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B macrosimeit pabote nsyvaercs XaoTudeckas JUHAMUAKA OJIHON HErOJIOHOMHON MOJIE/IN JIBH-
2KEHHUsT KeJIbTCKOIO KaMHS Ha IIocKocTh. Mcciienytores crieHapuyu BO3HUKHOBEHHUsI Xaoca M OC-
HOBHOE 3Tallbl €r0 Pa3BUTHSI.
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1. BBenenue

B pabore paccMmarpuBaeTcst HErOJIOHOMHAsT MOJIEJIb JIBUYKEHUS KEJIBTCKONO KAMHSI Ha T1JI0C-
koctu. Kak XopoIrmo n3BecTHO, Takasi MOJIE/Ib ITO3BOJISIET OTBETUTDL HA OCHOBHON BOIIPOC B JIMHA-
MUKe KeJIbTCKUX KaMHeil: 0 mpupojie pesepca (BpaliaTeabHoli aCUMMETPUN) KeJBTCKOro KaMHs,
KOTOpasi COCTOUT B TOM, UTO KAMEHbB, [TOJIOKEHHBII Ha IJIOCKOCTb, MOYKET CBODOJHO BPAIATHCS
B OJHy CTOPOHY W <«HUKAK HE XOYeT» BPAIIAThCA B JPYryio. B mocrenmeMm ciydae OH JeaeT
HECKOJIbKO 00OPOTOB 110 MHEPIINU, [IEPECTACT BPAIIATHCS W HAYMHAECT KOJIEOATHCs, 3aTEM MEHSET
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HAIIPABJIEHNE CBOEI'O BPAIEHU, «JeJlaeT PeBepc» M, HAKOHEI, IIPOJIOJIZKAeT CBODOJIHO U YCTOMi-
YMBO BpaIaThes (y2Ke B JAPYTYI0 CTOPOHY ).

ObbsicHeHne ITOMY SIBIEHHUIO, BO BCSIKOM ClIydae ¢ pOpPMAaTbHON, MATEeMATHICCKON TOUKN
3PEHUs, KayKeTCsl Telepb JOCTATOYHO MPOCThIM. Jlesio B TOM, UTO, KaK U Jjisi OOJIBITUHCTBA U3~
BECTHBIX HETOJIOHOMHBIX MEXAHUTIECKUX MOJIE/IeH, CHCTeMa, OMNCHIBAIONIAS THHAMUKY KeJIBTCKOTO
KaMHsI, sBJISIeTCsl 00paTUMOii (PEeBEPCUBHOI) OTHOCHTEIHLHO 3aMeHbl Bpemenu t — —t. OHAKO
HE SIBJISIETC KOHCEPBATUBHON UM MHTEIPUPYEMOil, XOTsI U UMEEeT JiBa HE3aBUCUMBIX HHTErpaJia —
unTerpas sHepruu F u reomerpuueckuii unrerpas 7y (cm. dopmyiay (2.2)) HukKe), U I09TOMY
y CUCTEMBI Ha, COBMECTHOM yPOBHE MHTEIPAJIOB F U 7y MOTYT CYIIECTBOBATH CHMMETPUUHBIE JIPYT
JIPYTY ACHMIITOTHYICCKH YCTONYNBBIEC W BIOJIHE HEYCTONYIMBLIC DEICHMHsI, CTAIMOHAPHBIE (paBHO-
Becust), nepuojgndeckue (mpeJiesibHble MUKJIbI) U T. 1. Torjga, Hanpumep, yCTOWIMBOMY DaBHOBE-
CHUIO OTBEYAeT YCTOMUMBOE BPAIEHIE KAMHS B OJHOM HATIPABICHUN, 8 €My CUMMETPUTHOMY paB-
HOBECHIO — HEYCTOWYMBOE BpaIlleHUE B IIPOTUBONOJIOXKHOM HalpasjieHuun. CoOCTBEHHO TOBODS,
Takoe OObSICHEHNE SIBJICHWST peBepca B JIMHAMUKE KEJILTCKUX KAMHEH OBLIO JTAHO CPABHUTETHHO
uesaBHo — B padorax 1. C. Acranosa [1|, A. B. Kapanersna [2], A. II. Mapkeesa [3| u nekoTopbix
JApyrux (CM. HEOOXOMMbBIe CChLIKU B MOHOrpaduu [4]).

Tem He MeHee, JBUKEHHE KEJIBTCKOI'O KaMHS Ha IIJIOCKOCTA PACCMATPUBACTCS B MEXAHUKE
[O-TIPEYKHEMY KaK OJINH U3 CaMbIX CJIOKHBIX U JI0 CUX IIOD BeChbMa cJIab0 MCCIICOBAHHBIX THUIIOB
JIBUZKEHWsT TBEPIOTO Tesa Boobre. Bosee TOro, 9T0 OIUMH U3 HEMHOTUX TAKUX BUJOB JIBUYKCHUSI,
B KOTOPBIX BO3MOYKHA XAOTHUECKAs [MHAMUKA. "

Bruepsbie crpanmbie aTTpaKTOPDI B JUHAMUKE KEJIbTCKAX KaMHeH ObLIn 00HAPYKEeHbI B pabo-
tax A.B. Bopucosa u 1. C. Mamaesa |6, 7]. B nacrositeii pabore Mbl, 110 CyIIIECTBY, IPOJIOJIZKAEM
51U uccsieoBannst. OJJHAKO HAIA TOYKA 3PEHMs Ha 3a/1ady OTJInYaeTcs or [6, 7], HOCKOJIbKY, Kak
HAM KayKeTCsl, XaOTHIecKas JIMHAMUKA 3/1eCh ACCOIMUPYETCsl He TOJIBKO (U HE CTOJIBKO) CO CTPaH-
HBIME ATTPAKTOPAMHU. XOTsI MOCTCTHAE U CYTMECTBYIOT TIPU OMPEJICTCHHBIX 3HAMCHUSIX MapaMeT-
poB (HampuMep, KaK MbI [IOKA3bIBAE€M, 3JIECh CYIIECTBYeT CHUPAJIbHBIN arTpakTop [8]), ropasmo
6os1ee BaXKHDBIM SIBISIETCS TOT (DAKT, ITO B MOJIETN KEIHLTCKOTO KAMHS, KAK HAMI U OXKUJIATOCD,
HAOJIIOIAETCS CPABHUTEILHO HOBBI M MAJIOUCCIEOBAHHBIN THII JUHAMUYIECKOIO Xaoca, TaK Ha-
3bIBaeMast cmewantan Junamura [9-12]. B srom ciaydae HeOIIyKIaIOIEe MHOKECTBO CUCTEMbI
YCTPOEHO TakK, 4TO

® OHO COJIEPXKUT I'PYObIe TEPUOIMIECKUAE TPACKTOPUU BCEX TOIOJOTMYECKUX THUIIOB, TO €CTb
YCTONYINBBIE, BIIOJTHE HEYCTONYINBEIE, Ce/IIOBbIE, a TAKXKe, €CJIN CUCTEMa 0O0pATUMa, TO U CUM-
METPHUYHbIE JIIUITUYECKUE WIH SJIIUITUKO-CEJJIOBbIE TPACKTOPUH,

® 3aMbIKaHNsA MHOZKECTB TpaeKTOpHﬁ Pa3HbIX THUIIOB MMEIOT HEIIyCTOE IIepecedcHure.

[TocsiesiHee 03HAYAET, YTO «ATTPAKTOPBI» U «PeleJIJIephbl» (31eCh w- U Q-TIPEJIIbHbIE MHOYKE-
cTBa) TlepeceKkaioTcs.? B mpuHIHIE, Ha cYeTe B 3TOM CIydae MOKET Ka3aThCs, UTO «aTTPAKTOD»
U «perejiepy 00pa3yoT eJInHOoe IEeJI0e.

'Henasno xaornueckas aunaMuka Oblia oGHAPYIKeHa TAKIKE B MOJIEIIH, ONUCHIBAIONIEH JIBUKeHUs (Kak
YHUCTBIE KAYEHUs, TaK W 00Iye — KadeHHst ¥ BEPUCHUsI) HEYyPABHOBEIIEHHOIO Iapa Ha IIJI0CKOCTH [5].

21 310 mepecedenue caMo MOKET GBITH BeChbMa CJIOKHBIM. BoobIe, MaTeMaTHIecKuM 0Opa3oM CMe-
IMAHHON JIMHAMHUKH MOXKET CJIy’KHUTh KBa3HATTPAKTOD CHUCTEMbI, IpuHajIexaleii odsactu Heroxayca,
B KOTODOI1 JIOTHBI CHCTEMBI, MMEIOIIIE OJHOBPEMEHHO CUETHOE MHOXKECTBO MEPHOIMIECKUX CTOKOB U UC-
rounnkoB. Kak BbiTekaer u3 [13| (aHasormdnasi aprymeHTays ecTb yke B [14]), jyg Takux obracreit
HbIOXayCa CO cMeNnIaHHOIT LLI/IH&I\«TI/IKOIZ TUIIAYIHO, KOT'JTa (- U W-IIpeJieJIbHbIE MHO?KECTBa CUCTEMBbI COJIeP-
JKaT B IIEPECEUCHUH «IIOJKOBY» — HEKOTOPOE HEeTPUBUAJILHOE PABHOMEPHO I'HIIEPOOJINIECKOe MHOKECTBO.
Hanomanm, aro obractsmu Heroxayca HasbiBatoTcst oTkpbiThie (B C 2-TOIIO.J'IOI‘I/II/I) 006/1aCTU U3 MIPOCTPAH-
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B macrosimeit paboTe MBI IIPOCJIEXKUBAEM, B OCHOBHOM C TIOMOIIBIO IHC/IEHHOTO CUeTa, OIpe-
JIeJIEeHHbIE 3Tallbl Pa3BUTHS XaOTHUYIECKOW JIMHAMUKHN B MOJIEJIN KEJIHLTCKOTO KaMHSI: €€ BO3HUK-
HOBEHME; KaueCTBEHHbIE M3MEHEHHsl — BKJIIOYasl IIOSIBJIEHHE CIUPAJIBHOIO aTTpakTopa (Korja
[IpEe/IeJIbHOE MHOYKECTBO COJEPXKUT B 3aMBIKAHUH CEIJI0-(POKYC C OTPUIIATEHLHON JIUBEpPreHI-
eil), a TaKyKe CMEIaHHOl JIMHAMUKYI — CIIMPAJIbHOIO aTTpakTopa-peresuiepa (KO npeJieabHoe
MHOYKECTBO COJIEPKUT B 3aMBIKAHUKM 00a CUMMETPUYHBIX OJIMH JPYTOMY Ceio-(hOKyca); MosiB-
JICHUE 3JIEMEHTOB KOHCEPBATUBHOI jmHamMuky (xaoTudeckux TopoB, KAM-ropos u t.1.). Ko-
HEYHO, paboTa MMEET BO MHOI'OM JTUCKYCCUOHHBIN, MTOJIEMUYIECKUN XapaKTep, TaK KaK HEKOTOPBIE
yTBEpKJIeHus! (B YACTHOCTH, O CYIIECTBOBAHUU TI€TEJIb CellapaTpuc cejiiio-hoKyCoB) He JOKA3aHbI
crporo mareMarndecku. OHAKO IVIaBHAs €€ 11eJIb — O0OpaTUTh BHUMAaHUE YhTaTe/ s Ha 60raTcTrBO
1 pasHoobpasne XaoTUIeCKO JIUHAMUKHA B JIBUYKEHUN KEJIBTCKOINO KaMHsI — KayKeTCsl BIIOJIHE JI0-
CTUI'HYTOIA.

SAMEYAHUE 1. Coscem nemaBuo, Ha cemunape B IMAIIL um. Boaronpasosa (B Mapre sTOro ro-
JIa), KOrJia Mbl y2K€ BBICTYIIUJIU C JIOKJIaZ0M Ha Temy crarbu, A. 1. Mapkees 3a1a/1 Ka3aioch Obl IPOCTOi
Borpoc: «Tak cymecTByIoT Jin CTpaHHBIE ATTPAKTOPHI B JIMHAMUKE KEJLTCKUX KaMmueii?» Hecmorpst ma To
9TO YK€ €CTh COOTBETCTBYIOIIUE CTAThU HA Ty TeMy [6, 7], 0TBer He KayKeTcsl BIIOJIHE OYEBUHBIM U OJ[HO-
SHAYHbIM. ECJII/I FOBOpI/ITb O «(I)I/ISI/ILIQCKI/IX CA>>7 TO €CTh O TaK Ha3bIBa€MbIX KBaSI/IaTTpaKTOan, TO OTBET
HOJIOYKUTEIBHBIN JIJIsT TeX KaMHel, KOTOpble ObLIN paccMOTpeHbl B [6, 7| u B Hameit cratbe. OHAKO econ
B3ATh KeJIbTCKUII KaMeHb C L[pyFI/H\H/I IIapal\JeTpal\/ﬂ/I (HaHpI/H\flep7 eCJIn paCCMOTpeTb (S == 1 BMECTO 6 = 02,
Kak B [6, 7]; mo moBomy 0 cM. HuXKE), TO, KaK [OKA3bIBAIOT HAIIM MCCJEeA0BaHug (HE BOLIEIIINE B ITY
CTaThIO), 31€Ch XA0C MOXKET ObITh CBA3AH MCKJIOUYUTEJILHOIO TOJBKO CO CMEIIAHHOM JINHAMUKON, & HUKAK
He ¢ CA. C apyroit croponsl, Hacrosmux CA (runepbomaeckux, JOPEHIIEBCKIX WU [ICEBI0TUIIEpOOIIT-
vyeckux [17]) 31ech, ckopee Bcero, He GBIBAET.

ConepkaresibHasi 9acTb craTbu — 3T0 naparpadsr 2 u 3. B § 2 cobpanbl 0CHOBHBIE CBe-
JIeHVsI O MaTeMaTHYECKON MOJIeIN KeJILTCKOIO KaMHsl — IOYTH BCe OHM XOPOIIO U3BECTHBI (CM.,
nanpumep, |7, 18]), HO npuBeseHbl it yao6cTBa unTaress. §3 COAEPKUT B OCHOBHOM HOBBIE
PE3YIBTATHI O PETYIAPHON M Xa0TUIECKOU JUHAMUKE KEeJTHTCKOIO KaMHSI.

2. YpaBHeHUs ABU>KE€HUSI U MX CBOICTBA

Me! n3y4aeM AUHAMEKY [IBHKEHHsI TBEPJIOIO TeJa 110 NOPU30HTAIBLHON IIJIOCKOCTH 6e3 Ipo-
CKaJIb3bIBaHUAd, TO €CTb B IIPEJ/IIIOJIO?KEHNN CYIIIECTBOBaHUA HeI/IHTerI/IpyeMOﬁ (HeI‘OJIOHOlVIHOfI)
CBSI3H OTBEYAIONIEH TOMY, YTO CKOPOCTH TeJIa B TOYKE KOHTAKTA C IJIOCKOCTBIO PABHA HYJIO. DTO
YCJIOBHE MOYKHO 3alliCaTh B BUJe U +w X T = 0, rjie © — pajinyc-BeKTOP, COeUHAIONNIT IeHTD
macc G ¢ TOYKOW KOHTaKTa R, a ¥ M w — CKOPOCTH IEHTPa MacC U yIVIOBasi CKOPOCTb TEJIa
coorBercTBeHHO. CTAHIAPTHO CUUTAETCS, YTO KOOPAUHATHI BCEX BEKTOPOB 3a/IaHbI B HEKOTOPOM
fasmnce, XKECTKO CBI3aHHOM C TeJIOM. XOpomio u3BecTHO (cM. [18]), 4ro ypaBHEHHS JIBUZKEHUS
TBEPJOrO TeJIa B 9TOM CJIydae HMEIOT BH[

M =M X w+mi X (wXr)+mgr X7,
. (2.1)
7= X,

CTBa JJUHAMUYICCKUX CUCTEM, B KOTOPbBIX IIJIOTHBI CUCTEMBI C TOMOKJIMHUYICCKUMU KaCaHUAMMU. I/ISBGCTHO,

9TO TaKwe 00JACTU CYMIECTBYIOT B JITOOOH OKPECTHOCTH JIIOOOH CHUCTEMBI ¢ TOMOK/JIUHUIECKUM KACAHU-
em [15, 16]. CBoiicTBO HA3BIBACTCA TUIMYHBIM, €CJM OHO BBIIOJHIETCH JJIs [OJAMHOMXKECTBA BTOPOIi Ka-
TEropur HEKOTOPOI'O OTKPBITOIO MHOXKECTBA, (II0JIy1aeMOro Kak [epecevueHne CUeTHOrO YUC/Ia OTKPBITHIX
BCIO/Ly TWIOTHBIX MHOXKecTB). Obmactn Heroxayca co cMemaHHON JAMHAMUKON CYIIECTBYIOT, HAIIDEMED,
BOJIM3H JIByMEPHBIX Tu(PHeoMOPPU3IMOB ¢ HEIPYOLIMH MeTEPOKJTMHUIECKUMI KOHTYPaMU, COJIEPIKAIITIMI
CeJITOBBIE HETIOJ[BIKHBIE TOUKN ¢ sikobmaHamu > 1 u < 1 [9].
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rie M = Iw+mr X (w X r) — KUHETUYIeCKUH MOMEHT TeJla OTHOCUTEJILHO TOUYKH KOHTAKTa, Y —
eJINHUYHBII OPT BEepTHKAJN, Mg — Bec Tea. YpasHenue (2.1) mMeer jBa uHTErpasa:

H=5(M,w) —mg(r,y) n (v,7)=1, (2.2)

N[ —

UHME2PAN IHEP2UU U 2E0MEMPUUECKUT, UHMELPAA COOTBETCTBEHHO.
Mpbl paccMarpuBaeM KeJIbTCKUIl KaMeHb B hopMe aasunmuveckozo napabosouda. Torna mo-
BepXHOCTH Tea F'(1) = 0 1 KOOPJMHATHI BEKTOPA 7y 3a/aI0TCsI COOTHOIICHMSIMI

2 2
1 (T, T o
Fr)y=5\a Ta | (sth =0
) ) (2.3)
a +a
7“12—&1%, 7"22—(12%, T3=—h+u,

243

rie ai,2 — PaJuyChl IVIABHLIX KPUBHU3H B BepIIuHe mapaboJionjia, h — BLICOTA IEHTPa Macc,
PACITOJIOXKEHHOTO Ha ocH mapabosionia. [Ipemnonaraercs Takyke, 9TO MEHTD TAXKECTH Tejia HAXO-
JUTCA B TOUKe 71 = 79 = 13 = (0, a o/fHa U3 IVIABHBIX OCEHl MHEPIUHU SIBJISIeTCST BEPTUKAJILHOI.
OmmanTe/ibHONW 0COOEHHOCTHIO KEJBTCKUX KaMHEH sBJISeTCsi TO, UTO JIBE JPYTUe TJIABHBIE OCU
[IOBEPHYTHI OTHOCUTEJLHO IeoMeTpuyeckux oceil Ha yrosi 0, rae 0 < & < 7/2. Torma Tensop
MHEPIMA B IVIABHBIX N€OMETPUIECKUX OCAX Oyjer umeThb Buj |7

I cos?§ + Isin?§ (I} — I3)cosdsind 0

I'=| (I, - L)cosdsing Ijsin?d+ Ircos?d 0 | (2.4)

0 0 I3

rie I, Io, I3 — ryaBHbIE MOMEHTHI HHEPIMK apaboIona.

Cucrema (2.1) MoxKer OBbITH IPEJICTABJICHA B CTAHAAPTHON OpMe IEeCTUMEepPHOi CHCTeMBbl
OOBLIKHOBEHHBIX i depeHIIAIBHBIX YPABHEHIH 0T (ha30BBIX IepeMeHHbIX w € R? u v € R3, 3a-
BUCAIIEH OT TapaMeTPOB [, XapaKTePU3YIOIINX reoMeTpudeckrne n (hU3UICCKUE CBONCTBA KAMHSI,

(@,9) = G(w,7, ). (2.5)

HpI/I YUCJCHHBIX pacdeTax MBbl 6yILGM HCIIOJIB30BAaTH MO/IEJIb KeJIBTCKOI'O KaMH, Ct)I/ISI/I‘{eCKI/Ie
HapaMeprI3 KOTOPOTO CJIeIYIOIIHne:

Il :5,12 :6,13 :7,m: 1,92 100,(11 :9,CL2 :4,h: 1. (26)

2.1. KommnakTudukarus: nepemenabie AHpayaiie — lemnpu

B paccmarpusaemoii 3a1a4e, KaK 1 BO MHOTUX APYTHX pasjeax JUHAMHKU TBEPAOro TeJa,
BecbMa yJI00HBI JIjIsl CCJIE/I0BAHNUsI TaK HasblBaeMble Koopdunamos Andyatie — Henpu, (L, H, G, g,1),

33/1ech pa3Mephbl yKa3aHbl B CAHTHMETPAX, BPeMs — B ¢/v/10, Bec — B KmorpamMmax (B 9acTHO-
CTHU, YCKOpEeHme CBOGOTHOTO TajeHnst ¢ 37ech pasuo 100, Tak kak crammapraoe 10 M/c? mpeobpasyercs
) )

B 100 m/(v/10 c?).
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KOTOpBbIe BBOJIsITCs 110 (bopmysiam [18]

My =+/G? — L?sinl, My =+/G? — L?cosl, Mz =1L,

~v1 = (sin ¢ cos T + sin 7 cos ( cos g) sinl + cos ¢ sin g cos [,

o = (sin ¢ cos T + sin 7 cos ( cos g) cos | — cos  singsinl, @7)
Y3 = sin (sin T — cos T cos € cos g,
rie sinT = L/G, sin( = H/G u, o onpejenennto (cum., napumep, [18]),
H = (M,~) = Miy1 + M2z + Msys. (2.8)

Bxech npejonaraercs, 4ro T, € [—mw/2,7/2].

Ha coBmecTHOM ypoBHe sByX mHTErpasios (2.2) ypasHenusi (2.5) 3aJal0T YeThIPEXMEPHBIi
noToK Gg. OrMeTnM, 9To HOBBIE KoopauHatsl L, H, G, g u | BbIOpansl Tak, 1to ycaosue (7y,7y) = 1
BBITTOJTHSETCST ABTOMATHIECKU.

D10 O3HAUAET, UTO HA YPOBHE MEOMETPHUYECKOro MHTerpasa (popMysibl (2.7) 33/1a10T B3aUMHO
OJIHO3HAYHOE TpeobpasoBaHue Besje, KpoMme riockocreir L/G = +1 u H/G = +1.

Jlajtee MBI OyJieM WCCIEI0OBATH CHCTEMBI Ha, YETBIPEXMEPHBIX YPOBHSIX SHEPruu
H(L,G,H,l,g) = E. Jljst reoMeTpUYIeCKNX IIOCTPOCHUIT Oy1eM pacCMaTpUBATD IIPOEKITHH TPa-

E€KTOPHUil PeJlyIIMPOBAHHON CHCTEMBbl Ha TPEXMEPHYIO IUIOCKOCTH ¢ = ¢g = const, Ha KOTOpoii

L H
GG
MOKHO PaccMaTpUBaTh B KadeCTBE CEKYIIHUX JIjIsl COOTBETCTBYIOIIErO YETHIPEXMEPHOI'O IOTOKA.

BB€J/IEM KOODUHATDI (l > Kpowme Toro, miockoctu g = go = const (mpu noaxoismumx go)

n TOr/Jla UCCJIeIOBaHre JUHAMUKU ITOCJICITHET'O MO2KHO ITPOBOJUTL C IIOMOIIBIO OTO6pa}KeHI/IH Hy—

ankape (6, 7,
_ L H
T=TFg(x), == (LE,E), (2.9)

koTopoe omnpejesiero B obmactn 0 < [ < 2m,—1 < L/G<1,-1 < H/G < 1.

JIemma 1 ([7]). Dasosoe npocmpancmeo omobpascenus (2.9) 6 cayuae sarunmuseckozo
napabonouda zomeomopdro <waposomy caoro» S% x [—1,1].4

2.2. CI/IMMeTpI/II/I B MOJeJin KeJIbTCKOI'o KaMH#A

B narem ciryuae, TO eCTh JiiIs KaMHsl B hopMe 3JUIMIITHIecKoro napabosonia, cucrema (2.5)
obJiajiaeT psAJSOM MHTEPECHBIX U IOJIE3HBIX CUMMETPHUIA, ONUCHIBAEMbBIX B CJIEIYIONIEH JIEMME.

JIemma 2 ([7]). Cucmema (2.5) cummempuyna ommocumessro 3amensve KoopouHam 6uda
(@)  Sitw— —(-wi,—wz,ws), 7= (=71, —72,73) (2.10)
u obpamuma (pesepcusna) omHOCUMENbHO CACOYIOUUT 06YT UHEOMOUUTL:

b) I1: w— —w, — -y, t— —t,
() I V= (2.11)
(C) 1-2: W — (w17w27 _w3)7 Y= (_’717 _’727’73)7 t— —t.

3aMeTnM, 9TO ITU CUMMETPUU U WHBOJIIOIUY OY/YT CYIIECTBOBATH U B HOBBIX KOODJIUHATAX
(Anpyaite — denpu), ogHako oHH, BOOOIIE roBopsi, yxKe He OyiayT smHeiinbivu. Ho B dacTHOM
ciydae, jyist orobpazkenust [lyankape (2.9) ¢ cekymieit g = 0, koropoe 6yjem obo3nadaTh Kak Fy,
CUMMETPUH JIEMMBI 2 Oy/IyT JIMHEITHBIMU.

4310 cooTBeTcTBYeT TOMY, UTO KoOpjHHATa | IUMKJIMYecKas ¢ mepuojioM 27, a orpeskun L/G = +1
Ha JiioboM cevdennn H /G = const CKileeHbl B OJHY TOUKY.
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JIemma 3 ([7]). Omobpasicenue Fy unsapuanmio omnocumesvno npeobpasosarud

(a) §1:l—>l—i—7r, é—>37 gﬁg7
(b) flz Il — 1+, é — —é, g N _g, Fo — f(;l’ (2‘12)
©  L=LS:i-1 £--% LA xR

CaencrBue 1. [lycmov omobpasicenue Fo umeem mpaexmopuro L*, moezda e2o mpaexmo-
pusmu 6ydym maxoce S1(L*), I1(L*) u I (L*), npuvem mpaexmopuu L* uw S1(L*), a makorce
Z1(L*) uZy(L*) — nonapro dunamuyecku udenmusns, a L* u S1(L*) nazodamea 6 unsomoyuu

wax ¢ Z1(L*), max u ¢ Iy (L*).

3. Budypkanuu n xaoTuvieckas IJUHAMUAKA

Mg 6yjieM paccMaTpuBaTh OJHONAPAMETPUYECKHE ceMeficTBa 4-MepHBIX MOTOKOB (2.5) miu
3-MepHbIX oTobpazkenuii (2.9) ¢ ynpasisiomum napamerpom FE. ITpu arom, jyist Gosibineit omnpe-
JTIETIEHHOCTH, MbI 3abUKCUPYEeM 3HAYMEHHE mapamMeTpa ¢ U MOJOXKUM ero paBHbiM 0 = 0,2 — Tak
JKe, Kak 1 B pabore [7], Tak 4T0 unTareyno Oyjger yjao0HO COMOCTABUTH HAIM PE3YJIBTATHI C T10-
JIy9eHHBIMU B [7].

O6o3uaunm uepes Gp u depes Fop OfHONAPAMETPUYECKIE ceMeiicTBa TOTOKOB (2.5) 1 0T06-
paxkennii (2.9) coorsercrsenno. Kak nokasano B [6, 7|, nuaamuka 4-mepHoii cucrembl Gg npu
bosbiux F BechMa mpocTasi. 371eCh UMeETCs JiBa cocTosiHusi paBHoBecusi O u (O, OTBeYaiO-
Iiye IepMaHeHTHBIM BpallleHusiM BOKpyT Beprukasu v = (0,0,1) ¢ yrioBslMu 9acroramu wq =
= (0,0,wp) u wy = (0,0, —wq). IIpu E > 1300 oxxo u3z srux pasHoBecuii, O, BIOJHE HEYCTOM-

4qnBo, a jipyroe, Oy, ACUMITOTHYECKH YCTONIHBO.”

1
SAMEYAHUE 2. B ciyyae BepTukajbHOTO BparieHus F = 5]30)2 + mgh, oTKyna moJiydaem, UTo
wo = V/2(E — mgh)/Is.

IIpu ymenbmenun E 3iech OyjyT npoucxonutsh 6udypkaruu. llepsonadanbio onu OyayT
CBSI3aHBI CO CMEHOW PEryJsipHbIX YCTOWYIUBBIX PEXKUMOB: MOTEPeil YCTONINBOCTUA COCTOSTHUS PaB-
HoBecusi Oy U TOSIBJICHIEM HOBBIX HEPHOIMYECKIX aTTPAKTOPOB (peresuepos). 3arem 6udypka-
[IMU TIPUBEJLYT K BOSHUKHOBEHUIO CJIOXKHOI JIMHAMUKY U Xa0ca (aCCONUUPYIOIIErocs: CO CTPAHHBIM
aTTPaKTOPOM, CMENIAHHOU JMHAMUKON MM IIOYTU KOHCEPBATUBHOI HEUMHTEIPUPYEMON JuHaMU-
KOI1), KOTOPBIil, B CBOIO OY€pPe/ib, B KOHIIE KOHIIOB CMEHSIETCsS JIMHAMUYECKIM TIOBEJIeHIEM, OJIn3-
KMM K MHTerpupyeMoMy (IIpu 3HAYEHUsAX SHepruu, Om3kux K norennuanbaoii £ = 100).

3.1. Budypkanuu B peryJsipHoii JUHAMUKE

IIpu E = FE5 = 1300 cocrosinue paBaoBecust Qs TepsieT YCTOWIUBOCTE B PE3YJIbTATE MSTKOI
6udypraiu Aujponosa— Xormda [19], a B ero 0KpecTHOCTH POXKJIAETCsl yCTONIMBBII [1PeIe/Ib-
HBII [MKJI, KOTOPBI MbI OyiaeM HasbiBaTh K -uyukiom. OJHOBPEMEHHO, B CHJIYy OOPATHMOCTH,

50OHaKo CyMIECTBYIOT M JIpyrue KeJbTCKHe KaMHH, y KOTOphIX oba pasnosecus O7 u Oo Bcerma
Heycroiiauble (cemonbie). Takum Gyser, HapuMep, KaMeHb B ciaydae I = 4, Iy = 5, I3 = 6, Torma
KaK «HaIll» KaMeHb UMeeT, Jjisd cpaBuenns, [ =5, Is =6, Is = 7.
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B OKpeCTHOCTH TOUKU ()1 POXKIAETCsT BIIOJIHE HEYCTOWIMBBIA TpeesbHblil mukiL. [Ipu s3ToMm Tod-
ku O1 u Oy CTAHOBSATCS OJIHOBPEMEHHO CEJJIO-(POKYCAME THUIIA (2,2).6

Samernm, uro K-IIUKJI, B CBOIO O4Yepe/lb, TepsieT ycroitamBocTh pu F = F3 ~ 935 B pe-
3yJIbTaTe CEJJI0-y3/10B0il Oudypkarnun; K-muki npu E = FE3 cMBaeTcs C CeJJIOBBIM IIPEIeib-
HBIM IIUKJIOM TOIO YK€ Tepuoja, mocjie dero ucuesaer. OJHAKO Cpa3y »Ke MPOsIBJISIETCs] HOBBII
YCTONUUBBIN PEXKUM — ACUMITOTHYECKH YCTONYUBBIN MPeIeIbHbIH UK 7], KOTOpbIi MbI Gy1emM
HazbIBaTh B M-yuK.iom.

SAMEYAHUE 3. Yeroitunsbiii K-1UKs — eIMHCTBEHHBIH (103TOMY OH Si-cuMMerpudeH). Uro Ka-
caercst yeroitunBeix BM-1nKiI0B, TO ux poxkaaercs cpady jasa, C; u Cf = §1(CY), cuMMeTpHIHbBIX O/UH

JIPYTOMY; ¥, COOTBETCTBEHHO, CYIIECTBYIOT €Il JiBa BIIOJHE HeycToianebix BM-tmkna — Cy = Z(Ch)

u C) =7Iy(Cy). (Cm. puc. 1.)

Mpbr npociienniu noejienne ycroitunsoro BM-nukia(os) npu ysesmvenun E. Ilpu srom
0BHAPYKIJIOCH, YTO OH TepsieT CBOIO yCTOWIMBOCTH B pesyibrare (Msrkoit) 6udypkaimn Anjpo-
noBa— Xonda npu F = E; ~ 1510, To ectb npu E < Ej 1muksa ycroituusslil, a npu £ > Fy on
CTAHOBHUTCsI CEJIOBBIM (C OJJHUM MYJIBTUILIMKATOPOM BHYTDPHU €JAUHUIHON OKPYKHOCTU M JIBYMsI
KOMILJIEKCHO-COTIPSIZKEHHBIMU — BHE), HO €r0 OKPYyZKaeT YCTONYUBBIN JBYMEPHBIN HHBAPUAHTHBIIT
TOP. 3aMETHM, UTO 9TOT TOP COXPAHSET CBOK YCTONIMBOCTDH HENOAro — nipu E > Ej,,. ~ 1550 on
CTAHOBUTCsI CeJIOBBIM. Borpoc o cymecrBoBanun jgpyrux (Kpome pasHoBecusi (OJg) yCTONUUBBIX
pexxumoB npu Goubiux E (nmpu E > 1500) Mbl HEe paccMaTpUBAJIH.

H/G\(-1.1,-0.125664,1.18)

(—0.3,—0.125664,1.18)|
6.34602,1.1

e

A
I

IR

LJG

BM-1uxn

|

(—1.1,=0; 4.038)
(—0.3,—0.125664:0.38

(—0.3,6.34602,0.38)
(a)

Puc. 1. TIpoekin Ha TpeXMepHYIO CeKyIyto ¢ = () NpeIeIbHBIX TMKJIOB: (&) ycrofiausbie K-IIUKJI 1 OJUH

u3 BM-uukios npu E = 1100; (b) yerbipe BM-1ukiia, 1Ba yCTORYIMBBIX U JBa BIIOJHE HEYCTONUNBBIX,
npu E = 600.

SAMEYAHUE 4. Ilpu E; > E > FE3 cucrema sIBJISIETCS MYAbMUCTaAbUALHOT, TTOCKOJBKY Y Hee
cymecTByeT Tpu arrpakropa. [lpu Fy > E > FEs arrpakTopaMu sIBJISIOTCS COCTosiHue paBHOBecust Og
u aga BM-tukna Cy u C, a nipu Ey > E > E3 — Tpu yCTOHUNBBIX MPEJIETIbHBIX IMKJIA: K -IIMKJI 1 JBa
BM-nukaia.”

6Touka Oy MMeeT XapaKTePUCTHYECKNE KOPHH Vig = —A £ip, 3.4 = Ao E£ips, tme p; >0,i=1,2,
a Takxke A1 > 0 Bcerma, a Ay MemsieT 3HaK: Ay < Ompu F# > Fo, Ao = 0npu E = Fou Ay > 0npu B < E;
COOTBETCTBEHHO, paBHOBecHe (O MMeeT XapaKTEePUCTHYIeCKUe KOPHH Vi 2 = Ay £ ifiq, V3.4 = —Ag £ ipta.

"Ecin /le/1aTh HATYPHBIIT 9KCIIEPIMEHT, TO B 3TOM CJIyHae MOXKHO HAbBII0ATh cieLyiomniee. 11pn Haua b

HEJIMHEMHA S JMUHAMMJKA. 2012. T. 8. Ne3. C. 507-518 7#’



514 A. C. I'onuenxo, C. B. ITonwenxo, A. O. Kazaxos

3.2. BosHukHOBeHne xaoca

[Ipeaensubie mukasl O 1 Cf TepstioT (0JHOBPEMEHHO) CBOIO yCTORUIMBOCTL nipu F = Ey ~
~ 561 kecTKuUM 00pa30M B pedyJibrare OudypKaIluu yIBOCHUs IepUojia; yeTolunuBbiit B M -1kt
cauBaercsd npu ' = E4 ¢ ceJiyTOBBIM IUKJIOM YIBOCHHOTO TIEPUOJIA U CTAHOBUTCS, B CBOIO OU€PE/Ib,
ceqyoBoiM Tipu E < Ej4. Ilpu aroM cpa3y BO3HHKAaeT XaoC — HEYTO IIOXOXKEe Ha <«CTPAHHBIH
ATTPAKTOP». 3aMETUM, 9TO MOMeHT F = E4 6JIM30K K MOMEHTY 00pa30BaHUsi TOMOKJIMHIIECKON
et ceto-poryca Og, TOITOMY 37IeCh YIKE €CTh TOTOBAST CJIOYKHAST JIMHAMUKA, KOTOPAsi, OJHAKO,
HE SABJISETCs IPUTATUBAIONIEH, Korsa cymectByer BM-muki. B cuny obparumoctu, ipu E < Ey
CYIIECTBYET TaKyKe W «CTPaHHbIA perenepy. OHAKO B MOMEHT, OJIM3KHIT K OUQYpPKAIIMOHHOMY,
ATTPAKTOP U perejuiep OIPeJIeJIeHHO Pa3JeJIeHbl, YTO BHJIHO Ha cdere (CM. puc. 2a).

(6.28319, —1, 1)

aa -1, 1)

H/G

(6.28319, 1, 1)

—

Puc. 2. (a) E = 555, arrpakrop (uepHbliii) u penejuiep (cepblil) onpejesenno paszesensl; (b) okHO
YCTOMYMBOCTH: yCTONIUBBIH MIPEIEIbHBII TIMKJI Tlepro/ia 5 (YepHBI [BET) U CUMMETPUYIHBIN eMy BIIOJHE
HeyCTOWIMBBIN 1K (cepsiii) pu F = 510.

Eciu roBoputh B 001IeM 1iaHe, To B cemeiicrBe Gp npu 0 = 0.2 peajiu3yercsi MOHAYATY
TaK HasblBaeMblil cuyenapul [Tuavrukosa pazsurusi xaoca (8], KOTOPBINH BKJIIOYAET CJIELYOIINE
dTallbI:

yemotinueoe pasrosecue — yemotinusvll yurs — CA — cnupasvhod CA.

3aMeTuM, 9T0 mepexol ycmotivusvil yuka — C'A MOXKeT UMeTh COBEPIIEHHO pas3Hyo 6udyp-

HOM BEPTHKAJIBHOM BPAIEHUU 10 YaCOBOI CTpeske, 9T0 oTBevaer BpameHnto ¢ dacroramu (0,0, —wp),
9TO BpaleHue OyJeT coxpaHsThes upu Fy > F > Fy mim coXpaHsTh CBO€ HAIIPABJICHUE, HO CJIErKa, IIPe-
neccupoBarh upu Fy > E > FEs (uBuxenue no K-uukiy). [lpy HagajibHOM BpAIEHUM IIPOTUB YaCOBOI
CTpeJsIKH, 9TO oTBeuaer Bparienuto ¢ dacroramu (0,0, wp), 9T0 BpaleHne, B Cuiry 0GPATUMOCTH CHCTEMBI,
cpa3y M3MEHHUT CBoe Hampapjenue npu Iy > F > Fs, HO MOXKET BO3HUKHYTDL IPENECCUsi ¢ HECKOJIHKO
OOJIBITIET AMILTUTY/IO0M, IeM B MPEJbIIYIIEM CJIydae (;LBI/DKeHI/Ie o ojnomy u3 BM —IJ;I/IK.HOB).
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KAIMOHHYTO MPHUPOJLY, B 3aBUCHMOCTH OT KOHKpeTHOH 3amaun.® B mamewm cayqae (mpu § = 0.2)
Ha0JII01AeTCsI BOSHUKHOBEHUE Xa0Ca B PE3y/IbTaTe »KECTKOH IoTepH yCTONIMBOCTH OJHOBPEMEH-
1o nByXx BM-tmnknos Cq n C]. OfHaKo mepexos OT Taoca K CnUpasbHOMY Gmmpakmopy HOCHT
(TMIOMYHO) YHUBEPCATBHBII XapaKkTep ¥ CBsi3aH ¢ 06pa30BaHUEM F'OMOKJIMHUYIECKUX [EeTeIb CEJII0-

dokyca [8].

H/G| (2.00383w, —1,1) H/G ((2.003837,-1,1)

(2.00383m,1,1) (2.00383m,1,1)

(0.003831437,1, —1) (0.003831437,1, —1)
(a) (b)

Puc. 3. (a) E = 470, cuupassnsiii arrpakrop; (b) cmemannas guaamuka npu E = 320.

OrMmeTnM Takzke, 9TO HAOJIIOJAEMBIN Xa0C HE sIBJISETCSI, KOHETHO, MUIEPOOTMIECKAM, B CH-
JIy HAJIMYUsT WU TOSIBJICHHUS IIPH MAaJIbIX BO3MYIIEHHUSIX NOMOK/JIMHUYIECKUX KaCAHUH, HErpyObIxX
PEeTEePOKJIMHIIECKUX KOHTYPOB U T. 1. Kak OOBIMHO B TaKUX CJIydasix, P U3MEHEHNN ITapaMer-
POB MOI'YT BO3HHKATL TaK HA3bIBAEMbIE «OKHA YCTOMYMBOCTH», TO €CTh OTKPBLITHIE MHOXKECTBA
3HAYEHMIT TapaMeTpPOB, IIPU KOTOPBIX aTTPAKTOPOM CTAHOBUTCH, HAIIPUMED, IEPUOINIECKasd TPa-
eKTOpUs U WHBAPUAHTHBIN TOp. Takoe OKHO yCTONYINBOCTH MbI HAOJIIOIAIN U B HAIIIEH MOJIE/IN:
npu 528 > E > 485 arTpakTOpOoM SIBJISIeTCsl YCTOWYMBBIN MpeJIe/IbHBIA UK Tieproja 5 (CM.
puc. 2b). [Tpu jpasnbheitinem ymenbiennn E 9T0T 1UKII IpeTeprieBaer ceputo oudypKarmit yiso-
eHust nieprojia (Mbl HABJIOA/IM HECKOJIBKO Takux Oudypkarmit), u caoBa BosHukaer CA.

Bamernm, 4TO Ha HEKOTOPOM JI0CTATOYHO GOJIBIIOM MHTEpBaJie 3HaYeHuit napamerpa (470 >
> F > 350 ) xaoc siBJIsieTCsl CIIUPAJIbHBIM, TakK Kak ceiyio-hokyc O NMPUHAJJIEKUT ATTPAKTOPY
(mosrydeno dmcsieHHo, cM. puc. 3a). B cmny obparnmoctn cucremsr, cemyio—pokyc O npuHae-
JKHUT B 9TOT MOMEHT pelesLiepy.

[Ipu manbHeiieM yMeHbIeHUN F BUINMbBbIE aTTPAKTOP W pele/iep MOI'YT BeCbMa, CHJILHO
«IIEPEMEIIATHCST», TaK UTO MPEeJIebHbIE PEYKUMBI IIPU MTOJIOKUTEIbHBIX U OTPUTIATEIbHBIX UTepa-
nusax OyIyT TPYAHO pas3autuMbl. Jpyrumu ciioBaMu, 3/1eCh MOYKET HaOJII0IaThCA SBJICHUE TaK
HA3bIBACMON cmewannol dunamuky (CM. BBEJIEHHE), KOIJA TUIEPOOTIMYECKHIEe MePUONIeCKUe
TPAEKTOPUH BCEBO3MOXKHBIX TUIOB (YCTONYMBBIE, BIIOJIHE HEYCTONUYUBBIE U CEJJIOBBIE) COCYIIE-
CTBYIOT, U THIIMYHO, KOI'JI[a OHM B COBOKYIIHOCTH HE OTIACIUMBI JAPYT OT Jpyra, IMOCKOJbKY HX
MOKeT OBITh cueTHOe MHOXKeCTBO (siBrrenne Hetoxayca [9, 14]).

CwMernannasi JMHAMIKA 3aBEJIOMO UMeEeT MecTo, Korja oba ceyio-dokyca O u Oy (u ¢ moJio-
JKUTEJIbHOM U OTPUIATEIbHON JMBeprexiyeii) nprHa/JIesKaT 3aMbIKAHUIO TIPEJIeJIbHOTO MHOKe-

8Tak, XaoTW4ecKas JMHAMHUKA MOYKET BOSHHKATL B pe3y/IbTaTe IOCJeI0BaTeILHOCTH GudypKarmii
YZIBOEHHUSI TIEPUOJIA, POKJIEHUST MHBAPHAHTHOTO TOPA M €ro JNAJbHEHIIEero pa3pyiienust (Top—Xaoc), ¥KecT-
KO MOTepH yCTONYMBOCTHU TIEPUOIUIECKON TPAEKTOPUH U T.11. (CM., Harnpumep [20-22]).
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CTBa, K KOTOPOMY CTPEMSITCSI TPAeKTOPHU 1IpU ¢ — +00 (& 3HAYKT, 110 OOPATUMOCTH, ¥ 3aMbIKa-
HUIO [PEJIETHHONO0 MHOXKECTBA, K KOTOPOMY CTPEMsATCsI Tpaekropuu npu ¢t — —oo). Ha puc. 3b
[TOKA3AHO IPeJIe/IbHOEe MHOXKECTBO oTobpaxkenus Fop npu E = 320, obpa3yrolee «eimHoe IeI0es,
Ho cocrogiee u3 nopsjika 20 000 rouek, nu3 koropbix 10000 — KpacHble, 1 OHU IOJIYUYEHBI IIPH 110-
JIOXKUATEJTbHBIX uTepanuax, 1 10000 — cepble, 1 OHU MTOJIy9eHBI TIPU OTPUTIATETIHHBIX UTEPAIIATX
(mpu cuere takux ureparuii 6610 mo 50000, HO 40 000 mEpBBHIX OBLIO OTOpOIIEHO). Takum 06-
Pa30M, IPEJIEIbHOE MHOXKECTBO TIOJIyIaeTCs «PO30BbIM» B cpejiHeM. OTMeTHM, 9TO 3JIeCh MOXKET
BO3HUKATDH OIpEJie/IeHHAas aCUMMETPUS IIPU UTEPAIAAX <«BIEDPE» U «HA3a/[», €CIU B JIMTHAMUKE
oTobpazkennst Fop OYAyT IPUCYTCTBOBATH ACUMIITOTHYECKU YCTONUUBBIE U CUMMETPUUIHBIC UM
ACUMIITOTHYECKN HEYCTONYIUBbIE Teprogndeckue Tpaekropuu. OIHAKO OOBITHO TaKhe TPAaeKTO-
PUU UMEIOT BeChbMa DOJIBIINE TIEPUOJIBI, U TIO9TOMY BO3HUKAOIIAS aCUMMETPHst OyJ1eT JIOCTATOTHO
caboit.

[Ipu manbreitiem ymenbinernun F wabiiioiaercs nporece paspyiinerus xaoca. [lepponadaib-
HO, €T0 eITe MOXKHO OTOXKIECTBJISATL CO CMEITaHHON Xa0TUIeCKON TUHAMUKON, B KOTOPOU TPUHITA-
MUAJIBHYIO POJIb HAYMHAIOT UTPATh CUMMETPUYHBIE TPAEKTOPUN, B YaCTHOCTHU, SJIMITHIECKOTO
U 9JUIMIITUKO-CEJJIOBOrO Tuta (cM. puc. 4a), u 3a UX CYeT JMHAMUKA CTAHOBUTCS BCe OOJIbIIE
[IOXO2Ka, Ha MHTErPUPYEMYI0 KOHCepBaTuBHYO (CM. puc. 4b), npu crpemsiennu 3uadennii F K npe-
neasnomy E = 100, oTBedaroneMy oCTaHOBKE KaMHS.

(271'77171) H/G
—

(2r,—1,1)

(O, —1,1)

1) (27,1,1)

)

(Om, —1,—1) (27,1, 1)

Puc. 4. (a) ememannas qunavmuka npu E = 220; (b) KAM-ropsr npu E = 170.

Baaronapuaocru. Asropnr 6aromapar A. Bopucosa, 1. Mamaesa u /. Typaesa 3a Bechbma
[TOJIE3HBbIE 3aMETaHUs.
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We study chaotic dynamics of a nonholonomic model of celtic stone movement on the plane.
Scenarious of appearance and development of chaos are investigated.
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