeMbI (cozepamumu pajukasbl). C apy-
ro#f CTOPOHBI, KOI(PPUITHEHTHI XaPAKTEPUCTHIECKOTO MTOJTUHOMA ¢, b BBITHCISIOTCS CYIIECTBEHHO
[POIIIE, MO3TOMY Y/A00Hee 00JIACTH, COOTBETCTBYIONINE PA3IMIHBIM THIIAM OCOOBIX TOUYEK, U300-
pazkaTh Ha IJIOCKOCTU KOI(DMDUIMEHTOB XapaKTepUCTUIeCKOro noarnHoma (eM. puc. 3b, c).

[Ipu cTangapTHOM TPUMEHEHIH TUX MPUHITUIIOB BOZHUKAET CYIECTBEHHAST TPY/IHOCTh, CBsI-
3aHHAs C TEM, 9TO aHAJNTHIECKas (POPMYINPOBKA KPUTEPUEB YCTONUNBOCTH (HEYCTONINBOCTH )
[PUBOJIUT K TPYIHOOO03PUMOMY HAOOPY HEPABEHCTB, U3 KOTOPBIX 3a9aCTyI0 HEJIETKO BBISICHUTb,
CYIIECTBYET JI CaMO PeIleHne, YIOBJIETBOPSIONIee HYKHBIM KPUTEpUsiM. B CBSI3M ¢ 95TUM MBI
BBITIOJTHUM AHAJIM3 YCTONYIUBOCTU C UCIOJIB30BaHUEM Ou(ypKAIMOHHONW JHATDAMMBI CHCTEMbI
(koTopast (paKTUIECKH OlpeJIesisieT YCIOBUsI CyIeCTBOBAHUST HEIIOBUKHBIX TOYEK ) CJIeLYIOIIIM
0bpaszoM.

1. Hocmpoum 6udyprayuornnyto Juazpammy CUuCmems, Ha NAOCKOCTU 3HAYEHUT NEPEHLT UH-
mezpanos I, H.

2. Paccmasum ma 6udyprayuonnox kpusvr undexce keadpamuswnol wacmu H (em. puc. 3a).

Tem caMbIM yCTaHABIMBAETCS YCTONYMBOCTH (HEYCTONYIMBOCTH) BCEX OTHOCHTEJILHBIX DABHOBE-
CHil CHCTEMBI, 33 UCKJIIOYEHNEM TeX TOJIOKEHUN paBHOBECHST, KOTOPBIE COOTBETCTBYIOT OTPE3KAM
(BeTBsiM) 6rYpPKAIMOHHBIX KPUBBIX ¢ HHIEKCOM JBa (ind = 2). JIis HUX BBIIOIHAM CJIe/IyIOIIee.

3. Ha naockocmu koadduyuenmos xapaxmepucmuueckozo noauroma (3.1) nocmpoum xpusnie
(b(I),a(I)), coomeememsyrowue semsam budyprayuonrots duaepammor ind = 2, u onpe-
deaum mun nenodeusichoti mowku. Hanecem nosve mouxu 6udyprayut nwa Gudyprayu-
onHvle Kpusvie. Jlaa mexr yuacmros KpuewT, KOmopuie COOMBEMCMBYIOM MUNY YeHmp—
yenmp s doKa3aGMEALCMBEG YCMOUUUBOCTNU HEOBTOAUMO NPOGEPUMD YCAOBUA 3AKPYUUBH-
HUA U OMCYMCMBUA PEZOHAHCOE MPEMBE20 U YEMBEPMO20 NOPAIKG.

ITocste Takoit Mmogudukanun 6udypKaIMOHHAs JIUarpaMMa [IO3BOJIAT OTBETUTH HA BOIIPOCHI, Ka-
CAIOITUeCs CYIeCTBOBAHUS, TUIA, YNCIa U YCTOUYMBOCTA OTHOCUTEIHHLIX PABHOBECUII paccCMaT-
puBaeMoOil CUCTEMBEI.

3.2. Kputndeckue To4Ku n O6nypKanmoHHble KPpUBbIE

Tomcorosckas (pashocmopornas) kongueypayus, KOTopyto Gyjaem obosHadarsb OykBoii T,
COOTBETCTBYET JIBYM CeMeficTBaM KPUTHUYECKUX TOYEK raMUJIbTOHHaHA (2.9), olpeessieMblX co-
OTHOIIIECHUAMN

1 < . _ _ _ 27 _ 27
cemetcmeo: p1 = pz = 1=, 2=

_ 27 _2r
1/}1* 3 ¢2*37

(3.2)

W W~

2 cemeticmeo: p1 = py =

rie I — BesmmvInHa MHTErpajia MOMEHTA, SBJIAETCs MapaMeTPOM ceMefiCTBa, OHA CBA3aHa C PACCTO-
AHMEM OT BUXPeIl JI0 IeHTpa KpyTa COOTHOMICHUEM 1 = 4 / %I . DT JiBa ceMeiicTBa COOTBETCTBYIOT

3ePKAJIbHO-CUMMETPUIHBIM KOH(DUTY DAIIASIM.

HEJIMHENHA S TUHAMUJKA 2011. T. 7. Ne1. C. 119-138 7#)



#

03

8ET-6TIT "D "TaN "L "L "110Z VIININVHULI BVHUAHUIAH

Q 4
+++/j%0
a

-0.08  -004 0 "2/0.04 008

b) mIockocTh KOAPPHUINEHTOB XapaKTEPUCTHUECKOTO MOJTMHOMA
TSl TOMCOHOBCKOH KOH(UTypanuu

®parmeHT A b
I\ 0.0012
2/7N
7@ 2 _ i N
: W W -
—'= 438 | ‘ ‘ Z 006 ofS g
“T-1 150N ~

C) INIOCKOCTh K03((HULNEHTOB XapaKTePUCTHYECKOTO TOJIMHOMA [Tl CHMMETPUYHON KOJUIMHEeapHO! KOH(UTrypauun

Puc. 3. Budypkanuonnas guarpaMma ijisi ©3BECTHBIX CTAIMOHAPHBIX KoHdurypamuii Tpex Buxpeii B kpyre (T — Tomconosckast konduryparpus,
Cy — xosmmHeapHas KoHduryparuysi).

9¢CI

DHNAAIDG g 'V ‘99DWDIN ) ‘I ‘eoondoqg g 'V



Hosvle omHocumenvHvie pa8HO8ECUS 8 CUCTNEME TPET MOUEUYHBIL 8UTPEl 127

Koanuneapras cummempuunas xkongueypayus, Koropyto obosaadmm Cg, olpejiessieT Tpu
ceMelCcTBa KPUTHIECKUX TOYEK, PA3JINIAIONINXCs HOMEPOM BUXPs B IIEHTPE KPyTra

1 cemeticmeo: p; = %, p2=0, Y =m,
2 cemeticmeo: p1 =0, pg= %, Py =, (3.3)
3 cemeticmeo: p1 = pa = %,

rne I — mapameTp ceMmeiiCTBa, CBI3aH C PACCTOSHUEM OT HENEHTPAJILHBIX BUXPEN 10 IeHTpa
KpyTra COOTHOITIEHUEM T° = V.

[Tepemennbie (2.6) HEPUTOHBI JIJIsl AHAJIN3A KOJTMHEAPHON CUMMETPUIHON KOHMUTY paIii,
TaK KaK OJUH U3 BUXPEH HAXOIWTCA B IEHTPE KPyra, BCACICTBUE Uero JudO OJIMH U3 YIJIOB Y,
Jb0 06a cpasy He MOIrYT ObITh OIPEJIEJICHBI (ITO AHAJIOIMYHO OCOOEHHOCTH B HAYAJIe KOOD/IUHAT
[PU OIIPeJIeJIEHUH TOJISIPHBIX KOoOpuHAaT). TeM He MeHee, KAaHOHMYeCKasl 3aMEHA IePEMEHHBIX
[03BOJISIET PEIIUTh 3Ty HPOOJIeMy; Tak, Jyisl IIepBOro cemeiicrBa B (3.3) oHA MMeeT BUJL

V2p2costhy = X, /2pesinye =Y, {X,Y}=1 (3.4)

U3-3a cummerpun ucxoznoii cucremst (nipu I'y = 'y = I's) oTHOCHTEIBHO 1IEpECTAHOBOK HOMEDPOB
BUXPeil pe3yIbTaTDhl [IJIsT OCTAJbLHBIX JABYX CEMEICTB MOJIyYaloTCs UIeHTHIHBIMMA.

BeslesicrBue cuMMETpUE OTHOCHTEJILHO [IEPECTAHOBKU HOMEPOB BHXDeli (YTO BBIOJIHSIETCS
JIIIB B ciiydae paBHbIX uHTeHcnBHOCTEH ['1 = 'y = I'3) BCe nsATh CeMENHCTB KPUTUIECKUX TOUYEK
JIJIsT TOMCOHOBCKOH U KOJUTMHEAPHON CUMMETPUIHON KOHMUTYPAIHI OIpPeIesIsioT JUIIb JiBe Ou-
dypKannoHHbIe KPUBLIE HA IIOCKOCTH UHTErpasioB I, H, KOTOpble MOXKHO TIPEJICTABUTEL B (hopme

(3

momconoscras: H(I) = % In —7 (3.5)
1—I2)2
konnuneapras: H(I) = ﬁ In %

Ha puc. 3a npejcrasiena 6udypkarnuontas auarpaMma, Jjisi Tomconockoit (T) u kosummneap-
Hoit (Cg) xouduryparmii. ObsacTi M3MeHeHUsI UHTerpaja MoMeHTa (2.5) onpee/sioresi Hepa-
BEHCTBaMM:

0<I< % JIJIsi TOMCOHOBCKO# KOH(MDUTYpaIuu;

0< 1 <1 g kojummHEapPHON KOH(DUTY DAIIAHN.

Jleast rpanuna (I = 0) coorBeTcTBYeT CiydasiM, KOIJIa BCE BUXPU HAXOJSITCS B IIEHTPE KpyTa,
npasas rpanura (I = % u I = 1) coorBeTcTBYeT CIIydasiM, KOIJIa BUXPH KACAIOTCsl PPAHUIL KPyTra
(KpoMe TEeHTPaJIbHOIO BUXDsi Jiisl KOJUIMHeapHOil KoHdbwuryparun). Bo Bcex ciydasx sHeprust
KOH(UTypaIuii cCTpeMuTCI K +00 Ha JIeBOIl T'paHuile U K —O0 Ha MPABLIX I'DAHUIAX, [TOITOMY
npu IpubIMKEHUN K 9TUM 3HaYeHusiM uHTerpaia I Ha 6udypkanuoHHoii uarpamme (puc. 3a)
HaOJII0/IaeTCsl aCUMITOTHYECKOe TToBejieHne OrdypKamoHHbIX KpUBbiX H (I), COOTBETCTBYIONIIX
HEIOIBUZKHBIM TOYKAM.

SAMEYAHUE 6. Ilpu masbix 3HavdeHnsx mapaMerpa | 6udypKaruoHHast JuarpaMma, Jjisi TOMCOHOB-
CKOI ¥ KOJUIMHEAPHOU KOHMUTYpAIHii n30MOPQHA ILJIOCKOMY CJIyJalo.
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Kak ObL10 m0Ka3aHo BbINIE, KaK/I0H TOUKe Ha On(YypPKAIMOHHLIX KPUBBIX COOTBETCTBYET
HECKOJIBKO HEIOJIBUKHBIX TOUEK cucTeMbl (2.10). DTo crupaBe/yinBo TaK:Ke 1 JIJIst APYTUX BO3ZMOXK-
ubIx 3Hauenuit (1o, Hp), He JiesKalux Ha KPUBBIX, — UM, KaK IIPABUJIO, COOTBETCTBYET HECKOJIBKO
PA3JIMIHBIX YaCTell HECBA3HOTO HHTErpaIbHOr0 MHOrOOOpasust My, y, = {Z | H(z) = Ho, I1(z) =

=1Ip}.

3.3. ¥YcToiiumBOCTH TOMCOHOBCKOI U KOJIJIMHEAPHO! CUMMETPUYIHOM
KOH(Urypamnmii

YcToiiunBOCTh TOMCOHOBCKOM KOHUryparumu. PacctaBum mHIEKCH KBAIPATUTHON Ta-
cru ramuibTonrana H (2.9) Ha BeTBu 6udypPKAIMOHHON JUATDAMMBI, COOTBETCTBYIOIIEH TOMCO-
HOBCKOI KoHburypanun. Touku cmenbl nHjekca (Touku Gudypkamnun), T.e. TOYKH, B KOTOPHIX
cobCcTBeHHbIE 3HAUEHUsT MATPHIGI B MeHsI0T 3HaK (00pAIaoTCs B HYJIb), HAXOJATCS U3 yPaBHE-
uust det B = 0, koTopoe B jlaHHOM cirydae umeer Bu/ [8]

5p5 + 9p° 4+ 5p3 +9p% — 1 =0, p:r2:%I. (3.6)
B obiactu usmenenuss unrerpasa momenrta 0 < I < % JIEXKUT JIUIIb OJIMH KOPEHb 9TOr0 ypPaB-

HeHust [ lT ~ 0.456. Beraucsienne uHjekca cjieba or Toukn oudypraruu gaet ind = 0, ciipaBa —
ind = 2 (puc. 3a). Ilpu I > IlT , Tre ind = 2, cjaeayer yTOYHUTDL YCTOWIHBOCTD, IOJIb3YSICh
JINHeapu3aIueil BEKTOPHOI'O TOJIs.

[Tocrporm Ha 1t0CKOCTH KO3(DMUIMEHTOB XapaKTepucTuieckoro mnojauHoma (3.1) Kpusyro
(a(I ),b(I )), COOTBETCTBYIONILYIO CeMEHCTBY TOMCOHOBCKHX Konduryparwii (3.5) (puc. 3b). Hpu I <
<I< 12T OHA PACIIOJIAraeTCsl B 00JIACTH, COOTBETCTBYIOIICH HEIMOIBUYKHON TOYKE THUIIA, IEHTP—
nenTp. 3uavuenue [; waxomures us ypasuenust a?(I)—4b(I) = 0 u pasno I} ~ 0.482. Tlpu [ > I3
KpUBas JIEZKUT B 00/IaCTH, COOTBETCTBYIOIIEH HEMOABUKHON TOUKe THIA (HPOKYC—(hOKYC.

Taxum 0bpazom, MOMCOHOBCKAA KONPULYPAUUA

1) yemotivusa no Jlanynosy npu 0 < I < IlT;

2) yemotivuea 6 aunetinom npubsusicenuu npu If < I < I3

3

3) Heycmotuuea npu 3HAMENUL UHMELPAAL MOMEHNA I2T <I< 5

Kpowme Toro, B pabore |8 ncciesoBana ycroitauBoCTh TOMCOHOBCKON KOHMDUIYpAIK B PE3OHAHC-
HeIx caydasx [ = I, I = I} u nokasano, 4aro ona

4) neycmotivusa 6 caywae I = I
5) yemotuusa no Paycy npu I = I2T.

YCToiYnBOCTh KOJLJIMHEAPHO CUMMETPUYHOU KOHPUryparnuu. AHAJIOTMIHO HailieM
TOYKM OMdypKaIUn I KOJUIMHEAPHONH CUMMETPUIHON KOHMUTYpaIllud U3 ypaBHEHUsT
(81p" +27p% + 369p° + 5ap* — 312p> + 144p — 32)(9p* +27p> +9p? —12p—4) =0, p=1r% = %I.
(3.7)
B obsractn usmenenns unrerpaja Momenta 0 < I < 1 mmeerca jBe Touku OGudypKalmim IICS ~
~ 0.379 n I5® ~ 0.938. Borancienne nmnjekca KBaJpaTuyiHoil qactu H paer cieryiomue pesyiib-
TaThI:
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1)ind=1,I<1 10 ® — KoHUTYpaIUs HEYCTONINBA,;
3) ind=2, 1 1C ST < I2C ® — HEOOXOJUMO YTOUYHUTH YCTOWINBOCTH;
2) ind =1, I > Iy* — xoudurypanus HeyCTORINBA.

[Tocrpoum Ha MmIOCKOCTH KOIMDMOUIMEHTOB XapaKTepPUCTUIeCKOro mnouHoma (3.1) Kpuyio
(a(I ), b(1 )), COOTBETCTBYIOIIYIO CEMEHCTBY KOJIIMHEAPHBIX CHMMETPUIHBIX KOHQUTYpaInii
(puc. 3c). Ilpu Ile <I< IZCs OHa JIEXKUT B 0DJIACTH, COOTBETCTBYIOIIEH THUILYy HEIOABUKHOIM
TOYKHU CEJIJIO—CEeJIJIO.

Taxum 0b6pa3om, KOANUHEADHAA CUMMEMPUNHGA KOHPULYDAUUA HEYCTNOTUNUBE 80 6Cetl 000~
cmu udmenenus unmeezpara momenma 0 < I < 1.

4. HoBble cTarimoHapHble KOH(MPUTYPaIUN U X yCTONYNBOCTD

N3 pucynka 3a, mzobpazkaroiero oudypkaimonabie Kpusble T u Cg jIsi TOMCOHOBCKOIA
U KOJITHHEAPHOI KOH(UTYpaIuil, BUIHO, UTO:

1) kpusbie T n Cg mepecekaroTcst TpaHCBEPCATIBHO;

2) na oudypraronusix KpuBbix T u Cg NMEIOTCsT N30IMPOBAHHDBIE TOYKH, B KOTOPBIX IIPOUC-
XOJUT CMEHa UHAEKCA KPUTUYECKUX TOUYEK FaMUJILTOHUAHA, OTBEYAIONINX JTaHHBIM KPUBBIM.

Omnnpasich Ha pe3ysbraThl paboThl 1], MOXKHO ciiesiaTh CIIe/yIomye BbIBOJIbL:

B0-NEPGHIT, 6 PA3060M NPOCMPAHCMEE KPUTMUMECKUE TMOYKU, COOMBEMCMEYIOULUE DA3AUY-
o cemeticemsam T u Cg, usosuposarv, dpyz om dpyza npu 6cex 3HaUeHUAT napamempa I
(max xax s HEU30AUPOBAHHVLT ceMetcme OuPYPKAUUOHHbIE KDPUBHIE 6 MOYKE CAUAHUA
uAU nepeceuenus Kacatomes opye opyea);

60-6MOPHIT, CO2AACHO Meopeme 00 u3osuposartom cemeticmese 1], 6 moukax cmerv, urdex-
€O KPUMUMECKUE MOYKU KaHCcI020 U3 cemeticme Aubo JOANCHDL CAUBLMBCA € MOUKAMU MO20
ofce cemeticmsa, Aub0 JONHCHDL POHCAAMBCA HOBBIE KPUMUMECKUE MOYKU, COOMEBEMCMEYI0-
wue paree Heu38eCmHviM KOHPU2YPAUUIAM.

[Tokazkem, 9TO B JAHHOM CJIydae UMEET MECTO BTOPOH BAPHUAHT, T. €. nNpu cmene underca pootcda-
10MCA HOBBLE CINAUUOHAPHBLE KOHPULYPAUUL.

fcHo, 9TO NCKOMBIE HOBBIE KOH(MUTYPAIIMH [TPY U3MEHEHUN TAPAMETPOB JIOJIZKHBI CTPEMUTH-
¢ K TOMCOHOBCKOH WJIN KOJIJTHHEAPHOW CUMMETPUUIHON KOH(UIYPAIUSM TaK, 4TOOBI COOTBET-
cTByOIIMe UM OudypKaIMOHHBIE KpUBbIe Ha 1jtockocTu 1, H ciupasuch ¢ Kpusbivmu T, Cg B TOU-
Kax CMEHBbI HHJIeKca. KpoMe Toro, eCrecTBEHHO OXKHJIATH, UTO JIJIsi HOBBIX KOH(UTYPAIHWl CHM-
METPHUsl YMEHDLIITUTCsI, HO HE MPOHAJIET HMOJTHOCTBIO.

BosmozkHbie KOHDUIYpAIIH, KOTOPBIE YIOBIETBOPSIOT 3THM TPEOOBAHUSIM, — 9TO pacH0bed-
PEHHAA U KOAAUHEAPHAA Hecummempuyhas Koudurypanuu (puc. 4a,b).

4.1. PaBHOOenpeHHass KOHPUTYpAIIUs

B okpecTHOCTH KaxKJI0if U3 JIByX TOMCOHOBCKHMX KOHMUryparuii (KoTopble OTINIaTcs 4eT-
HOCTBIO TIEPECTAHOBKU HOMEPOB BUXPeil) MOI'YT MOSIBUTHCSI TPH PABHOOEIPEHHBbIe KOH(MDUTY Al
pasJIMIaoNuecss HOMEPOM BUXDsl TIPU BepiuHe (cM. puc. 5).
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()

a) paBHoOenpenHast — T, b) koMHEapHas

HECUMMCETpHUYIHAA — C

n

Puc. 4. Hosbre crammmonapubie KOHMUTYpAIMT TPeX BUXPEl B KpyTe.

1 3

Puc. 5. Tlossiienne paBrOOEIPEHHBIX KOHMDUTY DAL U3 TOMCOHOBCKUX.

Benencrsue cuMMmeTpun MCXOIHON CUCTEMBI OTHOCHUTEILHO TEPECTAHOBOK HOMEDPOB BUXPEN,
JIOCTATOIHO PACCMOTPETH OJIHY U3 9THUX IecTu KoHUryparnit. Takum odpazoM, HCKOMOe ceMeli-
CTBO KPUTUYECKUX TOUYEK IIPUBEJCHHOIO raMusibronnana (2.9) O6yjeM uCKaTh B BUJIE

.2
pL=p2 =5 1= =12 =gq. (4.1)

O6o3Ha9NM HO,HIVIHOFOO6pa3I/I€, OIIPpEJICJIECHHOC 9TUMU COOTHOHMICHUAMU, KaK

Mis = {(p1, p2,¥1.2)| p2 = %2,1#1 = —2 = q}. (4.2)

IMoacrasisist coornomenust (4.2) B yCJIOBHs S9KCTPEMAJIBLHOCTH TaMusibToHnana (2.9), moury-
YUM CcJle/lyIolue ypaBHeHUs:

OH
Ip1
O0H
i

:g—H :Ris(rlar%j):oa
Mg P2 | Mig (43)

o = g—i o = \1115(7‘1,7'2,1) :0

Oyukunn Ris(r1, 72, 1), VUis(r1, 2, I) 10BOJIBLHO IPOMO3/IKIE, TI09TOMY MBI X 371€Ch HE IPUBO-
JuM (OHM MOT'YT OBITh JIEPKO MOJIYYeHbI 13 FaMUIbTOHUAHA (2.9) Ipu MoMOIIM KaKoro-jmbo nakera
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AHAJIMTUICCKNX BblUncsennii, nampumep, Maple nim Mathematica u T.11.). Pemas sty cucremy
OTHOCHTEJIBHO MEPEMEHHBIX 7', ¢, HOJIY MM OJ[HOIIAPAMETPHIECKOE CeMEHCTBO (MJIN HECKOIBKO Ce-
MEHCTB) KPUTUIECKUX TOYEK, IapaMEeTPU3yeMOoe BeJIMUINHOl nHTerpaia I, KoTopoe COOTBETCTBYeT
PaBHODEIPEHHBIM KOHMUTY PAITHSIM.

Tounoe aHasmTHYECKOE pellieHne cucreMbl (4.3) MoJIyunTh HEBO3MOXKHO, TI09TOMY OyjieM pe-
[IATh €€ YUCIEHHO, UCIOIL3Ys METO/ I MPO0JKeHns 110 apamerpy. Ha nmpumepe paBaHobepeHHOM
KOHMUTYPAIMH OIUIIIEM 3TOT Hporiece boJiee ToIpoOHO.

CuauaJsia orpannduM ravMusibTornad (2.9) Ha nojmuoroobpasue Mig:

Hi=—2m2+ L[2In(1 - r?) + In(1 - 2(1 —r?))]

1 rP(l-cos2q) |, 2’ —2r/20 - rPeosq (4.4)
47 1+ 7% —2r?cos2q 2(1 + 2r2(I — r2) — 2r\/2(I — 12) cosq) |

Corutacto (4.3), KpuTHUECKHe TOYKU UCXOJHOIO MaMUJIbTOHNAHA HAa MHOroobpasuu Mg coBraia-
FOT ¢ KpUTHIECKUMHI ToakaMu Hig.

3arem BbIOEpeM 3HadeHUe WHTErpaja MomeHTa [lp, O/m3koe K OUMYPKAIMOHHOMY 3HAtE-

2= %IO,q = 2%) YUCTIEHHO

HAXOJIUM KPUTHYECKYIO TOUKY zyx([o) ramuiabronnana Hig, ormumunyio ot zp(ly). V3menum 3ua-
JeHne WHTerpaja MOMeHTa Ha Majyio BesmanHy [1 = [g 4+ 0 U1 B OKPECTHOCTH HaileHHONH TOUKH
2« (1) HaiijileM HOBYIO KPUTHIECKYTO TOUKY Zzyx([1). [Ipomoskast 3Ty mpore/rypy, mocTpouM ceMeii-
CTBO KPUTHYECKHUX TOUYEK, OTBEYAIONIUX paBHOOepeHHON KoHburypanun zs(l). st HaiiieHHbIX

nwuio [ 1T , ¥ B OKPECTHOCTH TOMCOHOBCKOI KoHburyparmu zp(lp) = (r

ceMeicTB mocTponM OmdypKalnoOHHbIe KPUBbIE HA IJIOCKOCTH IMEPBLIX WHTEIPAJIOB U YKaXKEM
WHJIEKC TIOJIHOIO raMuIbTOHuaHa (2.9) Jist KayKJIoi 13 BeTBeii.
Ucnonb3ys onmucaHHbIil METOJI, MbI HAIILIK J(Ba ceMelicTa (6e3 yuera 1epecTaHOBKU BUXPeii )

paBHOOEIPEHHBIX KOH(MUTypalinii, KOTOpble 0003HATNM TS ), Tl(s2 ) (puc. 6,7).

SAMEYAHUE 7. C yderoMm IepecTaHOBOK HOMEPOB BUXDEH UHCJIO ceMefiCTB PaBHOOEIPEHHBIX KOH-
duryparmit HeOOXOIUMO YMHOXKHUTD Ha 6.

Haiienubie pasaoGepennbie KOHMUIypanuu 00JIaIal0T CJIELyIOMUMA CBOHCTBAMEI  (CM.
puc. 6,7):

) (T)

IPOJIOJIZKAeTCsl 110 06e CTOPoHbI oT Toukn oudypkaruu Cy , npudem npu [ >

)

. 1
— CEeMEeHCTBO Ti(S

T Cs ”
> I} ) OHO IIPO/I0JIZKaeTCs BILJIOTH /10 TOYKHA Cé s , TJ1€ CJIMBAaETCd C CEMEUCTBOM KOJIJIMHEaP-

(T)

HBIX CUMMETPHYHBIX Konduryparwuii, a npu I < I;"’ oHO IPOJI0JIzKaeTcs /10 TOYKN BO3BpaTa
I =1Ts) ~0.442, 8 KOTOPOI POXK/IAETCsI BTOPOE CeMEfCTBO paBHOOEIPEHHBIX KOHMUTYPa-

. (2
it Ti(s);
— CceMeiicTBO Tl(s2 ) upu I > ITis) nponomkaercs 10 Bropoit Touku Bosspara upu I — %, B KO-

TOPOIi CJIMBAETCs ¢ CeMeHCTBOM KOJUIMHEAPHBIX HECUMMETPUUYHBIX KOHMUIYparuii (KoTopoe
Oy/leT OIUCaHO HUZKeE);

)

. . 1 T
— UHJEKC KBaJIPATUYHON YaCTU raMUJIBTOHUAHA JIJIS CeMeNCTBa Ti(s Bcrojty tipu [ # Ié )

pasen 1;

o 2
— HHJIEKC KBaJIPpAaTUIHOU YaCTU aMUJIbTOHUaHa JIJId Tl(s) BCIO/Yy paB€H 0.

TakuM 06pa30M, UCIIOJIB3Ysl YUCJIEHHbI aHAJIN3 KPUTHYECKUX ToUeK cucreMbl (2.10) (. e. or-
HOCUTEJIbHBIX PABHOBECHUiT HCXOHOMN cucreMbl (2.1)), MbI J0Ka3a/U CIIE/IYIONLYI0 TEOPEMY.
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Teopema 4. B sadavwe mpex odunakosur suxpel 6 kpyze cyuecmeyem 06a (¢ mownocmuvio
do nepecmanosry Homepos euIrpet) cemeticmen pasHobeIPerHLLT CMALUOHAPHBIT KONPULYPayUl

T Ti(f). IIpuvem

(1)

is

(2)

is

- xondueypayuu cemeticmsa T, — neycmotinuent,

- Kongueypayuu cemeticmsa T.) — yemotuuew (no Jlanynosy ).

4.2. KosanuHeapHass HeCuMMeTpUYHas KOHMUTryparus

B okpectHOCTH KaxK10#l U3 TPEX KOJUIMHEAPHBIX CHMMETPUYHBIX KOH(MUIYPAIHii, KOTOPHIE
OTJIMYIAIOTCsI HOMEPOM BHUXDPsI B IIEHTPE, TOSIBJSIIOTCS JIBE€ KOJUIMHEeapHble HECUMMEeTPHUYIHbIE KOH-
durypanyn, pasimaaionmecss 9eTHOCTHIO IIEPECTAHOBKYA HOMEPOB BUXPEH 1 HOMEPOM BUXDsi, KO-
TOPBIIT HAXOUTCSI [0 JPYTYIO CTOPOHY OT JIBYX JIPYTUX BUXPeil OTHOCUTENBHO TIeHTpa (CM. puc. 8).

2 3 1

Puc. 8. IlosBiienne KosmnHEapHBIX HECUMMETPUYHBIX KOHMUIYPAIUii.
Benencrsue cuMMmeTpun MCXOIHON CUCTEMBI OTHOCHUTEILHO TEPECTAHOBOK HOMEDPOB BUXPEN,
JIOCTATOIHO PACCMOTPETH OJIHY U3 9THUX IecTH KoHUryparnit. TakuMm odpazoM, HCKOMOe ceMeli-

CTBO KPUTHUYECKUX TOYECK IIPUBEICHHOTO I'aMUJIbTOHHaHa (29) 6y,HeM HNCKaTb B BHJE

L T%
p1:§7 P2:7= 1/}1 :1/}2:77' (45)

O6o3Ha9UM TOAMHOT000pa3Ke, OIPEIEJICHHOE STUMU COOTHOIICHUSIMU, KaK

2
My = {(p1, p2,¥1,%2)| P1=7,P2=%2,7/11=¢2=7T}- (4.6)

[Moncrasiss coornonienust (4.6) B ycsioBusl SKCTpeMaIbHOCTH raMuibToHnaHa (2.9), mouy-
YUM CJICIYIOINEe yPaBHEHN !

oH oH
a = a5 :Rn 3 7I :Oa

Op1 Iy Opz [ndy o (4.7)
OH OH

OH|  _OH|  _ g (r g 1) =0.

o1 Ine,  OUa I, (r,a,1)

Oyuxiuu Ry (r,q,I), Wy(r,q,I) Mbl TakyKe He TPUBOJUM 3JI€Ch B CHJIy WX I'POMO3JKOCTH.
Pemmas a1y cucremy mMeTosoM MpOJOJIZKEHUsT IO IMapaMeTpPy OTHOCUTE/IHHO ITEPEMEeHHBIX T'1, T2,
HOJIyYUM OJIHO CeMeficTBO KpuTuueckux Touek (Oyzaem obosnadarh ero Cp), mapaMeTpusyemoe
BEJIMYMHON HHTErpaJia I, COOTBETCTBYIOIIEE KOJITMHEAPHBIM HECUMMETPUIHBIM KOH(DUTY DATIASIM.
st maiileHHoro ceMeiicTBa MOCTponM OndypPKAIMOHHYIO KPUBYIO HA IJIOCKOCTHU IIEPBBIX UHTE-
IPAJIOB M YyKarKeM MHJIEKC KBaJIPATUIHON YacTu ramusibronnana (2.9) (puc. 6).
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SAMEYAHUE 8. C yuyeroMm I[epecTaHOBOK YHUCJIO CEMeNCTB KOJIIMHeapHbIX HECUMMETPUYHBIX KOH-
duryparmit HeOOXOAUMO TaK¥Ke yMHOXKATH Ha 6.

Haiitennbre Ko/utmHEApHBIE HECUMMETPUIHDBIE KOH(MUTY DAL 00/18/1a10T CJIEIYIOMIMMI CBOT-
crBamu (cM. puc. 7):

. Cs
— cemeiicrBo C,, poxkaercst B Touke [ = [ 5 J ITPOJIOJIZKAETCST JI0 TOUKHW BO3BpaTa mpu I — %,
o o . 2
B KOTOPOII OHO CJIMBAETCs C CEMEHCTBOM PaBHOOEIPEHHDBIX KOHMUIYPAIHit Ti(s);
— UHJIEKC KBaJpaTUuIHON YacTu ramuibroHuana st C, Bcroy paseH 1.

TakuM 00pa3soM, MCIOJB3Ysl YUCJICHHBI aHAJIN3 KPUTUIeCKUX Touek cucreMbl (2.10), Mbl
JIOKa3aJI1 CJIEJIYIONTYI0 TEOPEMY.

Teopema 5. B 3adaue mpex 00unakosux surpetl 6 kpyeze cyuecmeyem 001o (¢ mownocmuvio
do nepecmanosku nomepos eurpeti) cemeticmeo Cp KOANUHEAPHOT HECUMMEMPUUHDLT CTNAUUO-
HAPHOLT KONPUYPayud, Komopuie HEYCmotuUUBHL.

5. /uckyccus

WNaTepecno cpaBHUTDH TOJIYIEeHHBIE PE3YJIbTATHI JJIsT TPeX BUXPEH PaBHOW WHTEHCHUBHOCTU
B KpyTe C aHAJIOTUIHbIMEU pe3ysibratamu A. AjOyu B 3a/1a1ue 4eThIPeX OJMHAKOBBIX BUXPEN Ha I1JI0C-
koctu |15, 16]. B uacrrocTu, A.AnbGyn nokasaj, 4To MMeETCsl CTAlMOHAPHAS KOHMUIYDAIWs,
B KOTOPOI TPHU BUXPsI 00Pa3yI0T paBHOOEIPEHHBIN TPEYTOJIbHIK, & YeTBEPTHIN PACIIOIOXKEH Ha €ero
OCH CUMMETPUH; B CJIydae BUXPEHl B Kpyre, IIEHTP KPyra UTPaeT POJIb YeTBEPTOrO BUXPS.

OTMeTnM elre OJINH Pe3yJIbTaT, KOTOPhI TaKyKe MOYKHO IBITAThCs 00ODINTE HA PACCMATPH-
BaeMyIO HAMU 33Jaty, — 9TO TeOpeMa O KOHETHOCTHU UHUC/Ia OTHOCUTEIbHBIX PABHOBECHUI B 3a/1a1e
YeThIpex BUXPeHl Ha MJIOCKOCTU IIPU [IPOU3BOJIbHBIX MHTEHCHBHOCTSAX [22]. lyist Buxpeit B Kpyre
BOIIPOC O KOHEYHOCTHU YUCJIA CTAIMOHAPHBIX KOH(MUIYPAIUil TPU TPOU3BOJIbHBIX HHTEHCUBHOCTSIX
Tpebyer JIONOJIHUTEIbHBIX UCCIIJOBAHNIN, TaK KaK B JIOKAa3aTeabCTBax paboTel [22] cyiecrBen-
HBIM 00PA30M HCIOJIB3YETCS OJIHOPOIHOCTh YPABHEHUN JIBUKEHUS.

3aMeTnM TakzKe, ITO PacCMaTpPUBaeMble CTAllMOHAPHBIE KOH(MUTYPAIUA MOTYT UIPATh BarK-
HYIO POJIb B JIMHAMUKE BUXPEBBIX HSTEH U KJIACTEPOB OOJIBIIIOIO YHUC/Ia TOYedHbIX Buxpeil. [Ipu-
BeJleM 3JIeCh IPUMED YUCIEHHOTO MOJIETUPOBAHUS IMOBEJEHUS JIBYyX BUXPEBBIX IATEH, PABHBIX
10 MOJIYJIIO U IMIPOTUBOIOJJIOXKHBIX 110 3HAKY WHTEHCUBHOCTHU, COCTABJICHHDLIX U3 OOJIBIIIONO TUC/IA
rToueunblx Buxpeil (cm. puc. 9,10). Kak mokasbiBaerT 9TOT YHCIEHHBI 9KCIEPUMEHT, TIPU JIO-
CTATOYHOM YJIAJIEHWU JPYT OT JPyra BUXPEBBIE MATHA Pa3MbBIBAIOTCS, HO HE IePEMENTUBAIOTCS,
a IEeHTPbI UX 3aBUXPEHHOCTH JBUXKYTCS IO TPAEKTOPUAM TOUYedHBLIX Buxpeii. Iloka memssectHo,
COOTBETCTBYET JIM 3TOMY UHCIEHHOMY PE3y/IbTaTy KaKOoe-TuO0 TOTHOE PelleHre THIPOIMHAMITIe-
CKIX yPaBHEHUIT C PACIIPEJIEIEHHON 3aBUXPEHHOCTHIO M BO3MOXKHO JIM TIEPEHECTU 3TU PE3YJILTATHI
Ha ciiydail Tpex IsiTeH. YIIOMsIHeM 3/1eCh Takzke pabory [29], B KoTOpoii OKa3aHO, YTO Ha IIJIOCKO-
CTU MOTYT CYIIECTBOBATH CTAIMOHADHBIE, PABHOMEPHO IIEPEMEIAIONINECcs, KOHMUTY A 00Jib-
[IOTO 9HC/Ia TOYETHBIX BUXPeil B BHE KJIACTEPOB OIPEJeIeHHOr0 pa3mepa u ¢opmbl. B To xe
BpeMsi XOpomno u3BecTHa runore3a Ouzarepa (onmparomiasicss Ha MPENOJIOKEeHHe O CTATUCTH-
YECKOM PABHOBECHMN), KOTOPAas yTBEPXK/AET, IYTO B CHCTEME TOYCUHBIX BHUXDEil B OrpaHMICHHOIT
00J1acTH MOTYT JOCTUTaThCA OTPUIATE/ILHBIE TEeMIIEPATYPbI, IPU KOTOPLIX BUXPHU OJIHOTO 3HAKA
CTPEMSTCsT KJIACTePU30BaThCst. VIMeronecsi KOMIboTepHbIe SKcepuMenTsl [19, 33| He 1m03B0JIsI-
IOT C/Ie/IaTh OKOHYATE/ILHBIX BBIBOJIOB, 9TOT BOIPOC TpedyeT OoJjiee TIATEILHOIO UCC/ICTOBAHUS
[IPU TTOMOIIN COBPEMEHHBIX KOMITBIOTEPHBIX METOOB.
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t=0 t =800 TPACKTOPUU LIEHTPOB
3aBUXPEHHOCTEN

Puc. 9. DBosonust BUXPEBBIX TISITEH U TPAEKTOPUN IIEHTPOB 3aBuxpenHocreii rg = 0.3 (rp — paccrosiHue
J10 IEHTPOB IIATEH B HavYaJIbHBIA MOMEHT BpeMeHI/I).

t=0 t = 800 TPACKTOPUH LIEHTPOB
3aBUXPEHHOCTEN

Puc. 10. DBoJtonust BUXPEBBIX IISITEH U TPACKTOPUU IIEHTPOB 3aBUXpeHHocTeit 1o = 0.5.

B sakiodenne ykazkeM TakiKe, ITO ObLIO Obl MHTEPECHO HPUMEHHTH METOJBI, PA3BUTHIE
B JlaHHOI paboTe, K MOMCKY U aHAJIN3Y YACTHBIX PEIICHHUI B HEKOHCEPBATHBHBIX MOJIC/ISX BUXPE-
BOil UHAMUKH (B 9aCTHOCTH, K 3a/@9aM O JMHAMUKE TOUEYHBIX BHXPEUCTOYHHKOB [18| u muccn-
nupyomux suxpeit [31]).

ABTopbI BeIpazkaior 6sarogapuoctsh boscuroBy A. B. u Kununy A. A. 3a monesnbie 06Ccy K-
JIeHUs B XOJie pabOTHhI.
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